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What Is Jinja?

Jinja Is not Java!

Core calculus c Jinja ¢ Java
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Overview source language

Syntax
Big step semantics

Small step semantics

Equivalence

Ty
Ty

De system
ne safety: Well-typed programs do not get stuck
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Prelude: Formalities
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Governement health warning

This is formal.
This is very formal.

This is machine checked!
(In the theorem prover Isabelle/HOL)
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Basic types

Truth values: bool (True, False, A, ...

Natural numbers: nat
Integers: int

Total functions: =

Sets over type 7: 7 set
Type variables: ‘a, D, ...
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Notation

LT

“term ¢ has type 7’
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Pairs

First component: fst (X, y) = X
Second component: snd (X,y) =Y

Tuples are pairs nested to the right:
(a, b, c) means (a, (b, ¢))
T1 X T9 X T3 Means 71 X (12 X 73)
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Lists

Type: 7 list

Empty list: ||

cons: x-xs

Append: xs @ ys

Length: |xs]

Nth element: xsj,,

map :: ('a= "b) = ‘alist = b list
set :: ‘alist = 'a set

distinct :: ‘a list = bool
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Datatype option

datatype ‘a option = None | Some ‘a
An abbreviation: |a] = Some a
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Partial functions or maps

a—"b = ‘a= "boption

Intuitively: iff :: 71 — 79 and a :: 71 then
f a = None means undefined
fa=|b] meansresultis b

dom m = {a | m a # None}
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Map notation

Empty map: empty = Ax. None
Update: m(a — b) = M. if x=athen |b]| else m x
Updates: m(a; — by, ay — by) = m(a; — by)(as — by)
Finite maps: [a; — by, ...] = empty(a; — by, ...)
List update: m([ay,...,a;] [—] [b1,...,b;]) =
m(a; — b1,....8minij — Pminij
map-of :: (‘a x b)list = a—"b
map-of [(ai,by),....(a,,b,)] = [a, — D,,...,a; — D]

Overwrite:
My ++ My = MX. if X € dom msy then My X else My X



Inference rule notations

[A; .. A ] = A

Al — ... A, = A

AL ... A,
A

Different syntax, same meaning

- p.13



Jinja



Abstract Syntax



Names

Three types of names:
Class names: chame
Variable and field names: vname
Method names: mname
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Variable conventions

C, D: class name
e. expressions
F: field name

M: method name
P: program
T:type

v: value

V: variable name
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Values

A value (type val) is one of the following:
a boolean Bool b, where b :: bool
an integer Intg I, where i :: int

a reference Addr a, where a :: addr
(addr: some arbitrary type of addresses)

the null reference Null
the dummy value Unit

Jinja is a hybrid object oriented language:
It has primitive values and classes
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The formal model

datatype val = Unit

Null

Bool bool
Intg int
Addr addr
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Jinja Types

A Jinja type (type ty) is one of the following:
Boolean
Integer
Class C

More later.



Expressions and statements

In Jinja, everything Is an expression.

Statements are expressions evaluating to Unit.

—-p.21



Expressions (1)

Type: expr
* newC
* Cast Ce
* Val v
* e «bop» e,
* Var V
*V:.=e
*eF{D}
ceF{D}.=¢e’
* e.M(es)
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Interlude: annotation {D}

eF{D}andeF{D}:=¢e"
D iIs class where F Is declared

D Is needed during runtime:
fleld access Is static, not dynamic!

D is added by the type checker (see later)
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Expressions (2)

* {V:T:;e}

° €1, €

*1f (e)e;elsee,
* while(e)e’

e Exceptions: later

Exercise: which Java expressions/statements are missing?
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Abstract and concrete syntax

Formal definition:

datatype expr = new cname | Cast cname expr | ...

This Is abstract syntax.

For readability: additional concrete syntax, e.g.
V : = e Is just syntactic sugar for LAss V e

Jinja Is a mix of concrete and abstract syntax
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Example

Translate | |+ 1 into Jinja syntax.
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true
addr a
unit

Va
Va
Va

Abbreviations

(Bool True) false
(Addr a) null
Unit

Val (Bool False)
Val Null
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Why no return statement?

Because everything has a value.

How to eliminate r et ur n:
return e -~ ?

while (a) {if (b) return c else s};
return d

~ 7
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Eliminating return in general

Introduce new variables r es(ult) and cont (inue).

Eliminate r et ur n:
return e ~ res := e; cont := fal se

Restructure control flow:
el, e2 ~ el; If (cont) e2
while (b) e ~ while (b & cont) e

Transform procedure body:
e ~ cont :=true; e; res
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The need for Var

Without Var , V := e is ambiguous: Is e
a program variable or
a meta-language variable ranging over expressions?
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Binary operators

For simplicity: only = and +
Semantics: binop :: bop x val x val = val option

DINO
DINO
DINO

D (=, V1, V2)
0 (+, Intg 14, Intg 19)

D (bop7 Vi, V2)

Can only add integers!

Design principle:
In ill-typed situations, semantics does nothing
Defensive semantics

LBOO' (V1 = VQ)J

lIntg (11 + 19) |
None
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Jinja types

They exist
ty iIs the type of all Jinja types

Semantics does not need them
See later
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Abstract Syntax: Programs



Concrete syntax

Many possibilities:
Subset of Java
Imaginary syntax, e.g.

cl ass B extends A
{field F: TF, field G: TG
nmethod ML : (pl:T1,...,pn:Tn)

.

class C extends B {...}

We don't care!

-> T

[...
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Abstract syntax

A program is a list of class declarations:

J-prog = J-cdecl list

A class declaration consists of the name and the class:
J-cdecl = cname x J-class

A class consists of a superclass name, a list of field
declarations and a list of method declarations:

J-class = cname x fdecl list x J-mdecl list

A field declaration is a field name and a type:

fdecl = vhame x ty

A method declaration is a method name, the argument
types, the result type, and the method body:

J-mdecl = mname x ty list x ty x J-mb

A method body is a parameter list and an expression:
J-mb = vname list x expr
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Example

cl ass B extends A
{field F: TF, field G: TG
method ML : (pl:T1,p2:T2) -> T =

fi1:Tr; 1 =1}
}

~s 7
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Note

Parameter names and types have been separated.

Advantage: can re-use same declaration structure for

machine programs (where method parameters do not
have names) by redefining J-mb

Disadvantage: need to make sure that there the same
number of parameter names as types.
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Exercise

Which Java features are missing?
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Accessing declaration information

class P C is the class associated with C In P.
IsS-class P C means class C iIs defined in P.

PFC <*D means C Is a subclass of D. The relation is
transitive and reflexive.

PFCsees M: Ts—T = mb in D means that in P from
class C a method M with argument types Ts (a type
list), result type T, and body mb is visible in class D
(taking overriding into account).

