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Foreward

Kleene�s calculus of regular expressions and the associated regular algebra discribe in
an elegant way cyclic processes with global states� This calculus has a deep mathematical
theory and many applications to sequential programs� automata� formal languages� circuits�
etc� but less in parallel�distributed computation�

We present the �calculus of �ownomials� that may be seen as an extension of the above
calculus to cope with processes having multiple entries and multiple exits� i�e�� pins for
connections� Each pin may be seen as a local state and �in our view� this makes the
extension well	suited for distributed computation� Technically� the main ingredient is a
new axiomatic looping operation� called �feedback�
 it connects an output to an input and
then both pins are hidden�

This new setting allows for a simple algebra for �owgraphs modulo graph isomorphism�
We claim that whenever a cyclic process is implicitely or explicitely present� a semantic
algebra as above may be constructed�

On top of this algebra one may add simple axioms to cope with correct and complete
axiomatizations for certain classical equivalences� e�g�� the equivalences associated to the in	
put behaviour� bisimulation or the input	output behaviour� The so called �enzymatic rule�
which produces these complete axiomatisations is a rule to reason in a cyclic environment�

� � �

In this �rst part we present the kernel of the calculus of binary �ownomials�
Complete proofs are given for all the results� except for some commuting lemmas used in
Chapter �� which may be found in �Ste
�b� and for which I have no better proofs�
A few references are included�
More refernces and connections with related topics� applications� particular models and
equivalent presentations for various algebraic strucutres used in this calculus will be in	
cluded in the second part�
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Chapter �

Introduction

��� The calculus of regular expressions

A basic calculus for sequential computation is provided by Kleene�s calculus of regular
expressions� It has a simple syntax and semantics� The set Exp�X� of regular expressions
over X is given by

E ��� E � EjE �EjE�j�j�jx�� X�

The expressions are interpreted as set of strings� the operations as �union�� �catenation� and
�iterated catenation� and the constants as �empty set� and �empty string�� respectively�
This calculus is a basic calculus for sequential computation and has a broad range of

applications in the design and analysis of circuits and programming languages� study of au	
tomata and grammars� analysis of �owchart schemes� semantics of programming languages�
etc�
One may wonder why such a basic calculus for sequential computation has so little

in�uence in the actual development of the distributed computation�� The reason� I think�
lays in one more operation used by the calculus of regular expressions which is often hid	
den by the above simple syntax and semantics� In order to handle complex objects like
automata� grammars� circuits� etc� one adds to the above syntax a matrix building oper�
ator� if aij� i � �m�� j � �n� are expressions� then the matrix �aij� speci�es the behaviour
of a complex object with m inputs and n outputs� By changing the point of view from
�elements� to such �complex objects�� one may see that the above construction is based on
the following restriction�

Hypothesis� �If f � m� n is a black box with m inputs and n outputs and fij�
for i � �m�� j � �n� denotes the restriction of f to its i	th input and j	th output�
then the behaviour of f is uniquely given by the behaviour of the restrictions
fij to one input and one output��

This is a very strong restriction and it makes the calculus unsuited to be used for distributed
computation�

�Process algebra for concurrency inherits some features of this calculus� but it deals with a di�erent
behavioral meaning and both the regular algebras and the regular expresions are not preserved as particular
instances of this more general theory�

�
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��� Iteration theories

An algebraic setting in between regular and �ownomial algebras is provided by the algebraic
theories of �owchart schemes or data�ow networks� In such a case a weaker hypothesis of
the following type may be used��

Hypothesis� �If f � m� n is a black box with m inputs and n outputs and fi�
for i � �m� denotes the restriction of f to its i	th input �all the outputs beeing
kept present�� then the behaviour of f is uniquely given by the behaviour of the
restrictions fi to one input��

The resulting algebraic theories are more general than regular algebras and are useful to
study certain semantic models� but they fail to produce a simple sintactic model similar to
Kleene�s model of regular expressions�

��� The calculus of �ownomials

We present below the calculus of �ownomials which may be seen as an extension of the
calculus of regular expressions to the case the atoms we use have many	inputs and many	
outputs� We hope this extension will play a similar r�ole for the distributed computation as
the classical regular calculus is playing for the sequential computation�

The calculus of �binary� �ownomials is an abstract calculus that models �owgraphs
�� labelled directed hypergraphs� and their behaviours� It starts with two families of
doubly	ranked elements� a familiy of variables X � fX�a� b�ga�b�M �these variables denote
�black boxes�� i�e� atomic elements with two types of connecting ports� and an abstract
structure T � fT �a� b�ga�b�M �these elements model the messages that are transmitted via
the connecting channels�
 � HereM � �M��� �� is a monoid modelling the strings of input
and output ports� We also use the functions i � � � � � M and o � � � � � M that give the
corresponding strings of the inputs and outputs� respectively�

The syntax of the calculus of binary �ownomials is given by the following constants and
operations� The set Exp�X� of �ownomial expressions is given by�

E ��� E � EjE � EjE �c j �a
m j

aXbj 	n
a jx�� X��

where a� b� c � M and m�n � IN� Their r�ole is explained below�

The collection of �ownomial expressions is obtained starting with the elements in X

and T and applying three operations� sum �or parallel composition� ���� composition �i�e�
sequential composition� ��� and feedback ��c�� for c �M � The sum f � g is always de�ned
and i�f � g� � i�f�� i�g� and o�f � g� � o�f�� o�g�� The composite f � g is de�ned only
in the case o�f� � i�g� and� in such a case� i�f � g� � i�f� and o�f � g� � o�g�� The feedback
f �c is de�ned only in the case i�f� � a�c and o�f� � b�c� for some a� b �M and� in such
a case� i�f �c� � a and o�f �c� � b� The acyclic case refers to the case without feedback�

�In this form the hypothesis �ts the models of �owchart schems� The case of data�ow models is dual�
a many�outputs component is a tuple of single�output ones�

�The regular expression setting is a particular instance of this one� namely� M � IN and
� � ��

� � �
�
�� 	 �� ��

�
� ��
��� f � g �� ��

� � 
f � g� � ��
�� f � g �� f � g� f� �� 
��

� � 
	� f� � ��
�� �

��
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The support theory for connections T should �contain� a certain class of �nite bi	
nary relations� A few classes used below are IFn ��nite functions�� IPfn �partially de�ned
�nite functions� and IRel �arbitrary �nite relations�� At the abstract level this means
that we should have some constants that model�axiomatise these relations� The collec	
tion of constants we use for this purpose is� �block� rami�cation �a

m� �block� transposition
aXb� and �block� identi�cation 	n

a � where m�n � IN and a� b � M � Each of the above
classes of relations �and �� other classes� may be generated using certain subcollections of
these constrants only� To specify them we use the notation xy� where x � fa� b� c� dg and
y � f�� �� �� �g� Restriction x � a means the constants of the type �a

m always have m � �

restriction x � b� means m 
 �
 x � c� means m � �
 and x � d means no restriction
�arbitrary m�� Restriction y is de�ned in a similar manner� using n of the constants 	n

a

and the corresponding Greek letters� For example� restriction a� refers to functions �IFn��
restriction b� to partially de�ned functions �IPfn� and d� to relations �IRel��

For �ownomials we may single out certain abstract algebraic structures to play the r�ole
the ring structure is playing for polynomials� The critical axioms used to de�ne them are�

� �commutation of the composition of the constants to the other elements�

f � �b
m � �a

m � �mf�
aXc � �g � f� � �f � g� � bXd

	n
a � f � �nf� � 	n

b

where f � a� b� g � c� d and where kf denotes the k	times summation f � � � �� f �
This axiom scheme is used in two ways�


 the strong version is the one where the elemnts f� g above are arbitrary�


 the weak version is the one where it is applied only for some ground terms f� g��

� �enzymatic axiom for the looping operation�

f � �Ib � z� � �Ia � z� � g implies f �c� g �d

where z � c � d is an abstract relation and f � a� c � b � c� g � a � d� b � d are
arbitrary elements��

Roughly speaking�

� an xy�ssmc �xy� symmetric strict monoidal category� is the acyclic structure de�ned
using the strong commutation for transpositions aXb and the weak commutation for
the other constants


� in a strong xy�ssmc all the constants corresponding to xy obey the strong commuta	
tion axioms


�Ground terms or abstract relations mean terms written with the given operations and certain constants
in �am�

a
X
b� �na � xy�terms or abstract xy�relations refer to terms written using the constants ful�lling the

restriction xy only�
�The equalities given by the �rst equation clearly refer to acyclic processes� This enzymatic axiom

allows them to be used in a cyclic environment�
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� �nally� an xy��ow is a strong xy	ssmc that obeys the enzymatic axiom whenever z is
an abstract xy	relation�

A large number of algebraic structures may be obtained by choosing the constants and
certain weak� strong or enzymatic axioms� This freedom gives �exibility to the calculus
which is well	suited to model various kind of �owgraphs and equivalences� A few basic
cases will be presented below�

Polynomials are classes of equivalent polynomial expressions� In a similar manner�
�ownomials are de�ned as classes of equivalent �ownomial expressions under an appropriate
relation of equivalence� Moreover� in both calculi there are two equivalent ways to introduce
the standard equivalences� ��� by using the rules of the algebra� or ��� by using normal
form representations�
For the �rst way� the standard equivalence 
xy on �ownomial expressions may be in	

troduced as the equivalence generated by the commutation of xy	constants with variables
in the class of equivalence relations ful�lling the enzymatic rule��

The second equivalent way to de�ne the equivalence 
xy is to use the normal form
�ownomial expressions
 such an expression over X and T is of the following type�

��Ia � x� � � � �� xk� � f� �
i�x�������i�xk�

with f � a � o�x�� � � � � � o�xk� � b � i�x�� � � � � � i�xk� in T and x�� � � � � xk in X�
Each �ownomial expression may be reduced to a unique normal form� Two normal form
�ownomial expressions F � ��Ia�x�� � � ��xm� � f� �

i�x�������i�xm� and G � ��Ia� y�� � � ��
yn� � g� �i�y�������i�yn� are similar via a relation r � IRel�m�n� i�

�i� �i� j� � r� xi � yj


�ii� f � �Ib � i�r�� � �Ia � o�r�� � g�

where i�r� �resp� o�r�� represents the �block� extension of r to inputs �resp� outputs��

Below� IF�xy�T�X� denotes the algebra of 
xy	equivalent �ownomials over X and T �

��� Basic results

The main results in the calculus of �ownomials are of the following type�

Theorem ��� �Expressivness Theorem� Various classes of �owgraphs are repre�
sented by �ownomial expressions over an appropriate class of connecting theory� for ex�
ample�

� The usual nondeterministic �resp� deterministic� or partial and deterministic� etc��
�owgraphs with atoms in X are represented by �ownomials over IRel �resp� IFn� IPfn�
etc�� and X�

� Flowgraphs having connecting channels that pass values in a set D are represented by
�ownomials over substructures in IRel�D��

�This means� if two terms as in the premise of the enzymatic axiom are equivalent� then the correspond�
ing terms in the conclusion of the enzymatic axiom are equivalent� too�
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� Higer order processes are represented by �ownomials over other �ownomials�

Theorem ��� �Axiomatisations� Subsets of the axioms presented in Appendix 	
 give
correct and complete axiomatisations for the classes of equivalent �owgraphs with respect
to various natural equivalence relations� For example�

� graph�isomorphism �case a��strong�
A correct and complete axiomatization for �owgraphs modulo graph isomorphism con�
sists of the axioms de�ning an a���ow� � where

a���ow � B	�B	
 � R	�R� � F	�F��

� graph�isomorphism with various constants �case a��strong � xy�weak�
The axiomatisation of �owgraphs with various constants �at the syntactic level� mod�
ulo isomorphism is provided by the axioms de�ning an xy�ssmc with feedback� where

xy�ssmc with feedback � a���ow � all the axioms in A	�A	� and F	�F� de�
scribed using constants of type �x�y only

where �x�y is the restriction containing xy and closed to the feedback operation�	

� input �or one�way� behaviour� deterministic case �case a��strong�
The axioms of a���ow� i�e�

a���ow � b��ssmc with feedback � S	�S� � Enzfunctions

give a correct and complete axiomatization for the classes of determinstic �owgraphs
that have the same step�by�step computation sequences �or equivalently� they unfold
into the same tree��

� input behaviour� nondeterministic case �case a��strong � d��weak�
The axioms of

a���ow over a d��ssmc with feedback

give a correct and complete axiomatization for the classes of nondeterminstic �ow�
graphs with single�input�single�output atoms modulo bisimulation�

� input�output �or two�way� behaviour� deterministic case �case b��strong�
The axioms of b���ow� i�e�

b���ow � b��ssmc with feedback � S	�S
 � Enzpartial functions

give a correct and complete axiomatization for the classes of determinstic �owgraphs
that have the same step�by�step succesful computation sequences�

� input�output behaviour� nondeterministic case �case d��strong�
The axioms of d���ow� i�e�

b���ow � all the axioms in Table �including Enzrelations�

�This is the core of the algebras that occur in the calculus of �ownomials�
�This means� if the constant �a is present� then �a � �a �

a should be present� too and similarly for
the dual constant ��
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give a correct and complete axiomatization for the classes of nondeterminstic �ow�
graphs that have the same step�by�step succesful computation sequences�

All the axiomatisation results above are proved in an abstract setting� namely in the
case the connecing components are morphisms in an appropriate abstract theory� Hence
we have uniform proofs that may be used� for example� to the case of connections made
by simple wiring relations� or by channels with message passsing� or by other �ownomials�
In such an abstact setting the correctness problem consists in the preservation of the alge	
braic structure when one passes from connections to classes of equivalent �owgraphs� This
problem is solved by theorems of the following type� �In cases b� and d� the proofs are
done under some mild addtitional conditions for the connecting theory T ��

Theorem ��� �Universality Theorem�
If T is an xy��ow� then IF�xy�T�X� forms the xy��ow freely generated by adding X to T �

If one replaces ��ownomials� by �polynomials� and �xy	�ow� by �ring�� then one gets
the classical universal property for polynomials�
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Chapter �

Classes of binary relations as
enriched symmetric strict monoidal
categories

The aim of this chapther is to give axiomatizations for �� classes of �nite relations� These
classes may be obtained as intersections of the following classes of �nite relations� total
relations� surjective relations� univocal relations �� partial functions�� and injective rela	
tions�
The axiomatizations for the considered classes of relations may be obtained in block�

This possibility is based on the existence of a normal form in which all the relations may
be represented and which allows to give a syntactical characterization of the considered
classes of relations by certain natural� additional conditions �the so called xy	restrictions�
imposed to the normal form�
The axiomatization is made by equations� More precisely� for each type T of the sixteen

considered types a set of equations ET is single out such that the class of relations of type
T forms an initial algebra in the category of algebras that obey the equations ET � The
algebras which appear in this way are symmetric strict monoidal categories enriched with
speci�c constants and equations�

��� Short presentation of the results

a� Preliminaries� An S	sorted signature �S��� consists in a set S of sorts and a set
� of operation symbols together with an arity function r � � � S� � S� A ��algebra
A � �fAsgs�S� f�Ag��
�� or simple A � �As� �A�� consists in a set As for each s � S and
a function �A � As� � � � �� Asn��� � As for every � � � with r��� � �s� � � � sn���� s�� A ��
morphism h � A� B between two �	algebras A � �As� �A� and B � �Bs� �B� is a family of
functions fhs � As � Bsgs�S which preserves the operations� that is hs��A�a�� � � � � an����� �
�B�hs��a��� � � � � hsn����an����� for every � � � with r��� � �s� � � � sn���� s� and ai � Asi � for
i � �� � � � � n����
Let T
�X� be the �	algebra freely generated by the S	sorted setX � fXsgs�S� presented

as the �	algebra of terms built up with variables fromX� A ��equation is a triple �X�L�R��
where X is an S	sorted set and L�R � T
�X�s� for an s � S� In the usual notation the
equation is L � R� that is L is the Left part of the equation� R is the Right part of the
equation and X is a set of variables of which the equations depends� usually being the

��
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set of the variables which occur in the terms L and R� A �	algebra satis�es the equation
�X�L�R� if hs�L� � hs�R� for every morphism h � T
�X� � A� where s is the �common�
sort of L and R�
A presentation �S��� E� consists in an S	sorted signature �S��� and a set E of �	

equations� We say a type of data T � as it is encountered in the literature� has an initial
presentation by equations if a presentation �S��� E� may be given such that T is a �	algebra
wich satis�es the equations in E and for every �	algebra A which satis�es the equations in
E there exists a unique �	morphism h � T � A�

b� Sorted binary relations �IRelS�� For every a � S� we denote by ja j the length of
the word a� and for every j � �ja j� we denote by aj �� S� the j	th letter of a� As we use
the additive notation ��� for concatenation in S�� it follows that a � a� � � � �� ajaj�
For a� b � S� de�ne

IRelS�a� b� � ff � f � �ja j�� �jb j� and ��i� j� � f � ai � bj�g�

Such an f is called an S�sorted relation from a to b�

c� The signature of IRelS� The basic operations are summation and composition�

� Summation� for f � IRelS�a� b� and g � IRelS�c� d� the sum f�g � IRelS�a�c� b�d�
is de�ned by

f � g � f � f�ja j i� jb j j� � �i� j� � gg

� Composition is the usual one and is denoted by ���� So that� for f � IRelS�a� b�
and g � IRelS�b� c� the composite f � g � IRelS�a� c� is given by

f � g � f�i� j� � �k � �i� k� � f and �k� j� � gg

Beside these operations the signature contains certain constants which are interpreted as
the following particular relations�

� Identity�

Ia � f�i� i� � i � �ja j�g � IRelS�a� a�


� Block Transposition�

aXb � f�i� jb j i� � i � �ja j�g � f�ja j j� j� � j � �jb j�g � IRelS�a� b� b� a�


� Block Identification�

	a � f�i� i� � i � �ja j�g � f�ja j i� i� � i � �ja j�g � IRelS�a� a� a�


� Adding Dummy Elements to Cosource�

�a � � � IRelS��� a�� where � is the empty word


� Adding Dummy Elements to Source�

�a � � � IRelS�a� ��




C R R O S xy SS C S �

Table ���� Axioms for ssmc�s �B��B��� and for constants
����	�� �without feedback��

B� f � �g � h� � �f � g�� h B� Ia � Ib � Ia�b
B� I� � f � f � f � I� B� aXb � bXa � Ia�b
B� f � �g � h� � �f � g� � h B
 aX� � Ia
B� Ia � f � f � f � Ib B� aXb�c � �aXb � Ic� � �Ib � aXc�
B� �f � f �� � �g � g�� � f � g � f � � g� B�� �f � g� � cXd � aXb � �g � f�

for f � a� c� g � b� d

A �	a � Ia� � 	a � �Ia � 	a� � 	a Ao �a � ��a � Ia� � �a � �Ia � �a�
B aXa � 	a � 	a Bo �a � aXa � �a

C ��a � Ia� � 	a � Ia Co �a � ��a � Ia� � Ia
D 	a � �a � �a ��a Do �a � �a � �a ��a

E �a � �a � I�
F 	a � �a � ��a � �a� � �Ia � aXa � Ia� � �	a � 	a�
G �a � 	a � Ia

SV� �� � I� SV�o �� � I�
SV� �a�b � �a ��b SV�o �a�b � �a ��b

SV� 	� � I� SV�o �� � I�
SV� 	a�b � �Ia �

bXa � Ib� � �	a � 	b� SV�o �a�b � ��a � �b� � �Ia �
aXb � Ib�

� Block Ramification�

�a � f�i� i� � i � �ja j�g � f�i� ja j i� � i � �ja j�g � IRelS�a� a� a��

In this way IRelS becomes an algebra having the signature �S
��S����� where � consists of

the binary operations ��� and ��� and the �	ary operations �constants� Ia� aXb�	a��a��a�
and �a�

d� A presentation of IRelS� A presentation of IRelS using the above signature is
given in Table ���� This shows that IRelS is a symmetric strict monoidal category �axioms
B�	B��� enriched with auxiliary constants which satisfy the basic axioms A	G and Ao	Do

and the axioms of type SV or SVo� These latter axioms show how the vectorial constants
may be expressed in terms of scalar ones ��vectorial� means 	a��a��a��a for ja j � ��
while �scalar� is the same� but for ja j � ��� Note that the axioms B� and B
�B� are of
the same type�
Some parentheses are omitted in Table ��� using the convention that composition binds

stronger than summation�
It is easy to see that the identities in Table ��� hold in IRelS�
e� Particular classes of relations �semantically de�ned�� From the semantic

point of view we are interested in studying the following properties of a relation f �
IRelS�a� b��

P�� f is total� ��i � �ja j����j � �jb j�� � �i� j� � f 
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Table ���� Restrictions on the indices mj and ni used in
the representations of relations�

�a� all mj � � ��� all ni � �
�b� all mj 
 � ��� all n� 
 �
�c� all mj � � ��� all ni � �
�d� arbitrary mj ��� arbitrary ni

P�� f is surjective� ��j � �jb j����i � �ja j�� � �i� j� � f 


P�� f is univocal �functional�� �i � �ja j�� j� k � �jb j� � ��i� j� � f and �i� k� � f � j � k�


P�� f is injective� �k � �jb j�� i� j � �ja j� � ��i� k� � f and �j� k� � f � i � j��

These properties are very independent and their combinations give the sixteen types of
�nite relations for which we shall �nd initial presentations by equations� see Table ����

f� A syntactical representation of relations� For a � S� and n � N we inductively
de�ne the derived constants 	n

a � IRelS�na� a� and �
a
n � IRelS�a� na� by

	�
a � �a �a

� � �a

	n��
a � �	n

a � Ia� � 	a �a
n�� � �a � ��a

n � Ia��

Note that 	�
a � �a

� � Ia� 	
�
a � 	a and �

a
� � �a�

In Section � we shall prove that every relation f � IRelS�a� b� may be represented in the
following form

f � �
X
j�
jaj�

�aj
mj
� � f� � �

X
i�
jbj�

	ni
bi
�� ���

where f� is a bijection� Moreover� f� may be represented in terms of ���� ���� Ia and
aXb�

for example as a composite of bijections of type Iu � cXd � Iv�
g� Particular classes of relations xy�IRelS �syntactically de�ned�� We may de�ne

�� types of �nite relations by imposing certain restrictions on the indices mj and ni used
in representation �!�� These restrictions are shown in Table ����

Notation ��� �xy�IRelS�
Let x � fa� b� c� dg and y � f�� �� �� �g be two restrictions as in Table ���� We denote by

xy	IRelS the set of all relations having at least one representation �!� satisfying restrictions
x and y� �

h� Relating syntax and semantics� The restrictions xy give natural classes of
relations xy	IRelS which coincides with the classes of relations de�ned by the properties
P�	P� de�ned in e�� These classes are presented in Table ���� �It is obvious that every
xy	IRelS has the properties corresponding to xy shown in column � of Table ���� The
oposite implication follows from Theorem ��
��
The main results of this chapter correspond to the sixteen lines of Table ���� Each

line has the following structure� A class of �nite relations is de�ned by the properties in
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Table ���� Axiomatisation of several classes of relations
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Figure ���� Relations

column �� is denoted as it is shown in column �� and its elements are known by the name
indicated in column �� The class is �syntactically� characterizated by the fact that its
elements have at least one representation �!� satisfying the restrictions indicated in column
�� An equivalent �semantical� characterization is the property that the class is an initial
algebra in the variety of algebras de�ned by the signature in column � and the equations
in column � �see Corollary ������
The class of relations under consideration may be ordered using the relation of inclusion�

The resulting ordered set is presented by the Hasse diagram in Figure ����

i� The results� In order to get a presentation for one class of �nite relations consid	
ered above one choses those equations in Table ��� using the operations in the signature
associated with the considered type of relations only� The resulted sets of equations are
given in column � for each particular case� Corollary ���� contains the following result�

Theorem ��� Each of the sixteen classes of �nite relations may be presented as an initial
algebra in the variety of algebras de�ned by the signature in column � and satisfying the
equations in column � of Table ��
� �

j� Extensions� The above axiomatisation is useful for the study of the acyclic �ow	
graphs� In order to apply it to the study of the cyclic �owgraphs one has the extend the
axiomatisation by adding a looping operation� In Theorem ��� of this paper we give the
axiomatisations obtained by adding the feedback as the cyclic operation�
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��� Bijections �a��IRelS	 and symmetric strict monoidal

categories �ssmc
s	

De�nition ��� We say B is a strict monoidal category �shortly� smc� if�

� B is a category �B� �� Ia�


� the class of the objects of B forms a monoid �O�B���� ��


� an operation of summation on morphisms is given �also denoted by �����

� � B�a� b��B�c� d�� B�a� c� b� d�

and the axioms B��B� and B��B� in Table ��� hold��

A symmetric strict monoidal category �shortly� ssmc� is a smc enriched with

� constants X� for a� b objects in B

aXb � B�a� b� b� a�

and such that the axioms B��B�� in Table ��� hold�

A morphism between two smc�s �resp� ssmc�s� H � B � B� is a functor whose restric	
tion on objects is a monoid morphism and which commutes with summation �resp� with
summation and constants aXb�� �

�

Using the sematical de�nition �i�e�� column � in Table ���� it is easy to see that each of
the �� classes xy	IRelS is a csms� Using B� it follows that the following identities hold in
a ssmc�

B
� �Xa � Ia

B�� a�bXc � �Ia � bXc� � �aXc � Ib�

Lemma ��� The following identities hold in a ssmc�

�	� aXb�c�d � �Ib � cXd � Ia� � �Ia�b � cXd� � �aXb�d � Ic� � �Ib�d � aXc�

��� �a�bXc � Id� � �Ic�a � bXd� � �Ia�b � cXd� � �Ia � bXd � Ic� � a�d�bXc

Proof� ��� Using B�� and then B� we get

aXb�c�d � �Ib � cXd � Ia� � �Ia � Ib � cXd� � aXb�d�c

� �Ia�b �
cXd� �aXb�d � Ic� �Ib�d �

aXc�

�Hence a ssmc is de�ned by B	�B��
�E�g�� H � B � B� is a morphism of ssms�s if it is given by a morphism of monoids h � O
B� � O
B��

and a family of applications H � B
a� b� � B�
h
a�� h
b�� obeying the commutation rules� H
f � g� �
H
f� �H
g�� H
f � g� � H
f��H
g�� H
Ia� � Ih	a
� H
aXb� � h	a