PF Csees F:Tin D means that in P from class C a field
F of type T is visible in class D.
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Example

class B extends A {field F. TB

met hod M TBs->T1
class C extends B {field F:. TC

met hod M TGCs->T2 = nC}

B}
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Example

P - Csees F:TCin C YES
P - Csees F:TBin B NO

P - Csees M: TCs—T2 =mC in C YES
P - Csees M: TBs—T1 =mB in B NO

No overloading of method names as in Java!



Formal definitions

class P C = map-of P C
Is-class P C = class P C # None

P+ C =<* D is the reflexive transitive closure of the
direct subclass relation P - C <! D defined by

classP C = [(D, , )] C = Object
P-C<'D




Collecting fields

Auxiliary relation P - C has-fields FDTs
with FDTs :: ((vhame x cname) x ty) list:

((F, D), T)In FDTs represents a field declaration F:T in
a superclass D of C

FDTs starts with C and climbs up the class hierarchy

class P C = | (D, fs, ms)|
C # Object P F D has-fields FDTs

P I C hasfields map (A\(F, T). (F,C), T)) fs @ FDTs

P + Object has-fields ]
Example (with A= Cbj ect):

P I C has-fields [((F, C), TC), ((F, B), TB)]




sees fields

PFHCsees F:TinD =
JFDTs.
P - C has-fields FDTs A
map-of (map (A((F,D),T).(F,D, T))FDTs)F = |(D, T)]|



Exercise

Define sees for methods.
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Big Step Semantics



State

state = heap x locals

locals = vname — val

heap = addr — obj

obj = chame x fields

flelds = vname x cname — val

Example state:
([7 — (B, [(F,B) — Addr 1]),
5+ (C, [(F,C) — Bool True, (F,B) — Intg 5])],
[V — Nul ])

Is this state “welformed”?



Question

What is the key difference between our abstract state and
some concrete representation in memory?
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Variable names

S :: State
| ::locals
h ::heap
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Expression evaluation

Transition format:
Pt (es)= (es)

where €'is fully evaluated: a value (or an exception)



Evaluation rules
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Val and Var

P (val v.,s)= (Val v.s)

|V = |V|

Pr(var V,h, I)) = (Val v, (h,I))



Note

Semantics is defensive

Example: (Var V ,(h,)) can only evaluate if V € dom |



Fleld access

P+ (e,s0) = (addr a,(h, 1))
ha=|(C,fs)]
fs (F, D) = |V|

P+ (e.F{D}.so) = (Val v,(h 1))



Binary operations

P - (e1,50) = (Val vi,81)
P - (e2,51) = (Val V3,87
binop (bop, Vi, Va) = |V|

P F (e; «bop» es,s0) = (Val v,s»)



new

new-Addr h =
if 3a. ha = None then | SOME a. h a = None | else None

init-fields :: ((vname X cname) X ty) list = fields

init-fields = map-of o map (A(FC, T). (FC, default-val T))

new-Addr h = |a|
P I C has-fields FDTs
h'=h(a— (C, init-fields FDTSs))
P+ (newC,(h,I)) = (addr a,(h’, )
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Cast

P (esy) = (addr a,(h,I))
h a=|(D,fs)]
P-D=<*C

P+ (Cast Ce,sg) = (addr a,(h, |))

P+ (esy) = (null,sy)

P (Cast Ce,sy) = (null,s;)



Variable assignment

PF(esy = (Val v,(h,I))

PrH(NM:=esy = (Val v,(h I(V —V)))



Field assignment

P+ (e1,s0) = (addr a,s;)
= <92,51> — <Va| V,(hg, |2)>
h,a=|[(C,fs)]
fs’'=fs((F, D) — v)
hy'=hy(a— (C,fs))

P

P (e;.F{D}:=e35s0) = (Val v,(hy' Iy))



Method call

P (esy) = (addr a,;s;)
P (ps,si) [=] (map Val vs,(hy, l5))
hy, a=|(C,fs)]
P Csees M: Ts—T = (pns, body) in D
VS| = |pns|
l,’ = empty (this — Addr a, pns [—] vs)
P <b0dy,(h2, |2/)> — <e/,(h3, |3)>

P~ (e.M(ps),sy) = (e',(hs, 1))



P (es,s) |=] (es’s’)

Evaluate es from left to right:

P l.s) =] l.s)
P+ (esy) = (Val v,s1) P+ (es,s1) [=] (es’,ss)

P+ (e-es,sy) [=] (Val v-es’s,)

Why Val v and not just e”?
Because of exceptions (later).



Example

cl ass C extends (bj ect
{ field F:Ilnteger
net hod n(i: 1 nteger): | nteger
this.H{C + Var |
}

State:
h =empty(a— (C,fs))
fs = empty((F, C) — Intg 2)
| = empty (V — Addr a)

Evaluation:
P+ (Var V.m([Val (Intg 1)]),(h,I)) = (Val (Intg 3),(h, I))



Fields versus methods

Field lookup e.F{D} Is static:
annotation D is based on the static type of e.

Method lookup e.M(es) Is dynamic:
It Is based on the dynamic type of the object e.
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| ocal variable

P+ <eo,(h0, |0(V = None))> = <el,(h1, |1)>

P+ <{VT, eo},(ho, |0)> = <el,(h1, |1(V = |0 V))>



Sequential composition

P (€0,S0) = (Val v.si) P+ (e1,51) = (€2,S2)

PF (ep €1,S0) = (€2,S9)
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Conditional

P+ (e,sg) = (true,s;) Pk (e1,s1) = (e'sy)
PH(if (e)e;elseessy = (e'sy)

P (e,s) = (false,s;) P (e5,51) = (€'sy)

PE(f (e)e;el seeysy = (e'sy)
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While loop

P (esy) = (false,s;)

PE (Mwhile(e)c,sy = (unit,s;)

PF(esy = (true;s;)
P F <C,Sl> = <Va| V1,SQ>
PEMWwhile(e)c,sy) = (e3,53)

PEwhile(e)c,sy = (e3,53)



Digression: simultaneous inductive definitions

Pr(es)= (e's’and P I- (es,s) [=] (es’s’) are defined
simultaneously:

P+ (es)= (e’s’)uses P I (es,s) [=] (es’,s’) and
P+ (es,s)[=] (es’s’) usesP I (e,s) = (e’s’.

Consequence: simultaneous rule induction:

Pr({es)=(e'sh"=R;Pese’s’
P (ess)|=](es’s’) = Ry Pesses’s’
must be proved simultaneously.

Slight complication: property R, Is auxiliary and needs to
be determined. Usually R, is R, lifted to lists.
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Example: Final expressions

flnale =3v.e=Val v
finals es = 3vs. es = map Val vs

Lemma If P - (e,s) = (e’s’) then final e’
If P+ (es,s) [=] (es’,s’) then finals es’.

Proof by simultaneous rule induction.
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Small Step Semantics



Transition format

Pt (es)— (e’s)
P I (es,s) [—] (es’ss’)

Reduction strategy:

Reduce subsexpressions as long as necessary,
then reduce whole expression.



Two kinds of rules

Subexpression reduction (for construct c):

PFr(es)— (e's" —
Pr(c..e...,s)—(...e"... s

Example:

P (es)— (es) =

P (Cast Ce,s) — (Cast Ce's’)
Expression reduction

Example: P + (Cast C null,s) — (null,s)



Notation: state components

hp = fst
Icl = snd



Val and Var

IclsV = |V]

PF(Var V,;s) — (Val v,s)



Fleld access

PF(es)— (es')
P+ (eF{D}s) — (e'F{D},s’

hpsa=|[(C,fs)] fs (F,D) = |v]

P+ (addra.F{D},s) — (Val v,s)



Binary operations

P (es) — (e's)
P+ (e «bop» e,,8) — (e’ «bop» e,,s)

P (es)— (e's)

P+ (Val v, «bop» e,s) — (Val v, «bop» e’s’)

binop (bop, vy, Vo) = |V]
P+ (Val v, «bop» Val vs.s) — (Val v,s)




new

new-Addr h = |a|
P I C has-fields FDTs
h'=h(a~ (C, init-fields FDTSs))

P F (newC,(h, 1)) — (addr a,(h’, I))



Cast

P (es)— (es)
PF (Cast Ce,s)— (Cast Ce’s)

hpsa=|[(D,fs)] PrDx"C

P+ (Cast C (addr a),s) — (addr a,s)

P+ (Cast C null,s) — (null,s)



Variable assignment

P-(/:=Val v,h I)) — (val v,(h |(V —V)))



Field assignment

PF(es)— (es')
P-(eF{D}:=eys)— (e'F{D}:=eys"

PFr(es)— (e's)
P~ (val vF{D}:=es)— (Val vF{D}:=¢e's’

ha=|(C,fs)]
fs’=fs((F,D) — V) h'=h(a~ (C, fs")

P+ (addra.F{D}:=Val v,(h 1)) — (Val v,(h' 1))



Method call

P+ (es) — <e’,s’>
P~ (eM(es)s) — (e’ M(es),s’)

P F (es,s) [—~] (es’s’)
P+ (val v.M(es),s) — (Val v.M(es’),s"

lhpsa=|(C,fs)|; P Csees M: Ts—T = (pns, body ) in D;
vs| = |pns|; |Ts| = [pns|]
— P I (addr a.M(map Val vs),s) —

(blocks (this-pns, Class D-Ts, Addr a-vs, body ),s)

blocks([V,...],[T,...],[v,...],e) ={V:T;V :=Valv; ... e}



P+ (es,s) [—] (es’s’)

Evaluate es from left to right:

PFr(es)— (e's)
P (e-es,;s) [—] (e"es,s

P F (es,s) [—] (es’s’)

P+ (val v-es;s)[—] (Val v-es’s’)



| ocal variable

Trick: store value of local variable as {V:T;V:=Val v; e’}
assignedVe=3dve.e=V:=Val v, e’

[P F (e,(h,I(V :=None))) — (e’,(h’,1")); 1"V = None;

— assigned V e

— P F ({V:T;e},(h 1)) — {V:T;e'},(h,1I'(V:=1V)))

[P F (e,(h, I(V :=None))) — (e/,(h,1"); 1"V =|v];
— assigned V e
— P ({V:T;e},(h, 1)) —

{v:T;v:=Val v; e'},(h 1'(Vv:=1V)))



Local variable (2)

[P F {e;(h, IV = v))) = (e’(h’,17)); 1"V = [v/]]
— PF ({Vv:T;Vv:=Val v; e},(h, 1)) —
({v:T;v:=Val v’ e}, (h I'lV:=1V)))

PH{{v:T;v:=Val v; Val u},s) — (Val u,s)

P ({v:T;Val u},s) — (Val u,s)



Sequential composition

Pk (es)— (es)
Pk (e eys)— (e; eys’

PF(Val v, ey,sS) — (€s,S)
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Conditional

PF(es)— (es')

PH(if (e)ejelseeys)— (if (e')e; el seeys)

PE{f (true)e; el seeys)— (e,s)
PE(f (false) e; el se e;,s) — (€5,5)

—p.86



While loop

PH (while(b)cs)—
(i f (b)(c; while(b)c)el seunit,s)



Example

P ({V:Boolean; U : =true; V:=Var U; Var V},

(h, empty)) —*
(true,(h, empty (U — Bool True)))



Example

cl ass C extends (bj ect
{ field F:Ilnteger
net hod n(i: 1 nteger): | nteger
this.H{C + Var |
}

State:
h =empty(a— (C,fs))
fs = empty((F, C) — Intg 2)
| = empty (V — Addr a)

Reduction:
P+ (Var V.m([Val (Intg 1)]),(h,I)) —* (Val (Intg 3),(h,I))



Exceptions
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Syntax

t hrowe

Jinja: e can be of any class
Java: e must be of a subclass of Thr owabl e

try e; cat ch (CV) €9

Example:

trythrow(newC)catch (CV)Var V
behaves like new C
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System exceptions

System exception classes:
NullPointer, ClassCast, OutOfMemory :: chname

Simplification: System exceptions are allocated statically
not created dynamically:

addr-of-sys-xcpt :: cname = addr

Abbreviations:
Throwa = throwaddra)
THROWC = Thr ow(addr-of-sys-xcpt C)
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Extension of big step semantics



Variable access

|V = |v]|
Pr(var V,h, I)) = (Val v,(h,I))

Uninitialized variables cannot be evaluated
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Fleld access

PF (e5sq) = (addr a,(h, |
ha=|[(C,fs)] fs (F,D)=|v|

Pr(eF{D} sy = (Val v,h,I))

Exception creation:
PF (esy) = (null,sy)

Pt (e.F{D},sy) = (THRONNullPointer,s;)

Exception propagation:
P+ (esy) = (throwe’s;)
P+ (eF{D} sy = (throwe’s;)
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Binary operations

P <el,S()> — <Va| V1,Sl>
P - <eg,51> — <Va| V2,SQ>
binop (bop, vi, Vva) = |V]

P - (e1 «bop» e3,50) = (Val v,s3)

Exception propagation:
PF{(esg = (throwe,s;)
P+ (e; «bop» e5,59) = (t hrowe,s;)