X
h	b
�
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��� Using in turn� B�� B�� and B�� we get

�a�bXc � Id� �Ic�a � bXd� � �Ia�b � cXd� �Ia�b � dXc� �a�bXc � Id� �Ic�a � bXd�

� �Ia�b � cXd� � a�b�dXc � �Ic�a � bXd�

� �Ia�b � cXd� �Ia � bXd � Ic� � a�d�bXc

�

Theorem ��� For every ssmc �B��� �� Ia� aXb� and for every morphism of monoids h �
S� � O�B� there exists a unique morphism of ssmc�s H � IBiS � B whose restriction to
the objects coincides with h�

Proof� Since on objects H coincides with h� the only problem is the de�nition of H on
morphisms�
We prove by induction on n that there is a function H which maps an g � IBiS�c� b�

with jc j 
 n in H�g� � B�h�c�� h�b�� such that

�� H�Ia� � Ih�a� if ja j 
 n

�� H�aXb� � h�a�Xh�b� if ja� b j 
 n

�� H�f � g� � H�f� �H�g� if f � IBiS�a� b�� g � IBiS�b� c� and ja j 
 n

�� H�f � g� � H�f��H�g� if f � IBiS�a� b�� g � IBiS�c� d� and ja� c j 
 n

For n � � we de�ne H�I�� � I� and H�Is� � Ih�s�� for s � S� It is obvious that the above
properties ��� hold�
Suppose we have de�ned H for all g � IBiS�c� b� with jc j � n and obeying properties

���� Now� we de�ne H for bijections of length n as follows�

Let f � IBiS�a� b� with ja j � n� For an i � �ja j� denote a � a� � ai � a�� with
ja� j � i� � and similarly b � b� � bf�i� � b�� with jb� j � f�i�� �� Then there exists a
unique fi � IBiS�a� � a��� b� � b��� such that

f � �Ia� �
aiXa��� �fi � Iai� �Ib� �

b��Xai�

So that it is natural to de�ne H�f� as Ei� where

Ei � �Ih�a�� �
h�ai�Xh�a���� �H�fi�� Ih�ai�� �Ih�b�� �

h�b���Xh�ai��

The problem now is to show the de�nition is correct� i�e� the morphism Ei does not
depend on i� For this� suppose i� j � �ja j� are two di�erent indices� say i � j� Let
a � a�� ai� a��� aj � a��� with ja� j � i� � and ja� � ai � a�� j � j� �� There are two cases�

� f�i� � f�j�

� f�i� � f�j�

Since there is small di�erence between them� we prove the correctness of the de�nition only
for the second case�
As f�i� 	 f�j� we may write b � b� � aj � b�� � ai � b��� with jb� j � f�j� � � and

jb� � aj � b�� j � f�i�� �� It is clear that it is a unique g � IBiS�a� � a�� � a���� b� � b�� � b����
such that

fi � �Ia��a�� �
ajXa���� �g � Iaj � �Ib� �

b���b���Xaj �
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fj � �Ia� � aiXa���a���� �g � Iai� �Ib��b�� �
b���Xai�

Using the inductive hypothesis we get

H�fi� � �Ih�a��a��� � h�aj�Xh�a����� �H�g�� Ih�aj�� �Ih�b�� �
h�b���b����Xh�aj ��

and similarly for H�fj�� By substituting this in Ei we get

��� Ei � �Ih�a�� �
h�ai�Xh�a���aj�a����� �Ih�a��a��� �

h�aj�Xh�a���� � Ih�ai��

� �H�g�� Ih�aj�ai�� �Ih�b�� �
h�b���b����Xh�aj � � Ih�aj�� �Ih�b��aj�b��� �

h�b����Xh�ai��

and similarly

Ej � �Ih�a��ai�a��� �
h�aj�Xh�a����� �Ih�a�� �

h�ai�Xh�a���a���� � Ih�aj��

� �H�g�� Ih�ai�aj�� �Ih�b��b��� �
h�b����Xh�ai� � Ih�aj�� �Ih�b�� �

h�b���ai�b
����Xh�aj��

By axiom B��
Ih�ai�aj� �

h�ai�Xh�aj � � Ih�aj�ai� �
h�aj �Xh�ai�

and using B� we get

��� Ej � �Ih�a��ai�a��� �
h�aj�Xh�a����� �Ih�a�� �

h�ai�Xh�a���a���� � Ih�aj��

� �Ih�a��a���a���� �
h�ai�Xh�aj�� �H�g�� Ih�aj�ai�� �Ih�b��b���b���� �

h�aj�Xh�ai��

� �Ih�b��b��� �
h�b����Xh�ai� � Ih�aj�� �Ih�b�� �

h�b���ai�b
����Xh�aj ��

Using Lemma ��� and axiom B� we �nd that the product of the �rst two factors in ��� is
equal to the product of the �rst three factors in ��� and the product of the last two factors
in ��� is equal to the product of the last three factors in ���� hence

Ei � Ej

Consequently� we may correctly de�ne H�f� by

H�f� � �Ih�a������ai��� �
h�ai�Xh�ai�������an�� �H�fi�� Ih�ai��

� �Ih�b������bf�i���� �
h�bf�i��������bn�Xh�ai��

Finally� let us check that with this de�nition H ful�lls conditions ���� Condition �
obviously holds� For �� in the nontrivial case a �� �� say a � c� s with s � S� we see that

H�aXb� � �Ih�c� �
h�s�Xh�b�� �H�cXb�� Ih�s�� �Ih�b�c� �

h���Xh�s��

� �Ih�c� �
h�s�Xh�b�� �h�c�Xh�b� � Ih�s��

� h�c��h�s�Xh�b�

� h�a�Xh�b�

For �� assume f � IBiS�a� b�� g � IBiS�b� c� with ja j � n� Take an i � �ja j� and write
a � a��ai�a�� with ja� j � i� �� b � b��ai� b�� with jb� j � f�i�� � and c � c��ai� c��

with jc� j � g�f�i��� �� If we denote by gi the bijections associated to g in the same way
the bijections fi were associated to f � then we get

f � g � �Ia� � aiXa��� �fi � gf�i� � Iai� �Ic� �
c��Xai�
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Hence

H�f� �H�g� � �Ih�a�� � h�ai�Xh�a���� �H�fi�� Ih�ai�� �Ih�b�� �
h�b���Xh�ai��

� �Ih�b�� � h�ai�Xh�b���� �H�gf�i��� Ih�ai�� �Ih�c�� �
h�c���Xh�ai��

� �Ih�a�� �
h�ai�Xh�a���� �H�fi � gf�i��� Ih�ai�� �Ih�c�� �

h�c���Xh�ai��

� H�f � g�

The veri�cation of condition � is easy�
Consequently we have de�ned by induction a morphism of ssmc�s H � IBiS � B� It is

obvious that this is the unique ssmc	morphism whose restriction to objects coincides with
h� �

Corollary ��� IBiS is an initial object in the category SSMCS of those ssmc�s which have
S� as the monoid of objects and whose morphisms are all the morphisms of ssmc�s which
preserve the objects� �

From these results we get the following computation rule�

If two expressions built up with ���� ���� Ia�
aXb �a� b � S�� specify the same

S	sorted bijection when thay are interpreted in IBiS� then they specify the same
element when they are interpreted in an arbitrary ssmc�

For example� it is easy to see that for an expression g from a� b� c to a�� b�� c�� built
up with the speci�es constants and operations� the expressions

E � �Ia �
xXb�y�c� �Ia�b �

yXc � Ix� �g � Iy�x� �Ia� �
b��c�Xy � Ix� �Ia��y�b� �

c�Xx�

and

E � � �Ia�x�b �
yXc� �Ia �

xXb�c � Iy� �Ia�b�c �
xXy�

��g � Iy�x� �Ia��b��c� � yXx� �Ia��b� � c�Xx � Iy� �Ia� � b��x�c�Xy�

represent the same bijection when they are interpreted in the ssmc

IBifa�b�c�a��b��c��x�yg�a� x� b� y � c� a� � y � b� � x� c��

�see Figure ����� Hence E and E � represent the same morphism when they are interpreted
in an arbitrary ssmc��

Another consequence of Theorem ��� is the possibility to denote shortly the ground
terms in a ssmc� Suppose we have a usual bijection 
�n� � �n� and n� �not necessarily
di�erent� objects a�� � � � � an in a ssmc B� We denote by

�
���a�
���a� � � � 
�n�an� � B�a� � � � �� an� a������ � � � �� a����n��

the morphism of B �sometimes called abstract bijection� obtained in the following way�
Take n distinct symbols x�� � � � � xn and let


 � IBifx������xng�x� � � � �� xn� x������ � � � �� x����n��

�A formal proof of this statement is given in Lemma ����
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Figure ���� Example

be the multisorted bijection which coincides with 
� i�e� 
�i� � 
�i�� �i � �n�� Cf�
Theorem ���� there exists a morphism of ssmc�s H which extends the monoid morphism
h � fx�� � � � � xng� � O�B�� where h is de�ned by mapping xi to ai� for i � �n�� Then we
de�ne

�
���a�
���a� � � � 
�n�an� � H�
��

With this notation the morphisms E and E � above may be simply written as

E � E � � ��a�x�b�y�c� �g � Iy�x� ��a��b��c��y�x��

Proposition ��� Suppose we are given a usual bijection 
 � �n� � �n�� a ssmc B and n

morphisms fi � B�ai� bi�� �i � �n�� Then�

�f� � � � �� fn� � �
���b� � � � 
�n�bn� � �
���a� � � � 
�n�an� � �f������ � � � �� f����n��

Proof� Since every bijection � is a product of transpositions of the type Ir�
�X�� In�r���

it is enough to prove the proposition for such bijections� In such a particular case the
identity may be written as

�f� � � � �� fr � fr�� � fr�� � fr�� � � � �� fn� � �Ib������br �
br��Xbr�� � Ibr�������bn�

� �Ia������ar �
ar��Xar�� � Iar�������an� � �f� � � � �� fr � fr�� � fr�� � fr�� � � � �� fn�

and obviously holds in B due to axiom B��� �

We �nish this section with some computation rules for the above representations of the
abstract bijections�

� Ia � ��a�

� �����a� � � � ��m�am�� �����b� � � � ��n�bn�

� �����a� � � � ��m�am�����  m�b� � � � ���n�  m�bn�

� If ai � b��i�� �i � �n�� then

�����a� � � � ��n�an� � �����b� � � � ��n�bn� � ��������a� � � � ����n��an�
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Figure ���� An arbitrary relation �a� and its normal form �b��

� �����a� � � � ��i�a�i�a��i � � � ��n�an� � �����a� � � � ��i�a�i��i  ��a��i � � � ��n  ��an��

where for j � �n  ��

��j� �

�����
����

��j� when � 
 j 
 i and ��j� 
 ��i�
��j�  � when � 
 j 
 i and ��j� 	 ��i�
��j � �� when i � j 
 n � and ��j � �� � ��i�
��j � ��  � when i � j 
 n � and ��j � �� � ��i�

� �����a� � � � ��i�� � � � ��n�an� � �����a� � � � ��i� ��ai��
��i�ai��

� � � ��n� ��an��

where for j � �n� ��

��j� �

�����
����

��j� when � 
 j � i and ��j� � ��i�
��j�� � when � 
 j � i and ��j� 	 ��i�
��j  �� when i 
 j 
 n� � and ��j  �� � ��i�
��j  ��� � when i 
 j 
 n� � and ��j  �� 	 ��i�

��� Normal form of relations

We start with an example� Suppose that S � fs� t� u� vg and let us consider the relation

f � f��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��g � IRelS�a� b�

where a � s� t� v � s� v and b � s� v � s� u� s� see Figure �����a��

A relation f may be represented as it is shown in Figure �����b� using the following
method�

First� to every arrow �j� i� � f we attach a sort� namely aj �which is equal with bi��
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Then we order all the pairs �j� i� in f by using the lexicographical order

����� �j� i� � �j �� i���� j � j � or �j � j � and i � i��

and we obtain the upper side of the rectangle f��

Next� in a similar way we order the pairs �j� i� in f by using the antilexicographical
order

����� �j� i� �a �j �� i���� i � i� or �i � i� and j � j ��

in order to obtain the lower side of rectangle f��

Finally�


 the arrows of the bijection f� are obtain by connecting the pairs �j� i� of the
upper side to the pair �j� i� of the lower side


 the function f� corresponds to the projection on the second component q�j� i� � i

and


 the relation f� is the oposite of the projection on the �rst component p�j� i� � j�

Consequently� we get a decomposition of f as

f� � f� � f�� where
f� � �s

� � �
t
� � �

v
� � �

s
� � �

v
��

f� is a bijection and
f� � 	�

s � 	
�
v � 	

�
s � 	

�
u � 	

�
s�

A representation of a relation f in the form f� � f� � f�� with f�� f� and f� as above� is
not unique mainly by two reasons�

� the pairs in f may be arranged in another linear order� hence the bijection f� is not
unique


� more than one path may connect an input j with an output i�

However� we may get a unique normal form representation by putting additional restrictions
to the representation as in the next theorem�

Theorem ��
 Every f � IRelS�a� b� may be written in a unique way as f� � f� � f�� where