PF{(esy = (Val vi,51) PF(e;s))= (throwe,ss)
P (e; «bop» es,59) = (t hrowe,s,)
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new

new-Addr h = |a|
P F C has-fields FDTs
h'=h(a — (C, init-fields FDTSs))

P+~ (newC,(h,I)) = (addr a,(h’, 1))

Exception creation:
new-Addr h = None

PF (newC,(h,I)) = (THRONOutOfMemory,(h, I))
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Cast

PF (e;sg) = (addr a,(h, |))
ha=|[(D,fs)] PFED=<*C

P+ (Cast Ce,sg) = (addr a,(h, |))

Exception creation:

P+ (e,s¢) = (addr a,(h, I))
ha=|(D,fs)] -PFD=*C

P+ (Cast Ce,sy) = (THROWClassCast,(h, |))

Exception propagation:
P+ (esy) = (throwe’s;)
P (Cast Ce,sy) = (throwe’s;)




Variable assignment

P (eso) = (Val v,(h,1))  I"=1(V — V)
PF(V:=esy) = (Val v,(h 1)

Exception propagation:
P+ (e5sy) = (throwe’s;)
P-(V:=esy = (throwe’'s;)
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Field assignment (1)

Pt (e1,59) = (addr a,s;) Pk (es,s51) = (Val v,(hs, Is))
hoa=|[(C,fs)]| fs’"=1fs((F,D) — V) hy' = hy(a— (C, fs'))

PF <elF{D} .= 92,50> — <Va| V,(hgl, |2)>

Exception creation:
P F (e1,50) = (null,s;) PF (eys;) = (Val v,Ss)
PE(ei.F{D}:=es50) = (THROWNuUllPointer,s,)

Principles:

Evaluate all arguments before throwing an
exception.

Propagate exceptions immediately.
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Field assignment (2)

Exception propagation:

P+ (e1,80) = (throwe’s;)
P (e;.F{D}:=e55Sy) = (throwe’s;)

P+ (e1,80) = (Val v,s;) P (eS8 = (throwe’s,)

P (e;.F{D}:=ey5sp) = (throwe’s,)



Method call

Exception creation:

P+ (esy) = (null,sy) P F(ps,s;) [=] (map Val vs,s,)

PF (eM(ps)sy = (THRONNullPointer,s,)

Exception propagation:

P (esg) = (throwe’s;)
P+ (eM(ps),sy) = (throwe’s;)

PF{esy = (Val v ,s;)
P+ (es,s;) [=] (map Val vs @t hrowex-es’,ss)

P F (e.M(es),sy) = (t hrowex,Ss)
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Expression list

P+ (e,sy) = (Val v,s¢) P+ (es,s1) [=] (es’,ss)

P+ (e-es,sp) [=] (Val v-es’s,)

Exception propagation:
P+ (e5sy) = (throwe’s;)
P+ (e-es,sy) [=] (throwe'es,s;)
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Sequential composition

P - <e(),SQ> = <Va| V,Sl> P - <el,81> = <92,SQ>
P (€o; €1,S0) = (€2,S2)

Exception propagation:
P+ (ey,Sy) = (throwe,s;)
P (e e1,5) = (throwe,s;)
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| f

Exception propagation:

P (esy) = (throwe’s;)
PH(if (e)e;elseeysy = (throwe’s;)
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whi | e

Exception propagation:

P (esy) = (throwe’s;)
P~ (while(e)c,sy) = (throwe’s;)

P (e5sy) = (true,s;) P+ (c,s)) = (throwe’'s,)

P (while(e)c,sy = (throwe’'ss)
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t hr ow

P (esy) = (addr a,s)
PE (throwe,sy) = (Throwa,s;)

Exception creation:
Pk (esy) = (null,sy)

P (t hrowe,sy) = (THRONNullPointer ,s)

Exception propagation:
P (esy) = (throwe’s;)
P+~ (throwe,sy) = (throwe’s;)
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try catch (1)

Normal evaluation:

P~ <el,So> — <Va| V1,Sl>
P+ <t ry e; cat ch (C V) 92,50> — (Val V1,Sl>
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try catch (2)

Exception handling:

P - <91,S()> = <Thr OW&,(hl, |1)>
hya—|(D fs)] PrD=<*C
P+ <eg,(h1, |1(V — Addr a))> = <eg/,<h2, |2)>

P <t 'y €, catch (C V) eg,S()> = <egl,(h2, |2(V = |1 V))>

Exception propagation:
P - <el,So> = <Thr owa,(hl, |1)>
hya=|(D,fs)] -PFD=<X*C
Pr({trye;catch (CV)eysy = (Throwa,(hy, |1))




Final expressions redefined (exercise)

finale = (dv.e=Val v)V (da.e =Thr owa)

finals es = ?

Lemma If P + (e,;s) = (e’s’) then final e’
If P+ (es,s) [=] (es’,s) then finals es’.

Proof by simultaneous rule induction.
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Extension of small step semantics
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Variable access

IclsV = |v]
P+ (var V,s) — (Val v,s)

IclsV =None — P+ (VarV,s) —» ?

Uninitialized variables cannot be reduced
lll-formed configuration — small step semantics is stuck
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Fleld access

Exception creation:
P+ (null.F{D},s) — (THROWNullPointer,s)

Exception propagation:
PrF{hroweF{D},s) — (throwe,s)



new

Exception creation:

new-Addr h = None

P+ (newC,(h,l)) — (THRONOutOfMemory,(h, |))



Cast

Exception creation:
hpsa=|[(D,fs)] -P+D=<*C

P (Cast C (addr a),s) — (THROWClassCast,s)

Exception propagation:
PF(Cast C (throwe)s) — (throwe,s)



Variable assignment

Exception propagation:

P (V:=t hroweys> — (t hr owe,s)
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Field assignment

Exception creation:
PF (null.LF{D}:=Val v,s) — (THRONNullPointer,s)

Exception propagation:
PE({throweF{D}:=e5S)— (throwe,s)
Pt (val v.F{D}:=throwe,s) — (throwe,s)



Method call

Exception creation:

P = (null.M(map Val vs),s) — (THROWNullPointer ,s)
Exception propagation:

P (t hrowe.M(es),s) — (t hr owe,s)

PF (Val v.M(map Val vs @t hr owe-es’),s) —
(t hr owe,s)



Expression list

PFr(es)— (es)
P (e-es,s) [—] (e’es,s

P F (es,s) [—] (es’s’)

P+ (Val v-es,s) [—] (Val v-es’s’



Sequential composition

P+ (es)— (es)
Pk (e eys)— (e es)

PF(Val v, eysS) — (€s,S)

Exception propagation:

PF({throwe; eys) — (throwe,s)
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| f

Exception propagation:

PE{f (throwe)e; el seeys) — (throwe,s)



whi | e

PH (while(b)cs)—
(if (b)(c; while(b)c)el seunit,s)



t hr ow

P+ (es)— (es)
P~ (throwe,s) — (throwe’s’)

Exception creation:
P (t hr ownull,s) — (THRONNullPointer s)

Exception propagation:
PE({hrow(throwe)s) — (throwe.,s)
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try catch (1)

P (es)— (e'sh

Pr-(tryecatch(CV)eys) — (trye’catch (CV)e,ys

Normal evaluation:
Pr(try Val vcatch (CV)ess) — (Val v,s)



try catch (2)

Exception handling:

lhpsa=|[(D,fs)];PFD=<*C]|

— P (try Throwacatch (CV)es,s) —
({V:Class C;V: =addra; es},s)

lhpsa=|[(D,fs)]; = PFD=<*C]|
— P (try Throwacatch (CV)ey,s) — (Thr owa,s)



Equivalence of big and small steps



Method bodies and local variables

Local variables for execution of method body in method call:

Big step semantics:
only this and the parameters

Small step semantics:
also access to all enclosing local variables

{V.T;addra.M(|Val v])} —
{(V.T:{P:T’,P :=Val v, e}}
If M has method body ([P], e)

— dynamic binding — more bug than feature

Method bodies should only access this and the parameters



Free variables (= global variables)

fv :: expr = vname set

fv{V.T;:el=1fve — {V}
fv(trye catch (CV)ey) =fve,u (fvey — {V})



Weak well-formedness

Definition A program is weakly well-formed (wwf-J-prog P)
Iff every method body (Vs,e) uses only its own local
variables, this and the parameters Vs:

fv e C {this} U set Vs
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Equivalence

Theorem If wwf-J-prog P then
Pr(es)= (e's)iff (Pt (es)—*(e’s’) Afinal e

Proof of — and < separately.



Big = small

Theorem If wwf-J-prog P and P + (e,s) = (e’s’) then P -
(e,8) —* (e's’).

Proof by rule induction on =-. Only blocks, try-catch and
(especially!) method call are non-trivial.



small = Big

Theorem If wwf-J-prog P and P + (e,s) —* (e’,s’) and
final e’ then P + (e,;s) = (e’s’).

Proof by induction on —*.
Basis: final expressions evaluate to themselves
Step: by Lemma

_.emma If wwf-J-prog P and P I (e,s) — (e”,s”) and
P+ (e”s'h = (e’s’) then P + (e,s) = (e’s).

Proof by rule induction on —.
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Type system



Overview

Jinja types
Auxiliary notions
The typing rules: what is the type of an expression?
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Jinja Types

A Jinja type (type ty) is one of the following:
Boolean
Integer
Class C
NT (“Null Type”)
Void



The formal model

datatype ty = Boolean
Integer
Class chame
NT

Void

- p-136



Reference types

A reference type is either NT or Class C.:
IS-refT T =T =NT v (3C. T =Class C)



Types s
IS-ty

Valid types

nould only refer to existing classes:
ne P (Class C) =is-class P C

IS-ty

e P T = True
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The type of a value

typeof :: heap = val = ty option

typeofy, Unit = | Void |

typeof, Null = |NT |

typeofy, (Bool b) = |Boolean |

typeof, (Intg i) = |Integer |

typeofy, (Addr a) =

(case h a of None = None | |(C, fs)| = |Class C|)



From subclass to subtype

The subclass relation P - C <* C’induces a
subtype relation P =T < T’
(Java: “T widensto T’")

PFC=<*D
P F Class C < Class D

PFNT <Class C
PFT <T

The pointwise extension of < to lists of types: [<]



Environments

An environment is a map from variable names to types:
E :: vhame — ty

Environments record the type of each local variable
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Expression has type

PErFe:T

Expression e has type T
(in the context of program P and environment E)
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Typing rules



Val

typeOfempty V = LTJ
PErFVal v:T

No Addresses!
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Var

EV =|T|

PErFVar V T
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Fleld access

PEFe:ClassC PFCsees F:TinD
PErFeF{D}:T

D must be the class declaring F

Can be viewed as test or computation of D
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Binary operations

P,EFel T
P,El—eglng
PFT{1<ToVPFT,<T;

PEFe; «<=» e, :: Boolean

P.E F e; :: Integer P.E F e, :: Integer

P.EFe; «t» ey :: Integer
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new

Is-class P C

PEFnewC : Class C
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Cast

PEFe:Class D
Is-class P C
PFC=<*DVPEFED<=<*C

PEFCast Ce::ClassC
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Variable assignment

EV =|T|] PEFe: T’ PHT'<T V #this
PEFV:=e:T'

InJava: P EFV =e . ?
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Field assignment

PEFe;::ClassC
PFCsees F:TinD
PEFey T’
PHT'<T

P,E - elF{D} . = €9 1 T/
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Method call

PEFe:ClassC
P Csees M: Ts—T = (pns, body) in D
PEFes|[:]Ts’
PrTs'[<]Ts

PEFeM(es) :T



Expression lists

PEHFes|[:]Ts

P.E =]

PErFe:T PEHFRFes|:]Ts

PErees|[:]T-Ts



| ocal variable

Is-type P T PEV —-T)Fe:T’

PEF{V:T:e}:T'
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Sequential composition

P,E|—61 s 1 P,E|—eg s D

P,E - ey, ey :: T2
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Conditional

P E I e :: Boolean
P,E ey Ty P,E Fey i TH
PFT{<ToVPFET,<T,
PFT{<To—T=T5
PrTo<T; —T=T,

PEFIf (e)ejelseey:: T
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While loop

P E I e :: Boolean PErFcC:T

P.EFwhile (e)c: Void



throw

PEFe:ClassC
PEFFthrowe : Void

Alternative (e.g. in ML):
PEFe:ClassC
PEFthrowe: T

Advantage:

Exceptions may be used anywhere
Complication:

Expressions may have multiple (unrelated) types
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try-catch

PEFe =T
PE(V —ClassC)Fes:: T
Is-class P C

PEFtrye catch (CV)ey,:: T

Generalize?



Remarks (1)

The type of an expression

depends only on the type of its subexpressions.

— The rules form a terminating (Prolog) program
for computing the type of an expression.
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Remarks (2)

The rules are syntax directed:
exactly one rule per construct

— Each rule can be turned into an equivalence:

(P,.EFVal v::T)=(typeofempy V= |T])

(PEFV:=e:T)=
(V £this A(AT.EV = |[T|APEFe=zTAPFT <TY)



Terminology

We say e is well-typed or type correct (in the context of P
and E) iffthereisa T suchthat P,E e :: T follows from the
typing rules.
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Uniqueness

Thm Every well-typed expression has a unique type:

fPEFe::Tand PEFe::T 'then T =T".