�i� f� � �a�
m�
� � � �� �

ajaj
mjaj with mj � �� �j � �ja j��

f� from IBiS and

f� � 	n�
b�
� � � �� 	

njbj
bjbj

with ni � �� �i � �jb j��

�ii� for every �j� i� � f there exists a unique pair �k� k�� � f� such that �j� k� � f� and
�k�� i� � f��

�iii� for every j � �ja j� the restriction of f� on the set jm�a� � � � ��mj��aj�� j �jmjaj j�
is an increasing function and for every i � �jb j� the corestriction of f� to the set
jn�b� � � � �� ni��bi�� j �jnibi j� is an increasing partial function�

Proof� Let f � IRelS�a� b�� Denote
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Figure ���� Standard representation

mj �� cardfi � �jb j� � �j� i� � fg� for j � �ja j� and

ni �� cardfj � �ja j� � �j� i� � fg� for i � �jb j��

By using the lexicographical order ����� we may write the pairs of the relation f as in the
upper side of the rectangle in Figure ���� where � 
 i

j
� � i

j
� � � � � � ijmj


 jb j� �j � �ja j��
Similarly� using the antilexicographical order ����� we write the pairs of f as in the lower
side of the rectangle in Figure ���� where � 
 ji� � ji� � � � � � jini 
 ja j� �i � �jb j��
De�ne f� and f� by the equalities in �i�
 these relations are described in the upper and

the lower part of Figure ���� respectively� In order to de�ne bijection f�� for each �i� j� � f

we draw an arrow inside the rectangle from the pair �j� i� of the upper side to the pair �j� i�
of the lower side� Formally� for every j � �ja j�� u � �mj�� i � �jb j� and v � �ni�

f��m�  � � � mj��  u� � n�  � � � ni��  v

i�
�j� i� � f� u � cardf�j� r� � f � r 
 ig and v � cardf�r� i� � f � r 
 jg

First we check �i�� For �j� i� � f � if u and v are de�ned as above� then using the
observation that �j� m�  � � � mj��  u� � f� and �n�  � � � ni��  v� i� � f�� it follows
that �j� i� � f� � f� � f�� hence f � f� � f� � f��
Conversely� if �j� i� � f��f��f�� then there exists u � �mj� and v � �ni� such that �j� m� � � � 
mj�� u� � f�� f��m� � � � mj�� u� � n� � � � ni�� v and �n� � � � ni�� v� i� � f��
Using the de�nition of f� we get �j� i� � f � hence f� � f� � f� � f �

For �ii�� let �k� k�� � f� be such that �j� k� � f� and �k
�� i� � f�� From �j� k� � f� it

follows that there exists u � �mj� such that k � m�  � � �  mj��  u� From �k�� i� � f�� it
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follows that there exists v � �ni� such that k� � n�  � � � ni��  v� From the de�nition of
f� it follows that u � cardf�j� r� � f � r 
 ig and v � cardf�r� i� � f � r 
 jg� This shows
that the pair �k� k�� is unique with the requered properties�

For �iii�� let j � �ja j�� The function ��m�a������mj��aj��
� Imjaj ��mj��aj�������mjajajaj� �f�

is increasing due to the fact that all the pairs �j� ij��� � � � � �j� i
j
mj
� from the de�nition domain

appear in the lower side of the rectangle in the same order� The other property follows in
a similar way�

Finally� we show the decomposition of f is unique� Suppose f �� � f
�
� � f

�
� is another de	

composition of f ful�lling conditions �i�� �ii� and �iii�� Using �i� we get some numbers m�
j

and n�i such that f
�
� � �a�

m�
�
� � � � � �

ajaj

m�
jaj
and f �� � 	

n��
b�
� � � � � 	

n�
jbj

bjbj
� Using �ii� we get

m�
j � cardfi � �j� i� � fg � mj� �j � �ja j� and similarly n�i � ni� �i � �jb j�� Finally� by

�iii� we get f �� � f�� hence the decomposition is unique� �

Convention� In order to shorten the formulas we write
P

i�
n� ai instead of a�� � � �� an�
Since the summation ��� is not a commutative operation� the sum may be meaningless�
To avoid this ambiguity we use the convention that the indices are taken from a linearly
ordered sets and summation is done in the increasing order of indices� When nothing else
is said and the indices are numbers in IN the order in �less than��

In the rest of this section we are looking for a connection between an arbitrary repre	
sentation of f � IRelS�a� b� and the standard one� For the standard representation of f we
keep the notation used in the statement of Theorem ��
�

Theorem ��� If f � f �� � f
�
� � f

�
� is a representation of f � IRelS�a� b�� where

f �� �
X
j�
jaj�

�
aj
m�
j

and f �� �
X
i�
jbj�

	
n�i
bi

then there exist

hj � IBiS�m
�
jaj� m

�
jaj�� for i � �ja j� and

gi � IBiS�n�ibi� n
�
ibi�� for i � �jb j�

such that
f � f �� � ��

X
j�
jaj�

hj� � f� � �
X
i�
jbj�

gi�� � f
�
�

gives a representation of f which satis�es condition �iii� in Theorem ����

Proof� The problem clearly reduces to the following one� Show that for a usual bijection�

� � IBi�m�  � � � mr� n�  � � � ns�

there exists bijections

�j � IBi�mj� mj�� for j � �r� and

�IBi 
without index� denotes the unisorted case� i�e� IBiS for an S with a unique element�
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�i � IBi�ni� ni�� for i � �s�

such that the bijection
��� � � � �� �r� � � � ��� � � � �� �s�

obeys the following conditions�

the restrictions to all sets Aj � m� � � � mj�� �mj�� j � �r� are increasing functions
and

the corestritions to all sets Bi � n�  � � � ni��  �ni�� i � �s� are increasing partial
functions�

The �rst step is easy� Since every injection may be made increasing by an appropriete
permutations of the source elements� i�e�

�f � IIn�m�n� �g � IBi�m�m� such that g � f is an increasing function

we �nd bijections �j � IBi�mj� mj� such that for every j � �r� the restriction to Aj of the
bijection ��� � � � �� �r� � � is an increasing function�
Next� we apply the same procedure to the cosource� Since every converse of injection

may be done increasing by an appropriate permutation of the cosource elements� i�e��

�f � IIn���m�n� �g � IBi�n� n� such that f � g is an increasing partial functions

we �nd bijections �i � IBi�ni� ni� such that for every i � �s� the corestriction to Bi of the
bijection 
 � ���� � � � �� �r� � �� � ��� � � � �� �s� is an increasing partial function�
The only problem is to show that the last transformation preserves the �rst property�

i�e� it produces a function 
 such that for every i � �s�� the restriction of 
 to Aj is still
increasing� In order to prove this� take an arbitrary j � �r� and arbitrary u� v � Aj such
that u � v� There are two cases�

�i� Suppose both elements ���� � � � � � �r� � ���u� and ���� � � � � � �r� � ���v� belong to
the same set� say Bi� for an i � �s�� It follows that ��u� � Bi and ��v� � Bi� Since
u � v and the corestriction of � to Bi is increasing� we get ��u� � ��v��

�ii� Suppose there are two indices i �� i� in �s� such that ���� � � � �� �r� � ���u� � Bi and
���� � � � � � �r� � ���v� � Bi�� Since ��� � � � � � �r� � � is increasing on Aj it follows
that i � i�� So� i � i�� 
�u� � Bi and 
�v� � Bi� � hence 
�u� � 
�v��

Now the statement of the theorem follows from the property just proved and the iden	

tities �
aj
m�
j
� hj � �

aj
m�
j
� for j � �ja j� and gi � 	

n�j
bi
� 	

n�j
bi
� for i � �jb j�� �In a degenerate case

m�
j � � �resp� n

�
i � �� we take hj � I� �resp� gi � I���� �

The importance of property �iii� comes from the following fact� If a representation
f � f �� � f

�
� � f

�
� as in Theorem ��
 satis�es condition �iii�� then all the arrows of f

�
� belonging

to paths connecting two elements j and i are parallel and grouped one near the other� More
precisely� if for j � �ja j� and i � �jb j� we denote by

pj�i � cardf�k� k�� � f �� � �j� k� � f �� and �k
�� i� � f ��g
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�� TT �� TT�� LL
�

�
�

�
�

�
��

A
A
A
A
A
A

�
�
�
�
�
�

B
B
B
B
B
B

�
�
�
�
�
�

�
�

�
�

�
�

��
LL ��SS �� SS ��

s ss

f ��

s st v v

v u

f ��

f ��

�� LL�� SS �� SS

SS ��SS �� LL ��

�
�

�
�

�
�

S
S
S
S
S
S

�
�

�
�

�
�

s ss

f ��

s st v v

f ���

f ��

uv

�d�

�
�

�
�

�
�

��

A
A
A
A
A
A

�
�
�
�
�
�

B
B
B
B
B
B

�
�
�
�
�
�

�
�

�
�

�
�

��
LL ��SS �� SS ��

�� TT �� TT�� LL
�
�
�
�
�
�

�
�
A
A
A
A

s ss

f ��

s st v v

�hj

f ��

f ��

v u

�
�

�
�

�
�

��

A
A
A
A
A
A

�
�
�
�
�
�

B
B
B
B
B
B

�
�
�
�
�
�

�
�

�
�

�
�

��

�� TT �� TT�� LL
�
�
�
�
�
�

�
�
A
A
A
A

LL ��SS �� SS ��

T
T
�
�

�
�
l
ll
�
�

s s

f ��

s ss

t v v

�hj

f ��

�gi

f ��

v u�c��

�c� �c��

Figure ���� An arbitrary representation �c� of the relation in Figure �����a� and the steps
�c�� " �c�� towards a representation �d� obeying �iii� of Theorem ��
� �See Theorem ����

then we get

f ���
X

t�
j���

m�
t  

X
t�
i���

pj�t  k� �
X

t�
i���

n�i  
X

t�
j���

pt�i  k� �k � �pj�i��

This property shows that f �� may be obtained from f� by a multiplication of arrows�
For example� in Figure ��� we have

f ��� � ��������������

while
f� � ��������������

We shall express this in a theorem� but we need a notation to state it�
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Notation ���	 �f�� f
j�i
� 
 f�a� f

j�i
�a�

We denote by f� the �	ordered set of all the pairs in f and by f
j�i
� the number of the

pair �j� i� in f�� counted in the increasing order�
Similarly we de�ne f�a and f j�i�a by using the order �a� �

Let us note that with this notation the de�nition of f� from the standard representation
of f becomes simple�

f��f
j�i
� � � f

j�i
�a

Moreover� with the notation introduced before Proposition ��� we have

f� � �� � � �f
j�i
�a�aj � � ���

where the generic term is indexed by �j� i� and this pair varies increasingly in f��

Theorem ���� Suppose f � f� � f� � f� is the standard representation of f � IRelS�a� b�
and pj�i � cardf�k� k�� � f �� � �j� k� � f �� and �k�� i� � f ��g�

If f � f �� � f
�
� � f

�
� is a representation of f which satis�es condition �iii� and

f �� �
P

j�
jaj��
aj
m�
j
� f �� �

P
i�
jbj�	

n�i
bi
� then

f �� � �� � � �f
j�i
�a�pj�iaj � � ��

where the generic term is indexed by �j� i� and this pair varies increasingly in f�� �

Actually� this shows that f �� is the extension of f� obtained by multiplying of pj�i times
the arrow going from the pair �j� i��
Finally� let us note that with the above notation the identity in Proposition ��� �applyed

for f� and the morphisms gj�i � aj�i � bj�i for �j� i� � f� may be written as�

�
X

�j�i��f�

gj�i� � �� � � �f
j�i
�a�bj�i � � �� � �� � � �f

j�i
�a�aj�i � � �� � �

X
�j�i��f�a

gj�i�

��� A universal theorem for xy�IRelS

The theorem we shall prove in this section is about the structures xy	IRelS� where x �
fa� b� c� dg and y � f�� �� �� �g are two parameters as in Table ���� We may suppose
xy �� a� since the corresponding theorem in the case x � a and y � � was proved before
�Theorem �����

In the sequal we shall use the bijection� 
s
m�n � m�ns�� n�ms� given by

� 
s
��n � 
s

m�� � I�


� if m � �� n � �� then for i � �m�� j � �n�


s
m�n�m�i� ��  j� � n�j � ��  i

De�nition ���� �xy	object�
Let B be a ssms� We say an object a in B is an xy�object if for every m satisfying

restriction x and every n satisfying restriction y there are given morphisms �a
m � B�a�ma�

and 	n
a � B�na� a� such that the conditions in Table ��� hold� �
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Table ���� Axioms for xy	objects written with the extended constants �a
m and 	

n
a �

IP� 	�
a � �a

� � Ia�

IP� �a
m � �

P
j�
m� �

a
mj
� � �a


j��m�mj
if m and mj� for j � �m� satisfy restriction x


�
P

i�
n� 	
ni
a � � 	

n
a � 	


i��n�ni
a if n and ni� for i � �n�� satisfy restriction y�

If F � IBiS � B is a morphism of ssmc�s such that F �s� � a for an s � S� then�

IP� �a
m � F �f� � �a

m for every f � IBiS�ms� ns�� if m satis�es restriction x


F �f� � 	n
a � 	n

a for every f � IBiS�na� na�� if n satis�es restriction y


IP� 	n
a � �

a
m � �

P
i�
n� �

a
m� � F �


s
n�m� � �

P
i�
m� 	

n
a�� if m and n satisfy

the restrictions x and y� respectively�

IP� �a
n � 	

n
a � Ia� if n � � and n satis�es the restrictions x and y�

It is easy to check that in the categories xy	IRelS every object is an xy	object�

Theorem ���� Let xy be a restriction and B a ssmc�
If h � S� � O�B� is a function which maps every s �� S� to an xy�object h�a� in B�

then there exists a unique morphism of ssmc�s H � xy�IRelS � B such that for every s � S�

� H�s� � h�s��

� H��s
m� � �h�s�

m � for every m satisfying restriction x� and

� H�	n
s � � 	n

h�s�� for every n satisfying restriction y�

Proof� By Theorem ��� there exists a unique ssmc	morphism F � IBiS � B whose
restriction to objects agrees with h� For every xy	relation f � xy	IRelS�a� b� and every
representation of it

f � ��j�
jaj��
aj
m�
j
� � f �� � ��i�
jbj�	

n�i
bi
�

such that f �� � IBiS� all m
�
j obey x and all n

�
i obey y

we de�ne H�f� �� E� where

E � ��j�
jaj��
h�aj �

m�
j
� � F �f ��� � ��i�
jbj�	

n�i
h�bi�

�

The �rst problem is to show the de�nition is correct� It is easy to see that the de�nition
works for all xy	relations� Much more complicated is the proof that the result does not

�It naturally rearranges m groups of n elements in n groups of m elements�
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depend on the the particular representation we choose� To this end we use the standard
representation of f � i�e�

f � ��j�
jaj��
aj
mj
� � f� � ��i�
jbj�	

ni
bi
�

�Since f is an xy	relation� it follows that all the indices mj obey restriction x and all ni
obey restriction y��
Let f � f �� � f

�
� � f

�
� be a representation of f as in the above de�nition of H� Using

Theorem ��� we �nd bijections hj � IBiS�m�
jaj� m

�
jaj�� for j � �ja j� and gi � IBiS�n

�
ibi� n

�
ibi��

for i � �jb j� such that the representation

f � f �� � f
��
� � f

�
�

ful�lls condition �iii� in Theorem ��
� where f ��� � ��j�
jaj�hj� � f
�
� � ��i�
jbj�gi��

Using IP� it follows that

E � ��j�
jaj� �
h�aj �

m�
j
�F �hj�� � F �f

�
�� � ��i�
jbj�F �gi� � 	

n�i
h�bi�

�

� ��j�
jaj��
h�aj �

m�
j
� � F �f ��� � � ��i�
jbj�	

n�i
h�bi�

�

Denote
pj�i � cardf�k� k�� � f ��� � �j� k� � f �� and �k

�� i� � f ��g

For �j� i� � f we have � 
 pj�i 
 minfm�
j � n

�
ig� hence pj�i obeys restrictions x and y�

Using Theorem ���� we get

E � ��j�
jaj� �
h�aj �
mj

���i�f�j��
h�aj �
pj�i

�� � F �f ��� � � ��i�
jbj���j�f���i�	
pj�i
bi
� � 	ni

h�bi�
�

� ��j�
jaj��
h�aj �
mj

� � ���j�i��f��
h�aj�
pj�i

� � �� � � �f j�i�a�pj�ih�aj� � � ��

� ���j�i��f�a	
pj�i
h�bi�

� � ��i�
jbj�	
ni
h�bi�

�

Using Proposition ��� �in the form that has been written below Theorem ���� � we get

���j�i��f��
h�aj �
pj�i

� � �� � � �f j�i�a�pj�ih�aj� � � �� � F �f�� � ���j�i��f�a�
h�aj �
pj�i

�

By replacing this in the above expression we get

E � ��j�
jaj��
h�aj�
mj

� � F �f�� � ���j�i��f�a �
h�aj �
pj�i

�	
pj�i
h�bi�

� � ��i�
jbj�	
ni
h�bi�

�

Finally� aj � bi� for every �j� i� � f � hence by IP� we get

E � ��j�
jaj��
h�aj �
mj

� � F �f�� � ��i�
jbj�	
ni
h�bi�

�

and this shows the de�nition of H does not depend on the representation f � f �� � f
�
� � f

�
�

we have started with�

Using the standard representation for an f � IBiS�a� b� and IP� we get

H�f� � F �f�

i�e�� H extends F � Moreover� it is also easy to see that

H��s
m� � �h�s�

m
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for an m obeying restriction x and

H�	n
s � � 	n

h�s�

for an n obeying restriction y�

Next� we show h commutes with the operations� In order to prove

H�f � g� � H�f� �H�g�

for f � xy	IRelS�a� b� and g � xy	IRelS�b� c� we use the standard representation of f with
the notations in Theorem ��
 and the standard representation of g� i�e��

g � g� � g� � g�

where g� � �i�
jbj��
bi
m�
i
� g� is from IBiS and g� � �k�
jcj�	

n�
k

ck � We have�

H�f� �H�g� � ��j�
jaj��
h�aj �
mj

� � F �f�� � ��i�
jbj�	
ni
h�bi�

�

� ��i�
jbj��
h�bi�
m�
i
� � F �g�� � ��k�
jcj�	

n�
k

h�ck�
�

Applying IP� we get

��i�
jbj�	
ni
h�bi�

� � ��i�
jbj��
h�bi�
m�
i
�

� ���j�i��f�a�
h�bi�
m�
i
� � ��i�
jbj�F �


bi
ni�m

�
i
�� � ���i�k��g�	

ni
h�bi�

�

Replacing this in the above identity and using Observation A�� �as in the proof of the
de�nition correctness� we get

H�f� �H�g� � ��j�
jaj��
h�aj �
mj

� � ���j�i��f��
h�bi�
m�
i
�

� �� � � �f j�i�a�m�
i
h�bi� � � �� � ��i�
jbj�F �


bi
ni�m

�
i
�� � �� � � �gi�k�a�nih�bi� � � ��

� ���i�k��g�	
ni
h�bi�

� � ��k�
jcj�	
n�
k

h�ck�
�

Since aj � bi for all �j� i� � f and bi � ck for all �i� k� � g� with IP� we get

��� H�f� �H�g� � ��j�
jaj��
h�aj �


fi � �j�i��fgm
�
i
�

� F ���� � � �f j�i�a�m�
i
bi � � �� � ��i�
jbj�


bi
ni�m

�
i
� � �� � � �gi�k�a�nibi � � ����

� ��k�
jcj�	

fi � �i�k��ggni

h�ck�
�

By a case analysis for x � fa� b� c� dg� it is easy to see that the all the sums above
�fi � �j�i��fgm

�
i satisfy restriction x� Similarly� all the sums �fi � �i�k��ggni satisfy restriction y�

Now we have arrived to the end of the proof of commutation with composition� The
above deduction holds true in every xy	ssmc� hence in xy	IRelS� too� Applying �!� for
h � idS�� �in which case� H � idxy�IRelS�� we get a representation of f � g� From the
de�nition of H it follows that the right hand side of �!� represents an expression equal to
H�f � g�� Hence

H�f � g� � H�f� �H�g�

The proof of the commutation with summation is fairly simple and it is omitted� �



C R R O S xy SS C S �

��� The analysis of conditions IP��IP�

The aim of this section is to simplify as much as possible the conditions IP��IP� used in
Table ���� This way we get simple presentations for xy	IRelS� Actually� we prove that
axioms A�G and Ao�Do in Table ���� which are particular instances of the conditions
IP��IP�� are enough to imply the validity of IP��IP� in all cases�
Let a be an object in a ssmc B� The main ideea is to replace the general constants

�a
m and 	

n
a with their particular instances �

a
� �denoted �

a�� �a
� �denoted �

a�� 	�
a �denoted

�a�� and 	�
a �denoted 	a�� In terms of these constants the previous general ones �a

m and
	n
a may be inductively de�ned by

�a
m�� � �a � ��a

m � Ia� 	n��
a � �	n

a � Ia� � 	a

These de�nitions are used in the cases x � fc� dg and y � f�� �g� respectively�

In this section we shall prove that the axioms A�G and Ao�Do in Table ��	 characterize
a d��object� in general an xy�object is characterized by the axioms in column � of Table ��

that have no SV or SVo type�

If x � d �resp� y � �� the �rst step in the inductive de�nition is �a
� � �a �resp�

	�
a � �a�� In this case one may use axiom C

o �resp� C� in order to prove IP�� In the other
cases IP� follows from the de�nition� that is� �a

� � Ia �resp� 	
�
a � Ia� is the basis of the

inductive de�nition in the case x � c �resp� y � ��� Let us note that IP� implies �a
� � �a

and 	�
a � 	a�

We have to study �� variants � � conditions � �� cases�� The study is reduces to �
cases using the following simpli�cations�

a� Duality�

De�nition ���� �duality�
By duality we mean the process of transformation of statements with respect to the

following rules�

f � g is replaced by g � f �
aXb is replaced by bXa�

�a
n is replaced by 	n

a 	n
a is replaced by �a

n�
f � g and Ia remain unchanged�

This means� we use the duality from the category theory extended in a natural way to the
other operations� �

First we note that the ssmc structure is selfdual� The second identity in IP� �resp� IP��
is dual with the �rst one� Since by duality the restrictions a� b� c� d have to be interchanged
with �� �� �� �� respectively� we may reduce the study to � cases� a�� a�� a�� b�� b�� b�� c��
c�� d�� For example� by duality a result about case b� produces a result about case c��

b� If an identity in condition IPi contains only constants �m �resp� 	
n�� then its study

may be reduced to the cases x� �resp� ay�� This reduction may be applied to conditions
IP� and IP��

�The a� case is covered by Theorem ����
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c� If an identity in a condition IPi has all the occurrences of the constants �m �resp�
	n� to the same power m �resp� n�� then its study in the case dy �resp� x�� may be reduced
to its study in the cases by and cy �resp� x� and x��� This reduction applies to IP�� IP�
and IP��

Analysis of IP�� By using the above reductions a� and b� we may reduce the study of
IP� to the study of the second identity in IP� and this in cases a�� a� and a� only� Since
for n � f�� �g the second identity in IP� holds� the case a� is over� Hence we have to prove
the second identity in IP� in cases a� and a��

Lemma ���� The second identity in IP	 in the case a� follows from axiom A in Table
��	�

Proof� For n � � the equality obviously holds� For n � � we have to prove that

�	i
a � 	

j
a� � 	a � 	i�j

a

for every i� j � �� We prove this by induction on j� The case j � � follows by de�nition�
The inductive step follows using axiom A and the inductive hypothesis in

�	i
a � 	

j��
a � � 	a � �	i

a � 	
j
a � Ia� � �Ia � 	a� � 	a

� �	i
a � 	

j
a � Ia� � �	a � Ia� � 	a

� �	i�j
a � Ia� � 	a

� 	i�j��
a

For n � � using the inductive hypothesis we see that

��i�
n�	
ki
a � � 	

n
a � ��i�
n��� 	

ki
a �	

kn
a � � �	

n��
a � Ia� � 	a

� �	

i��n���ki
a � 	kn

a � � 	a

� 	

i��n�ki
a

�

Lemma ���� The second identity in IP	 in the case a� follows from axioms A� B and C�

Proof� Using axiom B in C we get

�Ia ��a� � 	a � Ia

Now the proof of this lemma is similar to the proof of the above one� with the di�erence
that each induction starts with ��
For n � � it is clear �the empty sum is I��� In the case n � �� the starting step j � �

follows by

�	i
a � 	

�
a� � 	a � �	i

a � I�� � �Ia ��a� � 	a

� 	i
a

�

Analysis of IP�� As in the above analysis of IP� the study is reduced to the second
identity in cases a� and a�� By reduction c�� case a� is reduced to cases a� and a�� Hence
we still have to prove the second identity in IP� in case a��
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Lemma ���� The second identity in IP� in case a� follows from axioms A and B�

Proof� Every bijection f � IBiS�ns� ns� may be written as a composition of bijections of
the type

Iis �
sXs � I�n�i���s

where � 
 i 
 n� �� Hence it is enough to prove the statement in the lemma for this type
of bijections� This follows by

�Iia �
aXa � I�n�i���a� � 	

n
a � �Iia �

aXa � I�n�i���a� � �Iia � 	a � I�n�i���a� � 	
n��
a

� �Iia � 	a � I�n�i���a� � 	
n��
a

� 	n
a

�

Analysis of IP�� In the case m � �� IP� holds� By duality we reduce the study to
six cases� b�� b�� b�� c�� c�� d�� Finally� using reduction c� the problem is reduced to the
study of IP� in cases b�� b� and c��

Lemma ���
 Condition IP
 in case b� follows from axiom B�

Proof� In the case n � � or m � �� property IP� obviously holds� The case left open
m � � � n follows from axiom E� �

Lemma ���� Condition IP
 in case b� follows from axiom D�

Proof� The case m � � clearly holds� In the case m � �� by induction on n it follows
that

	n��
a � �a � �	n

a � Ia� � 	a � �
a

� �	n
a � Ia� � ��

a ��a�

� �i�
n��
a ��a

� �i�
n����
a

�

Lemma ���	 Condition IP
 in case c� follows from axiom F�

Proof� We prove IP� using an induction on n m� for pairs �n�m� with m � � and n � ��
The case ����� follows from axiom F� The case ��� m  �� may be reduced to the case