Equivalent: Every expression has at most one type.
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Annotating expressions with  {D}



Adding {D}

PEFe~ e’
where

e Is an expression without {D} annotations, the input
e’is an expression with {D} annotations, the output
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Some typical rules for P EF e~ e’

PEFVal v~ Val v

PEV —-T)Fe~ €’
PER{V:T;e}~{V:T;e’}

PEFel~ el PEFe2~~e2’
PElLel e2~el: e2’
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Adding the annotation

PEFe~¢’
PEFe':ClassC PFCsees F:TinD

PErFeF ~e.F{D}

P,E Felf\»el’ P,E Fegvegl
PEFe;::ClassC PFCsees F:TinD

P,E FeF:=ey~ ell.F{D} .= ezl
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Is It a local variable or a field?

EV = None
E this = |Class C| PFHCsees V:TinD

P.E+Var V ~ Var this.V{D}

EV =|T|
PEFVar V~ Var V
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Summary

PEFe~ e’

Adds annotations to field access and update
Turns variables into fields if necessary
Can be viewed as a preprocessor

Is normally part of the type checker in a compiler
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Well-formedness
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Alm
Formalization of all context conditions (static semantics)

“Types and more”

When do we have enough?

If nothing bad can happen during the execution of
well-formed programs

How is “nothing bad can happen” formalized?
Execution does not get stuck (type safety, later)
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Overview

Definite assignment
Method overriding
Well-formedness

- p.172



Definite assignment



Definite assignment

Variables must be assigned to before use

Fields are automatically initialized with their default value
upon object creation



In theory

Thm It is in general undecidable if a variable/field has been
initialized before use.
Proof e; {V.T;Var V}

1. V is not initialized before use iff e terminates (normally).

2. Therefore a program analyzer would need to decide
whether e terminates.

3. But it is in general undecidable if a given Turing
machine/program/expression e terminates.
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In practice: variables

Fact It is easy to check if a variable has been initialized
before use: If In doubt, be conservative.

Examples:

I f (b)V:=Val vel seVal v, Var V
IS rejected because b could be false.
What if b Is never false? Theni f is pointless!

throwe; {V:T;Var V}
IS rejected.

Rejection is not a problem:

Insert dummy initialization V := Val v
right after declaration of V.
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In practice: fields

Fact It is hard to check if a field of an object has been
Initialized before use.

Example: Let p be a formal parameter of class type.
Inside the method body

variable p is initialized,

but is field F of p initialized??

Java and Jinja initialize all fields of an object
with their default value.



A

A expr = vhame set

A e = the set of all (global) variables
that are definitely assigned to
If e terminates normally

A (newC) = ()

A (Cast Ce) =Ae

A (Val v) = ()

A(e; «bop»es) =Ae UAde;

A (Var V) = ()

ANV :=¢e) ={V}lude

A (e.F{D}) =Ae
A(el.F{D}:ZEQ):AelUAEQ

A (e.M(es)) =Ae U (Jeecsetes A €)



A

A{V:T; e} =Ae - {V}

./4(61; 92) = Ae,UAes
( ()elel 3692) :AeU(AelﬂAeg)
AMwhile(b)e) =ADb
A (t hrowe) = {V | True}
A(trye catch(CV)ey)=Ae;n(Aey —{V}

Motivation for throw:
AGlf (e)V:=Val velsethrowes)=Aeu{V}



D

D :: expr = vhame set = bool

DeA=
If initially all variables in A are initialized

then execution of e does not access an uninitialized variable
D (newC) A = True
D (Cast Ce) A =DeA
(Val v) A = True
(e1 «bop»es) A =(De i AnNDey; (AU Aey))
(Var V) A = (V € A)
(V:=e)A =DeA
(e.F{D}) A =DeA
(
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D

D{V:.T;e} A =De(A-{V}
D(el; GQ)A :(DelA/\Deg(AUAel))
D(f (e)ejelseey A =

(DeArNDe (AuAde) NDey (AU Ae))
D (while(b)e)A = (DbAADe (AU AD))
D (throwe) A =DeA
D(tryecatch (CV)e,)) A=(De; AANDey (AU {V}))



Well-formedness (snheak preview)

Each method body (Vs,e) must fulfill the condition
D e ({this} U set Vs)



Correctness

Thm If P + (e,(h, I)) = (e’ (h/ ") then A e C dom |’
Proof by rule induction over =

Correctness of D: part of type safety proof (later)
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A small imprecision

Lete=if (Var B) {V:T;throw_} el seV:=true

A{NV:T;throw_}=A(throw_ ) —{V}
Ae=ANarB)u (A{V:T;throw_} n AV :=true))
=

D (e; Var V) {B} =

(DeiByADNarV) (1B U{})) =

(De {B} AV € {B}) = False

A e = {} Is too pessimistic but not incorrect



The problem

A{V:T;throw_}
should be {V | True} and not {V | True} — {V }.
Posible solutions:

Redefine 4 and D.

Do not allow nested declaration of the same V. Java!
Then it does not matter if V € A {V:T; } or not.

We leave things as they are and put up with the small
iImprecision.
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Method overriding



The situation

cl ass C extends B

{...
method Mp: T):R = ...

.

cl ass D extends C

{...
nethod Mp: T ):R = ...

-

Min D overrides (overwrites, redefines) Min C



The question

How should T and T' be related?
How should Rand R be related?

Guiding principle: Type Safety

If e is statically (at compile time) of class C
then the evaluation of e should yield a subclass of C

Then e.M(...) can never fail at runtime as in SmallTalk:
Met hod not under st ood
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Covariance in the result type

R <R
New result type must be subtype of old result type

Otherwise:

class R { }
class Rextends R { nethod M2() = ...}

{V.C V:=newD V.M...).M()}

IS type correct but semantics gets stuck.



Contravariance in the argument type

T<T
New argument type must be supertype of old argument type

Why?

1. Assume e. M e’ ) Is statically well-typed.
2. Assume e has static type C.

3. Then the static type of e’ Is < T.

4. Now assume the dynamic type of e is D

5. Thus the dynamic type of e mustbe < T’ .
6. But we can only guarantee e’ has type T.
(. —=T<T
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Example

cl ass C extends B
{ method Mp: T):R= ... }

cl ass D extends C
{ method Mp: T ):R = p.M() }

class T { }

class T extends T { nethod M2():R = ...

Problem?
{V:C V :=new D V.MnewT)}

IS type correct but semantics gets stuck.

}



The set theoretic perspective

For total functions:

TCT R CR
17" — RFCT — R
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Terminology

— IS contravariant inthe  first  argument
— IS covariant In the second argument

Alternatively: antimonotone, monotone
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Method overriding in Jinja, Java and Eiffel

Jinja Contravariant in parameters, covariant in result

Classic Java Invariant:
If T=T" then R=R
else overloading, not overriding.

Overloading: multiple methods with the same name but
different parameter types are visible at the same time.
Use static type of actual parameters in method
selection (tricky).

Java 1.5 Invariant in parameters, covariant in result
Eiffel Covariant in parameters and result (not type safe)
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An example

cl ass Poli nt
{field x: Integer
net hod eqg(p: Point):Boolean = (this.x = p. X)

}

cl ass Col Poi nt extends Pol nt
{field col: Integer
nmet hod eq( cp: Col Poi nt) : Bool ean
(1f (this.x = cp.x) (this.col
el se fal se)

cp. col)



Java versus Eiffel

{pl: Col Point; pl := new Col Poi nt;

pl.x :=5; pl.col := 0;
{p2: Point; p2 := new Col Pol nt;
p2.x :=5; p2.col = 1;

pl. eq(p2)}}
evaluates to

In Java: tr ue
In Eiffel: f al se
in Jinja: eq in Col Poi nt not wellformed!

How can we program Col Poi nt In Jinja?
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Col Poi nt In Jinja

cl ass Col Poi nt extends Poil nt
{field col: Integer
nmet hod eqCP(cp: Col Poi nt): Bool ean =
(1f (this.x = cp.x) (this.col = cp.col)
el se fal se)

Similar to Java: make argument type part of method name.
In Java this happens implicitly via overloading.



Well-formedness
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Well-formed program P

wf-J-prog P

The system classes are declared:
{Object, NullPointer, ClassCast, OutOfMemory }
C set(map fst P)

No class is declared twice:
distinct (map fst P)

Every class declaration (C, D, fs, ms) € set P Is
well-formed.
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Well-formed class declaration (C,D,fs,ms)

All field declarations in fs are well-formed

No field in fs is declared twice

All method declarations in ms are well-formed
No method in ms Is declared twice

If C + Object then
DisaclassinP
Disnotasubclassof C: =P D <*C
Overriding: if (M, Ts, T, mb) € set ms and
PFDsees M: TS’ =T/'=mb’in D’
thenPHFT <T’and P - Ts’'[<] Ts

Method overriding Is covariant in the result type and
contravariant in the argument types
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Well-formed method declaration (M, Ts, T, Vs, e)

All parameter types are valid: VT cset Ts. is-type P T
The result type is valid: is-type P T

There are as many parameter types as names:
TS| = |VSs|

All parameter names are distinct: distinct Vs
this Is not a parameter name: this ¢ set Vs

The method body is well-typed:
AT’ P,empty(this — Class C, Vs [—~]| Ts)Fe = T'"APFT'T

All local variables are assigned to before use:
D e ({this} U set Vs)
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Well-formed field declaration (F, T)

The type is valid: is-type P T



Type Safety



What Is type safety?

The type system guarantees safety of the execution.
means
Execution of well-typed terms does not get stuck.
means

If e is well-typed and not final then e can be reduced.

Well-typed expressions do not go wrong.

(Robin Milner, A Theory of Type Polymorphism in
Programming, 1978)
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Big step versus small step semantics

When is (e,s) stuck?

» Small step semantics: 3e’s’. P - (e;s) — (e's’)
* Big step semantics: #e’s’. P - (e,s) = (e’s’) No!

Big step semantics cannot distinguish
between being stuck and nontermination!

Example:
* (while (true) unit,s) does not terminate
* (V :=Var V, (h,empty)) Is stuck
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The advantages of type safety

For the programer:
No uncontrollable runtime errors as in C.
For the language implementor:
Many explicit runtime checks unnecessary.

Example: Well-typedness of (addr a.F{D},(h.l)) will
guarantee a € dom h.
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Decomposing type safety

Wanted:
If e Is well-typed, its reduction can never get stuck.
Sufficient?

If e Is well-typed and not final then e can be
reduced (via —) to some e”.

No! What if e’ is not well-typed any more?

Type safety = Progress A Preservation

Progress: Well-typed non-final expressions can be reduced.

Preservation: Reduction preserves well-typedness.

If e has type T and reduces to e’then e’ has type T’
where T' < T.
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Progress
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Formalization of progress (1)

First attempt:

fP.E+e: T and -finalethen3de’s’ P+ (e;s) — (e’s’
Not true for arbitrary s:

Reduction of (Var
n general: D e (C

Reduction of (ado

V.(hl)) needs V € dom |
om |)

ra.F{D},(hl)) needs

ifha=|(C,fs)|t

nen (F, D) e dom fs

In general: each object on the heap must have all the

fields required by

Its class.
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Heap conformance

Def Heap h conforms to program P iff each object in h
conforms to P and all system exceptions are preallocated.

Def Object (C, fs) conforms to program P iff for every field
F:T declared in D that C has, there is a value v such that
fs (F, D) = |v]| and the type of v Is a subtype of T.
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Heap conformance (formally)

PHh, =
(Vaobj. ha= |obj| — P,h - obj /) A preallocated h

preallocated h =
V CéEsys-xcpts. dfs. h (addr-of-sys-xcpt C) = | (C, fs) |



Object conformance (formally)

Phi(C,fs) /=
VFDT.
PHChas F:TinD —
(dv.fs (F,D) = |v] AP,hF v :<T)

Phiv:<T=dT  typeofnv=|T'|APFT'T



Formalization of progress (2)

fPE+e:TandP+h,/ and De (doml)and - final e
then 3e’s’. P + (e,s) — (e’s’).
Problem: e’ need not be well-typed anymore.
Why?
e’ may contain Addresses.

The type of a subexpression of e’ may have decreased.

Example: P + (Cast Ce,;s) — (Cast Ce’s’)
PEre:ClassD, PFrC =<*D (down cast)
P.EFe’:ClassD’, C and D’are incomparable.

Solution: modified (more liberal) type system P.Ehte: T
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Two kinds of expressions

Input expressions:
do not contain addresses

must satisfy various pragmatic type conditions
(eg only up or down casts)

are checked statically by PE e :: T

Runtime expressions: any expression reached via reduction
(—*) from an input expression

Aim: show that runtime expressions satisfy an invariant
expressed as a weaker type systemP.E.hte: T

There Is no runtime type checking in Jinja!
Just a technical device for the proof of type safety.
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Requirements for P.EhtFe: T

Weaker than input type system:
PEre:T—=—=PEhre:T

Must ensure progress
Must ensure (type) preservation
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Therulesfor PEhte: T

Many rules are similar to their P,E + e :: T counterpart,
but with h added.

Examples
typeof, v = |T |
PEhrVal v:T

P,E,hkelle P,E,hl—egiTg
P,E,h - e €ey: T2

We concentrate on the rules that have really changed.
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Reasons for change

Reduction of subterm reduces its type.

Extreme case: subterm becomes null.
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Binary operations

P,E,h%elle P,E,hFegtTg
PEhFe; «<=» ey : Boolean

P.E.hFe;: Integer P.E.hFes: Integer

P.E hF e «t» ey : Integer
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Cast

PEhre:T Is-refT T Is-class P C

PEhFCast Ce:ClassC
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Variable assignment

EV=|T|] PEhre:T/ PFT'<T
PEhFV:=e: T/

Just to show that V = this Is not necessary for type safety.
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Fleld access

PEhFre:ClassC PFChas F:TinD
PEhteF{D}:T

Statically: sees
Dynamically: has

Is that all?
PEhFe:NT

PEhFeF{D}:T

—-p.221



Field assignment

PEhFe;:ClassC
PFChas F:Tin D PEhFey:Ts PFT,<T

P,E,h = elF{D} .= B9 : T2

P,E,hFeliNT P,E,hl—egtTg
P,E,h - elF{D} =ey: 19
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has field

P+ Chas F:T in D means that in P a (not necessarily
oroper) superclass D of C has a field F of type T.

—ormal definition:

PHChas F:TinD =
JFDTs. P - C has-fields FDTs A map-of FDTs (F, D) = |T |
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Example

class B extends A {field F: TB}
class C extends B {field F:TC}

P - Csees F:TCin C
P - Csees F:TBin B

P - Chas F:TCin C
P - Chas F:TBin B

YES
NO

YES
YES
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Method call

As before:
PEhFe:ClassC
PFCsees M: Ts—T = (pns, body) in D
PEhFes][]Ts’
PHTs' [<]Ts
PEhFeM(es):T
In addition:

P.Ehte:NT PEhFes[]Ts
PEhFeM(es):T
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| ocal variable

PEV —-T)hte: T’
PEhF{V:T;e}: T’

Is-type P T Is not necessary for type safety.
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throw

PEhre:T, Is-refT T,

PEhrFthrowe: T

—p.227



try-catch

P,E,h —e;: T,
PE(V —ClassC)hey: T,
PFT;:<T,

PEhkFtrye catch(CV)ey: T,
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Unigueness of types

Expressions do not have unique typesw.rt. PEhkre: T

So what?

P.EhFe:Tisnotusedtocompute T
but to show that e has a type.
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Easy lemma

Llemma If PE+~e::Tthen PEhre:T.
Proof Easy rule induction.

—p.230



Progress

If everything is ok and e is not final then e reduces:

Thm (Progress) If wf-J-prog P and P.E.ht-e: T and
P+h,/and D e (dom|) and - final e then
Je’s’. P+ (e,(h,I)) — (e’s’.

Why
wf-J-prog P: method call
PrFh..: field access

D e (dom |): variable access



Preservation
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Formalization of preservation

First attempt:

fP.Ehte:TandP + (e, (h,]|
1T . P,E,h'+e’: T’/\PkTg

No true for arbitrary (h,l):

Reduction of field access needs:
field must have value of the right type,
.e.P+h,/

Reduction of variable access needs:
variable must have value of the right type,

l.e. | (values) must conform to E (types).

) (e’.(n’, 1) then

) =
T
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| ocal variable and state conformance

Def Local variables | conform to environment E iff each
variable V € dom | has a value conforming to type E V.

PhiFI(:<)E
VVv.IV=|v|] — (JT.EV=|T|APhFv:<T)

State conformance:
PEF(h1)y/=PFhy/APhFI(L)E
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Single step type preservation

If everything is ok, reduction preserves well-typedness and
may reduce type:

Thm If wf-J-prog P and P + (e,(h, |)) — (e’.,(h’,1")) and
PEFMI)yand PEhFe:Tthen 3T . PEh'Fe’:T'A
PFT'<T.

Proof by rule induction on —.
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A complication

Example case:
- (e,(h, 1)) — (e, (h", 1)
P+ <e ey, (h, 1)) — < ’ ez,(h’, 1)
Complication:
does PEhtey: Ty Imply PEh'Feqg:T5?

Yes, because h changes only in a safe fashion:
fha=|(C,fs)|thenh’a=|(C, fs/)]

The class of an object on the heap stays fixed
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The heap extension relation <

Definition
h<dh'=VacCfs.ha=|[(C,fs)| — (dfs’. h'a= |(C,fs)|)

Lemma If P - (e,(h,I)) — (e/,(h’, ")) then h < h’
Proof by rule induction on —.

Lemma If PEhte: T and h<h’then PEh'Fe:T.
Proof by rule inductionon P.Eht+e:T.
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Back to type preservation

Now single step type preservation can be proved.:

Thm If wf-J-prog P and P + (e,(h, |)) — (e’.,(h’,1")) and
PEF(hI)/and PEh+e: T then 3T P, Eh'-e’:T’'A
PFT'<T.

Extension to —* needs preservation of conformance.
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Preservation of state conformance

_Lemma If P+ (e,(h, |)) — (e’ (h’,1") and P,E.h e : T and
P +~h,/ then P+ h’,/.

Proof by rule induction on —.

_Lemma If P+ (e,(h, |)) — (e’ (h’,1") and P,E.h e : T and
P hE1l(:<)E then Ph'H1"(:<) E.

Proof by rule induction on —.
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Many step type preservation

Thm If wf-J-prog P and P  (e,s) —»* (e’s”y and P.E+s /
and PEhpste:Tthen 3T "PEhps'te’:T"APFT’
<T.

Proof by induction on the length of the reduction sequence,
l.e. by rule induction on —*.
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Preservation of D

Lemma If wf-J-prog P and P + (e,(h, l)) — (e’,(h’, ")) and
D e (dom |) then D e’ (dom I’).

Proof by rule induction on —.



Finally: type safety

Irreducible expressions are values or exceptions:

Corollary Ifwf-J-progP and P E+s  /JandPEFe: T
and D e (dom(lcl s)) and P - (e,s) —* (e’,s) and
te”s” P (e's"y — (e” s’ then either

dv.e’'=Val v APhps'-v:<T or

Ja.e’=Throwa A a € dom (hp s’).

Proof by many step subject reduction, preservation of D,
and progress.
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What does type safety really tell us?

If you trust the semantics:
the type system is correct w.r.t. the semantics

If you trust the type system:
the semantics is complete w.r.t. the type system, no
reduction rules are missing.

If you don’t trust either:
at least type system and semantics fit together
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Completeness of the type system

Is the type system complete?
Is e well-typed if reduction of e does not get stuck?

NoO!

It is undecidable if reduction gets stuck.
Same argument as for undecidabillity of definite assignment.

Example: 1 f (true) true el se Val (Intg 42)

Decidable type systems
for interesting (= undecidable) properties
are necessarily incomplete.

—p.244
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