��� m� as follows

	�
a � �

a
m�� � 	a �a ��a

m � Ia�

� ��a � �a� �Ia �
aXa � Ia� �	a � 	a� ��

a
m � Ia�

� ��a � �a� �Ia � aXa � Ia� ���
a
m � �

a
m� F �


s
��m� ��i�
m�	a�� 	a�

� ��a � �a� ��a
m �

aXa��a
m � Ia�� Ia� �F �


s
��m�� I�a� ��i�
m���	a�

� ��a � �a� ��a
m � Ia � �

a
m � Ia� �Ima �

aXma � Ia� �F �

s
��m�� I�a� ��i�
m���	a�

� ��a
m�� � �

a
m��� F ��Ims �

sXms � Is� �

s
��m�� I�s�� ��i�
m���	a�

� ��i�
���
a
m��� F �


s
��m��� ��i�
m���	a�
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Finally� the case �n �� m� with n � � may be reduced the the cases ��� m� and �n�m�
as follows

	n��
a � �a

m � �	n
a � Ia� 	a �a

m

� �	n
a � Ia� ��

a
m � �

a
m� F �


s
��m� ��i�
m�	a�

� ���i�
n��
a
m� F �


s
n�m� ��i�
m�	

n
a� � �a

m� F �

s
��m� ��i�
m�	a�

� ��i�
n����
a
m� �F �


s
n�m�� Ima� ��i�
m� 	

n
a � Ima� F �


s
��m� ��i�
m�	a�

Here we make a pause to prove that

��i�
m� 	
n
a � Ima� � F �


s
��m� � F �
m� � ��i�
m��	

n
a � Ia��

where m�n � � and 
 � IBiS�m�ns�  ms� m��n  ��s�� is de�ned by


m�in k� � i�n ��  k� if � 
 i � m and k � �n� and


m�mn i� � i�n ��� if i � �m�

First note that


� � I�n���s


s
��m�� � �Ims � sXms � Is� � �
s

��m � I�s� and

�Im�ns� � nsXms � Is� � �
m � I�n���s� � 
m��

The proof follows by induction on m� The inductive step looks as follows �in the third step
we shall apply the inductive hypothesis�

��i�
m��� 	
n
a �I�m���a� � F �


s
��m���

� ��i�
m� 	
n
a � �	

n
a � Ima� � aXma � Ia� �F �


s
��m�� I�a�

� �Im�na� �
naXma � Ia� ���i�
m� 	

n
a � Ima� F �


s
��m� � 	n

a � Ia�

� F � �Im�ns� �
nsXms � Is��
m � I�n���s� � � ��i�
m����	

n
m � Ia��

� F �
m��� � ��i�
m����	
n
m � Ia��

Now we may �nish the stoped proof� Using �
s
n�m � Ims� � 
m � 
s

n���m we get

	n��
a � �a

m � ��i�
n����
a
m� F ��


s
n�m � Ims�
m� ��i�
m��	

n
a � Ia�� ��i�
m�	a�

� ��i�
n����
a
m� F �


s
n���m� ��i�
m�	

n��
a �

�

Analysis of IP�� Since IP� holds when x � fa� bg or y � f�� �g it remains to study
four cases� c�� c�� d�� d�� By reduction c� the proof is reduced to the study of IP� in case
c��

Lemma ���� Condition IP� in case c� follows from axiom G�
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Proof� By induction on m we get

�a
m�� � 	

m��
a � �a � ��a

m � Ia� � �	
m
a � Ia� � 	a

� �a � �Ia � Ia� � 	a

� Ia

�

Using the above lemmas we get the following simple de�nitions for an xy	object�

Corollary ���� Let B be a ssmc� Then�
� An a��object is a pair �a��a� with �a � B��� a�� A b��object is the dual concept�
� An a��object is a pair �a�	a� with 	a � B�a � a� a� obeying axioms A and B� A

c��object is the dual concept�
� An a��object is a triple �a��a�	a� obeying axioms A� B and C� A d��object is the dual

concept�
� A b��object is a triple �a��a��a�� where �a � B�a� ��� obeying axiom E� This concept

is selfdual�
� A b��object is a triple �a�	a��a� obeying axioms A� B and D� A c��object is the dual

concept�
� A b��object is a ��uple �a��a�	a��a� obeying axioms A� B C� D and E� A d��object

is the dual concept�
� A c��object is a triple �a�	a��

a�� where �a � B�a� a�a�� obeying axioms A� B� F� G�
Ao� and Bo� This concept is selfdual�

� A c��object is a ��uple �a��a�	a��a� obeying axioms A� B� C� F� G� Ao� Bo� and Do�
A d��object is the dual concept�

� A d��object is a ��uple �a��a�	a��
a��a� obeying all the axioms A� B� C� D� E� F� G�

Ao� Bo� Co� and Do� This concept is selfdual� �

��� Classes of relations xy�IRelS as enriched ssmc
s

De�nition ���� �xy	ssmc�
Let B be a ssmc and xy be a restriction with x � fa� b� c� dg and y � f�� �� �� �g�
We say B is an xy�ssmc if every object in B is an xy	object and the corresponding

axioms of type SV or SVo in Table ��� hold��

A morphism of xy�ssmc�s H � B � B� is a morphism of ssmc�s that preserves the
additional constants�	 �

Let us note the coincidence of the notions of ssmc and a�	ssmc� Clearly xy	IRelS is an
xy	ssmc� Finally� it is easy to see that the commuting conditions in the above de�nition of
xy	ssmc are equivalent with the old ones� i�e�

�In detail� axioms SV	�SV� have to be satis�ed when y � f�� �g� axioms SV��SV� when y � f�� �g�
axioms SV	o�SV�o when x � fb� dg� and axioms SV�o�SV�o when x � fc� dg�

�That is� for every object a in B�
H
�a� � �H	a
 when y � f�� �g� H
�a� � �H	a
 when y � f�� �g�

H
�a� � �H	a
 when x � fb� dg� H
�a� � �H	a
 when x � fc� dg�
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for every object a in B�
H��a

m� � �H�a�
m when m obeys restriction x and

H�	n
a� � 	n

H�a�� when n obeys restriction y

Now we may formulate the main result of this chapther�

Theorem ���� Let x � fa� b� c� dg and y � f�� �� �� �g be two restrictions�
If B is an xy�ssmc� then for every function h � S � O�B� there exists a unique

morphism of xy�ssmc�s
H � xy�IRelS � B

extending h� i�e�� satisfying the condition H�s� � h�s�� �s � S�

Proof� This theorem follows from Theorem ����� The only fact still open is the commu	
tation with the constants �a� �a� 	a and �a in the case a is an arbitrary word in S

�� not
only a letter� This follows by an induction on the length of a� The case ja j � � is trivial�
The inductive step may be proved as follows� for a � S� and s � S

H��a�s� � H���a � �s� � �Ia � aXs � Is��

� �H��a��H��s�� � �Ih�a� � h�a�Xh�s� � Ih�s��

� ��h�a� � �h�s�� � �Ih�a� �
h�a�Xh�s� � Ih�s��

� �h�a��h�s�

� �h�a�s�

where we have applied an axiom of type SV in order to infer the fourth equality�
For the other constants the proof is similar� �

Finally� let us note that Theorem ��� follows from this one in the following way� Denote
by xy�SSMCM the category of all xy	ssmc�s having the monoid M as the monoid of the
objects and whose morphisms are morphisms of xy	ssmc�s which preserve the objects�

Corollary ���� For every x � fa� b� c� dg and y � f�� �� �� �g the algebra xy�IRelS of S�
sorted xy�relations is an initial object in the category xy�SSMCS�� �

��
 Short comments and references

The results of this chapter are based on �CaS���� The presentation we have given
follows the slightly improved version presented in Chapter A of �Ste����

In �Laf��� a con�uent and terminating rewriting system is given for a�	terms �func	
tions��



Chapter �

Critical acyclic structures �strong
xy�ssmc�s�

In this chapter we introduce three critical structures that may be used to de�ned the
behaviour of many	inputs�many	outputs objects�

� The �rst possibility is to use ordinary elements �single	input�single	output objects�
and to describe the behaviour of a many	inputs�many	outputs object by a matrix of
such elements� The resulting algebraic structure is called matrix theory�

� The second possibility is to use ranked elements �e�g�� single	input�many	outputs
objects� and to describe the behaviour of a many	inputs�many	outputs object by a
tuple of such elements� The resulting algebraic structure is called algebraic theory�

� The last posibility is to represent such many	inputs�many	outputs objects as atoms
of the calculus �doubly	ranked elements�� This way we get ssmc�s �symmetric strict
monoidal categories� that already have been de�ned�

Matrix and algebraic theories are de�ned here as particular ssmc�s� namely as ssmc�s obey	
ing additional strong commutation axioms�

��� Strong xy�ssmc
s

The set fa� b� c� dg is ordered by using the relation �L given by a �L b �L d� a �L c �L

d� ��b �L c� and ��c �L b�� In a similar way the relation �G on the Greek letters
f�� �� �� �g is de�ned�

De�nition ��� �strong xy	ssmc�
An xy	ssmc is x�y��strong� for x� �L x and y� �G y� if all the strong axioms in Table ���

corresponding to the restrictions x�y� are ful�lled �i�e� axioms �Caz	mor� for z �G y� and
�Cz�	mor� for z �L x���
A strong xy�ssmc is an xy	ssmc which is xy	strong� �

For example� the de�nition of a c�	strong c�	ssmc is obtained by adding the strong
axioms corresponding to c�� namely �Ca�	mor� and �Cc�	mor�� to the axioms de�ning a
c�	ssmc�

��
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Table ���� The xy	strong axioms �f � a� b��

�Ca�	mor� �a � f � �b �Cb�	mor� f � �b � �a

�Ca� 	mor� 	a � f � �f � f� � 	b �Cc�	mor� f � �b � �a � �f � f�

The axioms in Table ��� are strong in the following sense� in an arbitrary xy	ssmc only
the restriction of the xy	strong axioms to the case when f is an xy	morphism �ground term�
is requered� They are axioms of commutation of the composition of a constant in �� 	� ��
or � with an arbitrary morphism in the underlined category� Note that the axioms B� and
B
�B� in the de�nition of a ssmc are of the same type showing the commutation of the
constants Ia and

aXb with arbitrary morphisms�

Proposition ��� �commutation of xy�morphisms with arbitrary morphisms�
Let B be a strong xy�ssmc� 
 an xy�relation in xy�IRelS�a� b�� and i� o � xy�IRelS � B

two morphisms of xy�ssmc�s�
If fj � B�i�aj�� o�aj��� for j � �ja j�� and gk � B�i�bk�� o�bk��� for k � �jb j�� are such

that fj � gk whenever �j� k� � 
� then

�f� � � � �� fjaj� � o�
� � i�
� � �g� � � � �� gjbj�

Proof� Denote by Z � xy	IRelS the substructure given by those � which obey the property
in the statement of the proposition for all fj� gk� Since B is xy	strong all the constants
in �a� 	a� �a� �a which have xy	type are included in Z� In addition� Z is closed under
summation and composition� hence it is equal to xy	IRelS�
Below we give some details for the closure to composition �the closure to summation is

fairly easy�� Let � � xy	IRelS�a� b� be of the form � � � �� with � � Z�a� c� and � � Z�c� b��
If fj for j � �ja j� and gk for k � �jb j� are as in the statement of the proposition� then let us
consider some morphisms hl � B�i�cl�� o�cl�� for l � �jc j� de�ned by

hl �

���
��

fj if �j� l� � �

gk if �l� k� � �

arbitrary otherwise

As fj � gk whenever �i� j� � � it follows that the above de�nition is correct� As � and �
are in Z we have

�f� � � � �� fjaj� � o��� � i��� � �h� � � � �� hjcj�

and
�h� � � � �� hjcj� � o��� � i��� � �g� � � � �� gjbj�

These identities clearly implies

�f� � � � �� fjaj� � o��� � i��� � �g� � � � �� gjbj�

hence � � Z� �

In the particular case when xy � a� this proposition coincides with Proposition ����
while in the case 
 is one constant of type ��	��� or � the identity in the statement of
this proposition coincides with the corresponding identity in Table ����



C R � CR C C C C S RUC UR S �st o g xy SS C S�

��� Algebraic theories �a��strong ssmc
s	

De�nition ��� �algebraic theory�
An algebraic theory is a strong a�	ssmc� �

It is easy to see that this de�nition of the algebraic theories coincides with the classical
one in �Law��� Elg���� etc� For us the implication given in Proposition ��� below is impor	
tant showing that every morphism with multiple inputs is a tuple of morphisms with single
input�

Proposition ��� Let B be a strong a��ssmc� For every morphism f � B�a � b� c� there
exists a unique pair f� � B�a� c� and f� � B�b� c� such that�

f � �f� � f�� � 	c

Proof� For f � B�a� b� c� let us denote f� � �Ia � �b� � f and f� � ��a � Ia� � f � Then
obviously�

�f� � f�� � 	c � ��Ia ��b�f � ��a � Ib� � f � � 	c de�nition

� �Ia ��b ��a � Ib� � �f � f� � 	c

� �Ia ��b ��a � Ib� � 	a�b � f �Ca�	mor�

� f

If g� � B�a� c� and g� � B�b� c� are morphisms obeying condition f � �g��g�� �	c� then

f� � �Ia ��b� � f

� �Ia ��b� � �g� � g�� � 	c hypothesis

� �g� ��c� � 	c �Ca�	mor�

� g� � �Ic ��c� � 	c

� g�

and in a similar way one may prove that f� � g�� That is� the pair is unique� �

��� Matrix theories �a�� and d��strong ssmc
s	

De�nition ��� �matrix theory�
A matrix theory is a ssmc which simultaneously is a�	strong and d�	strong� �

Since the axioms D� Do� E and F follow from the axioms �Ca�	mor�� �Ca�	mor�� �Cb�	
mor�� and �Cc�	mor� one gets that all the axioms in Table ��� are valid with one possible
exception only� axiom G�
It is easy to see that this de�nition coincides with the classical one� an implication

following from the Proposition ���� below�

�In this context f is called the tupling of the morphisms f� and f�� The standard notation used for
tupling is f � hf�� f�i�
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Proposition ��� Let B be a ssms that is simultaneous a strong a��ssmc and a strong
d��ssmc� Then for every morphism f � B�a � b� c � d� there exists a unique ��uple of
morphisms f�� � B�a� c�� f�� � B�a� d�� f�� � B�b� c�� and f�� � B�b� d� such that

��a � �f�� � f���� �
b � �f�� � f���� � 	c�d � f�

The morphism in the left hand side of the above equality is equal to the morphism
�a�b � ��f�� � f��� � 	c � �f�� � f��� � 	d� and it is denoted simply as a martix

�
f�� f��
f�� f��

�

Proof� For an f � B�a � b� c � d� by the Proposition ��� there is a unique pair hf�� f�i
with f� � B�a� c� d�� f� � B�b� c� d� such that

�f� � f�� � 	c�d � f

By using the dual of Proposition ��� for f� �resp� f�� we get a unique pair hf��� f��i with
f�� � B�a� c�� f�� � B�a� d� �resp� hf��� f��i with f�� � B�b� c�� f�� � B�b� d�� such that

f� � �a � �f�� � f��� �resp� f� � �b � �f�� � f����

So we get the required identity�
For the uniqueness� if for i� j � ���� gij satis�es the identity and have the same sources

and targets as the morphisms fij de�ned above� then from the uniqueness given by Propo	
sition ��� it follows that �a � �g�� � g��� � f� and �

b � �g�� � g��� � f�� Next� we apply
the uniqueness given by the dual of Proposition ���� Hence� g�� � f�� and g�� � f�� �resp�
g�� � f�� and g�� � f����

Finally� the equality of both expressions that de�ne

�
f�� f��
f�� f��

�
follows by permuting

�with B��� the middle terms f�� and f�� and applying axioms SV � and SV �
o� �

We may display the form of the components of the matrix associated to a morphism
f � B�a� b� c� d�� namely

f �

�
�Ia ��b� � f � �Ic ��d� �Ia ��b� � f � ��c � Id�
��a � Ib� � f � �Ic ��d� ��a � Ib� � f � ��c � Id�

�
�

We mention here the following result �see �Elg��a��� Let B be a matrix theory over
�IN�  � ��� On the set B��� �� we introduce the operations

f � g � �� � �f � g� � 	�
 f � g � f � g
 � � �� � ��
 and � � I��

So we get a semiring �B��� ����� �� �� ��� Conversely� given a semiring S the usual matrices
with elements in S may be structured as a matrix theory in Elgot�s sense� Since our
de�nition for a matrix theory di�eres from that of Elgot we give some details here�

De�nition ��� �semiring�
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A semiring S � �S��� �� �� �� is a set S endowed with two binary operations �� � and
constants ��� such that� �S��� �� is a commutative monoid� �S� �� �� is a monoid� and the
distributive laws

a � �b � c� � �a � b� � �a � c��

�a � b� � c � �a � c� � �b � c�

and the zero law
� � a � � � a � �

hold for every a� b� c � S�
A semiring is called idempotent if a � a � a for every a � S� �

An easy computation shows that the above structure S�B� � �B��� ����� �� �� �� ia a
semiring whenever B is a matrix theory� For example� one may prove the left distributivity
law as follows�

f � �g � h� � f � ��� � �g � h� � 	��

� �� � �f � f� � �g � h� � 	� �Cc�	mor�

� �� � �f � g � f � h� � 	�

� �f � g� � �f � h�

Conversely� if �S��� �� �� �� is a semiring� then one may construct the theory M�S� of
matrices over S in the usual way� �

M�S��m�n� � fA � A is an m� n matrix with entries in Sg� for m�n � ��

InM�S� the following operations and constants may be introduced�

� A �B � �the usual product of the matrices A and B ��

� A� B �

�
A �
� B

�
� In �

�
BB�
� � � � �
���
� � �

���
� � � � �

�
CCA � mXn �

�
� Im
In �

�
� 	n �

�
In
In

�
�

� �n � �In In�� �n � �the unique element inM�S���� n� ��

� �n � �the unique element inM�S��n� �� ��

An easy computation shows that the transformationsM and S are inverses one to the
other� Consequently�

Proposition ��
 The notion of a matrix theory over �IN� � �� coincides with that of a
theory of matrices over a semiring� �

From this result it follows that a strong d�	ssms �actually being a matrix theory satis	
fying axiom G� is equivalent with the theory of matrices over an idempotent semiring�

�In the case m � � by convention M
S�
m�n� has a unique element� namely the �matrix� with � rows
and n columns� similarly for n � ��
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��� Short comments and references

Matrix theories are classical structures� �See �Elg��b� for their relationship with
algebraic theories��

Algebraic theories are introduced in �Law��� and widely used in the study of the
semantic of programs� e�g� in �Elg��� Elg��a� WTWG��� GTWR��� ElBT�
� ArM
��
Man��� BlEs��a��

The term symmetric strict monoidal category is used in �MacL���� Similar strucutres�
called x	categories were used by Hotz� see �Hot��� Mol

��

In the �eld of �owchart theories ssms�c are used is �ElS
�� Ste
�� Bar
�a� CaS

a�
CaS��a��

In logic ssmc�s are used in the study of the algebra of proofs in �Sza
��� The passage
from matrix theories to ssmc�s corresponds to the passage from classical logic to linear
logic� step made in �Gir
��� A lot of works on linear logic use these structures�

Ssmc�s appears in other algebraic studies related to various kind of nets� e�g� in
�Mol

� MeM����



Part II

Algebra of Cyclic Flowgraphs

��



Chapter �

Flowgraphs and a��	ownomials

In this chapter we present the a�	version of the calculus of �ownomials� This calculus
is very similar with the classical calculus of polynomials and gives an algebraisation for
�owgraphs �� labeled directed hypergraphs�� More precisely the usual �owgraphs may
be identi�ed with a�	�ownomials which use a particular class of �nite binary relations for
connecting the variables �� atomic blocks��
The entity corresponding to integer number is the �nite binary relation� After a recon	

sideration of these relations in a context where a new operation on relations is used �i�e�
feedback� we shall introduce �ownomial expressions and a�	Flow	Calculus�
The main result asserts that a�	Flow	Calculus is a mathematical model for �owgraphs�

more precisely it is shown that all �owgraphs may by represented by �ownomial expressions
built up with a proper class of connecting relations and the rules of a�	Flow	Calculus are
correct and complete with respect to the property of �ownomial expressions to represent
the same �owgraph� The proof of this result will be given in the next chapter in an abstract
setting�

��� Short presentation of relations with feedback

We recall some de�nitions� Let S be a sort set� The elements in the free monoid S� are
denoted by a � a� � � � � � ajaj� where ja j is the length of the word a and ai � S� for all
i � �ja j��

IRelS is the theory of �nite S	sorted binary relations� namely that given by the family
of the sets

IRelS�a� b� � fr � �ja j�� �jb j� � �i� j� � r� ai � bjg� for a� b � S��

The operations of summation and composition were de�ned in Chapter ����c�� The new
operation used here is�

� Feedback �s� IRelS�a� s� b� s�� IRelS�a� b�� for a� b � S� and s � S given by

r �s � f�i� j� � i � �ja j�� j � �jb j� and �i� j� � rg

� f�i� j� � i � �ja j�� j � �jb j�� �i� jb j �� � r and �ja j �� j� � rg

We recall that beside these basic operations we are using six types of constants denoted
by Ia�

aXb�	a��a��a and �a whose meaning in IRel is the following�

��
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Figure ���� The generic representation of a relation �a� and an concrete example �b�

Ia � f�i� i� � i � �ja j�g � IRel�a� a�

aXb � f�i� ja j i� � i � �ja j�g � f�ja j i� i� � i � �jb j�g � IRel�a� b� b� a�

	a � f�i� i� � i � �ja j�g � f�ja j i� i� � i � �ja j�g � IRel�a� a� a�

�a � � � IRel��� a�

�a � f�i� i� � i � �ja j�g � f�i� ja j i� � i � �ja j�g � IRel�a� a� a�

�a � � � IRel�a� ��

Example ��� We graphically represent a relation by using arrows going from up to bot	
tom� A relation f � IRel�m�n� is represented as in Figure �����a�� For instance� the picture
corresponding to the relation f��� ��� ��� ��� ��� ��� ��� ��� ��� ��g � IRelfs�t�u�vg�s� t� v� s�
v� s�v�s�u�s� is give in Figure �����b�� Moreover� the symbols Ia� aXb� �a� 	a� �a� �a

has been chosen in such a way to suggest this pictural representation� For example� in the
omogen �one	sorted� case the constants may be graphically represented as follows�

I� � �� �X� �
��
��

��SS � 	� �
�������������������
�������������������
�
��
� �� �

���
���
��
��
�
��
��
�

�� �� �
��������������
������������������������
�
��� and �� � ���

���
��
��
�
��
��
�
�
�

If in such a constant a number n �or m� grater than � appears� then the corresponding
arrow is replaced by a compact group of n �resp� m� parallel arrows� For example�

�X� �

�
��

�

�

�
��

� �

� �

�
��

	� �
�������������������

�������������������
�
��

�� �
���

� � � � �

� � � � �

�
�
�
�
�

�
�
�
�
�

�

Figure ��� illustrates how the operations act on relations� �

From the aforementionated subtheories of IRel the theories IBi� IIn� IPSur� and IPfn are
closed with respect to all the operations summation� composition and feedback� while the
theories SSur and IFn are closed only with respect to summation and composition� The last
�lower	right� example in Figure ��� shows that SSur and IFn are not closed with respect to
feedback�
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Figure ���� Operations on relations

��� Flownomial expressions� a��Flow�Calculus

����� De�ning �ownomial expressions and a��Flow�Calculus�

We have de�ned operations and constants on relations� In order to construct the cal	
culus with �ownomials we still need a family X of sets of doubly	ranked variables X �
fX�a� b�ga�b�S�� An element x � X�a� b� is considered as a variable atom with ja j entries
of sorts a�� � � � � ajaj and jb j exits of sorts b�� � � � � bjbj�

De�nition ��� ��ownomial expressions over IRelS�
For a� b � S�� the sets IF�EXP �X� IRelS��a� b� of �ownomial expressions of type a � b

over X and IRelS are de�ned as follows�

�i� the variables x �� X�a� b�� and the symbols denoting relations f �� IRelS�a� b�� are
atomic expressions of type a� b


�ii� compound expressions� if E� � a � b� E� � c � d� E� � b � c and E � a � s �
b� s� �a� b� c � S�� s � S� are �ownomial expressions of the indicated type� then

�E� � E�� � a� c� b� d

�E� � E�� � a� c

�E �s� � a� b

are �ownomial expressions of the indicated type


�iii� all the �ownomial expressions are obtained by using rules �i� and �ii��

�

First a comment� Sometimes it is necessary to distinguish between an expression f in
IF�EXP �X� IRel� and the corresponding relation f in IRel� In such a case we denote by n�f�
the expression corresponding to the relation f �
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Table ���� The rules for a�	Flow	Calculus �over T �

R�T subexpressions involving only elements in T are replaced by the
corresponding values computed in T

R� f � �g � h� � �f � g�� h ���� is associative�

R� I� � f � f � f � I� �I� is neutral element for ����

R� f � �g � h� � �f � g� � h ���� is associative�

R� Ia � f � f � f � Ib �Ia� Ib are neutral elements for ����

R� �f � f �� � �g � g�� � �f � g�� �f � � g�� �relating ��� and ����

for a
f
� b

g
� c� a�

f �

� b�
g�

� c�

R� f � g � aXb � �g � f� � dXc ���� is �commutative��
for f � a� c� g � b� d

R� f � �g �c� � h � ��f � Ic� � g � �h� Ic�� �c �relating ��� and ����

R
 f � �g �c� � �f � g� �c �relating ��� and ����

R� �f � �Ib � g�� �c� ��Ia � g� � f� �d �shifting blocks on feedback�
for f � a� c� b� d� g � d� c

EqL equational reasoning

In what follows we shall omit many parentheses in �ownomial expressions by declar	
ing that� feedback has the strongest binding power� then composition� then summation

summation and composition are supposed to be associative� Thus for example�

��x� x�� ��x� y� � ��f �s� �t��� is written x� x� �x� y�f �t�s �

This also illustrates that �a means �ajaj � � � �a� and � may be omitted�

The �ownomial expressions over IRel are subject of the identities R�IRel R��R� EqL
in Table ���� The basic rules for the resulted a�	Flow	Calculus are R�	R�� Since they use
only the constants Ia and

aXb� the rule R� makes sense not only for T � IRel� but also for
an arbitrary subtheory T � IRel which contains these constants and is closed with respect
to the operations� For instance� a�	Flow	Calculus may be done also over IBi� IIn� IPSur�
or IPfn�

De�nition ��� �a�	Flow	Calculus� a�	�ownomials�
The a��Flow�Calculus is given by the rules R�IRel R��R� EqL in Table ����
An a���ownomial over X and T is a 
a�	congruence class� where 
a� is the congru	

ence relation generated on IF�EXP �X� T � by the rules R�T and R��R�� or equivalently� the
transitive relation generated by the rules R�T R��R� EqL�
�Note that� in fact� 
a� consists of a family of equivalence relations


a�b
a� on IF�EXP �X� T ��a� b��

for a� b � S��� �
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Figure ���� The graphical interpretation of �ownomial expressions

����� Graphical interpretation

Every �ownomial expression f in IF�EXP �X� T �� for T � IRel may be graphically interpreted
as a graph gr�f� using the rules in the Figure ���� Again we use the one	sorted case� The
reader should have no problems to deal with many	sorted �owgraphs
 � just be careful�
the channels that are connected by composition or feedback be of the same type�
The rules of a�	Flow	Calculus may be illustrated as in Figure ����

����	 The meaning of a��Flow�Calculus

We claim that the a�	Flow	Calculus is a calculus for �owgraphs� i�e these �owgraphs may
be identi�ed with a�	�ownomials� The claim is based on two facts�

Fact ��� ��tness of the operations�
The nondeterministic �resp� partial deterministic� �owgraphs built up with atoms in X

coincides with the graphical representations of expressions E in IF�EXP �X� IRel� �resp� in
IF�EXP �X� IPfn���

Fact ��� ��tness of the rules R
�R��
Let T � IRel be closed with respect to the operations� for example T � IPfn� or T � IRel�

�i� �correctness� Two �ownomial expressions over T which are equivalent via the rules
R
T�R	�R��EqL have isomorphic graphical representations�

�ii� �completeness� Two �ownomial expressions over T which have isomorphic graphical
representations may be proved equivalent using the rules R
T�R	�R��EqL�

�
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Figure ���� Graph isomorphism  f � �b � �a � �f � f� � �xed�point equation

Using pictures one may easily check that the correctness part holds� But for the com	
pleteness part� as well as for the �rst theorem� we need the whole machinery of the normal
form representations �� The proofs of these results will be given in the next chapter in a
more general� abstract setting�

����� Example

Example ��� Below we we prove that two expressions associated to the �owgraphs in
Figure ��� �b� and �c� are equivalent uaing the rules of a�	Flow	Calculus�

��b�a
� � �f � f�� �a � ���b

� � �
a
�� � �Ib �

bXa � Ia� � �Ib�a � f� � �f � Ia�� �a R�IRel� R�� R�

� �b
� � �Ib�b � �

a
�� � �Ib �

bXa � Ia� � �Ib�a � f�� �a �f R�

� �b
� � ��Ib �

bXa � Ia� � �Ib�a � f� � �Ib�a � �a
��� �

a�a �f R�

� �b
� � ��Ib �

bXa � Ia� � �Ib�a � f� � �Ib�a � �
a
��� �

a�a �f

� �b
� � ��Ib �

bXa� � �Ib�a � f � �a
�� �

a� �a �f R�

� �b
� � ��Ib �

bXa� � �Ib � Ia � �f � �
a
�� �

a �� �a �f R


� �b
� � �Ib � ��f � �

a
�� �

a �Ia� �
aXa� �a �f R��R�

� �b
� � �Ib � �f � �

a
�� �

a� � �Ib � �
aXa� �a� � f R��R


� �b
� � �Ib � �f � �

a
�� �

a� � f R�IRel

�

��� Flownomial expressions over abstract connecting

theories

It is well	known that the natural numbers used to build certain polynomials are not enough
to study such polynomials and are extended to integer� rational� real or complex numbers�

�A �ownomial expression is in a normal form if it is written as 

Ia � x� � � � � � xk� � f� �
r where

r � a� � � � �� ak� x� � X
a�� b��� � � � � xk � X
ak� bk� and f � T 
a� b� � � � �� bk� b� a� � � � �� ak�� 
See
below�
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In the same way the �nite binary relations used to construct certain �ownomials are not
enough to study such �ownomials� which denote programs�
For example� one may interprete some variables using a particular semantic domain�

What we get is an �abstract �owgraph� where the remaining variables are connected by
complicated processes given by the elements in the semantic domain� In order to deal with
such a case we are using �ownomial expressions over certain abstract connecting theories�
Here the following extension is used� Suppose D is a set of value	vectors which represent

the memory states of a computing device� Now� if we have given an interpretation of the
variables in X� then we get an iterpretation of a �ownomial E � m� n over X and IRel as
a relation

EI � ��m��D�� ��n��D�

with the meaning that
��j� d�� �j �� d��� � EI

if and only if

�if one runs the program obtained from the expression E and the interpreta	
tion I starting with the input j of the program and using the initial state of
memory d� then the program �nishes on the exit j � of the program and has the
corresponding memory state d�� eventually�

This observation leads to the construction of a semantic model IRel�D� de�ned as follows�

De�nition ��� �One	sorted relations with states�
We denote by IRel�D� the structure de�ned by the following data�

IRel�D��m�n� � fr � r � ��m��D�� ��n��D�g� for m�n � IN

The operations we are interesed in have the following meaning in IRel�D��

� Summation� for m�n� p� q � IN� r � IRel�D��m�n� and r� � IRel�D��p� q� the sum
r � r� � IRel�D��m p� n q� is de�ned by

r � r� � r � f��m j� d�� �n j �� d��� � ��j� d�� �j �� d��� � r�g�

� Composition� for m�n� p � IN� r � IRel�D��m�n� and r� � IRel�D��n� p� the com	
posite r � r� � IRel�D��m� p� is the usual one de�ned by

r�r� � f��j� d�� �j �� d��� � ��j�� d�� � �n��D � ��j� d�� �j�� d��� � r and �j�� d��� �j
�� d��� � r�g

� Feedback� In order to de�ne the feedback �rst we notice that a relation r �
IRel�D��m�n� is given by a family of relations ri�j � D � D� for i � �m�� j � �n��
where the relations ri�j have the following de�nition�

ri�j � f�d� d�� � ��i� d�� �j� d��� � rg

If s� denotes the re�exive	transitive closure of a relation s � D � D� � then for
r � IRel�D��m �� n �� the feedback r � � IRel�D��m�n� is de�ned by

�r ��i�j � ri�j � �ri�n�� � r
�
m���n�� � rm���j�� for i � �m�� j � �n� �

�Namely� s� � 	D 	 s 	 s � s 	 s � s � s 	 � � �� where 	D � f
d� d� � d � Dg�
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Table ���� Axioms for constants Ia and
aXb�

C� Ia�b � Ia � Ib
C� �Xa � Ia
C� aXb�c � �aXb � Ic� � �Ib � aXc�
C� Ia �a� I�
C� aXa �a� Ia

Let us note that IRel is naturally embedded in IRel�D� by the application

r �� f��i� d�� �j� d�� � �i� j� � r and d � Dg

i�e�� a usual relation in IRel is interprated as a state transforming relation which actually do
not change the state� This application preserves summation� composition� and feedback�
In the case of deterministic �owchart schemes the standard model for the interpretation

of �ownomials is IPfn�D�� which is the substructure of IRel�D� de�ned by the partially
de�ned functions included in IRel�D��

��� Structure of a���ow

It is obvious that the a�	Flow	Calculus de�ned in ��� has sense not only for the support
theories T included in IRel� but also for other theories� for example for substructures in
IRel�D� de�ned above� In this latter case the �ownomial expressions represent mixted
programs in which some parts are known� while other parts are yet unspeci�ed �variable��

Now the question is�

What conditions should satisfy an abstract structure T in order to construct
the calculus of �ownomials#

Since the rules R�	R� in Table ��� are valid for expressions containing only elements in T �
it follows that the identities R�	R� should hold in T � On the other part� T should contain
the constants of type In and

mXn which occur in the writing of the identities R�	R� and
must have a similar behaviour as in IBi� This latter purpose is ful�lled if one adds identities
C�	C� in Table ��� to the identities R�	R��

The resulting algebraic structure �T��� �� �� Im�mXn� obeying R��R�� SV��SV� and C��
C� is called a���ow �over IN�� A morphism of a���ows over IN� say H � T � T �� is de�ned
by a family of applications Hm�n � T �m�n� � T ��m�n�� for m�n � IN� which preserve the
operations and the constants�
The following theorems justify the observations done in the beginning of this subsection�

Theorem ��
 The models IRel�D� are a���ows over IN� �

Theorem ��� The structure IBi is the initial a���ow� i�e� for every a���ow T over IN
there exists a unique morphism of a���ows over IN from IBi to T �
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Proof� �Hint� The di$cult part of the proof is to show the theorem without feedback
holds� This fact has been proved in the previous chapter �Corollary ����� The extension to
the case where the feedback operations is also present will follow as a particular case of a
general theorem of the next chapter �i�e�� case a� of Theorem ����� �

We �nish this subsection with a double extension� The monoid of natural numbers used
to specify the inputs and the outputs of the �ownomials is replaced by an arbitrary monoid
�M��� ��� so we get a�	�ows over an arbitrary monoid� On the other hand we enlarge
the class of morphisms by allowing to change the number or sorts of the inputs and the
outputs�

De�nition ���	 �a�	�ow�
We say an abstract structure T � �T��� �� �� Ia� aXb� given by �a� b� c �M� �

� T � fT �a� b�ga�b�M �

� constants�

Ia � T �a� a�� aXb � T �a� b� b� a��

� operations�

� � T �a� b�� T �c� d�� T �a� c� b� d��

� � T �a� b�� T �b� c�� T �a� c�� and

�c � T �a� c� b� c�� T �a� b�

is an a���ow over M �or M�a���ow� if it ful�lls the identities R�	R� in Table ���� the
axioms for constants C��C� listed in Table ���� and

SV� f ��� f

SV� f �b�a� f �a�b�

A morphism of a���ows H � T � T �� where T is an M 	a�	�ow and T � is an M �	a�	
�ow� is de�ned by a morphism of monoids h � M � M � and a family of applications
Hm�n � T �m�n�� T ��h�m�� h�n��� for m�n �M preserving the operations� i�e��

H�f � g� � H�f��H�g�
 H�f � g� � H�f� �H�g�
 H�f �p� � H�f� �h�p�


H�Ia� � Ih�a�� H�mXn� � h�m�Xh�n��

�

The additional axioms C��C� and SV��SV� are illustrated in Figure ���
Actually an a�	�ow is an a�	ssmc endowed with a feedback operation satisfying the

axioms R��R�� C��C�� and SV��SV��
An example of such an a�	�ow is the extension of the above model IRel�D� to the

multi	sorted case� Namely� if S is a set of sorts� then we build the S�	a�	�ow IRelS�D� as
follows� For a� b � S� we de�ne�

IRelS�D��a� b� � fr � r � ��ja j��D�� ��jb j��D� and ���j� d�� �j �� d��� � r� aj � bj� �g
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Figure ���� Additional axioms for a�	�ow

for a� b � S�� The de�nition of the operations and the constants is as in the one	sorted case
IRel�D��

For these general a�	�ows the above theorems have the following form�

Theorem ���� IRelS�D� is an S��a���ow� �

Theorem ���� If T is an M�a���ow and h � S� � M is a morphism of monoids� then
there exists a unique morphism of a���ows H from the S���ow of multisorted �nite bijec�
tions IBiS to T such that H acts on objects as h� �

A consequence of Theorem ���� is the following fact�

If two expressions built up with ���� ���� ���� Ia and aXb represent the same
bijection when they are interpreted in IBiS� then they specify the same morphism
when they are interpreted in an arbitrary a���ow�

��� Short comments and references

The �rst axiomatic looping operation was �Kleene�s star� introduced in �Kle��� and
used as a key operation of regular algebras� see �Con����

Another axiomatic looping operation is �Elgot dagger� introduced in �Elg��� as the
key operation of iterative algebraic theories�

The present axiomatic feedback �uparrow� was introduced in �Ste
������ �Looping
operations similar to our feedback may be found in various places� e�g� in �Con���
�the �linear mechanism�� or �Bai���� but not in an axiomatic setting using ssmc�s� If
stronger structures then ssmc�s are used� then the possibility to get an algebra for
�owgraphs themselves is lost��

The normal form �ownomial expressions are introduced in �Ste
�� Ste
������ In the
general form they are presented in �CaS��a�� The presentation from this chapter
follows the one in Chapter B� sec� ��� of �Ste����



Chapter 


Algebra of 	owgraphs �a��	ow�

In this chapter we justify our claim that a�	�ownomials represent �owgraphs� Actually�
this follows from the abstract correctness and completeness theorems proved in this chapter�
A concrete �owgraph may be identi�ed with a class of isomorphic normal form expres	

sions� In an abstract setting �i�e�� in the case an arbitrary a�	�ow is used to connect the
variables� this property is taken as the de�nition of abstract �owgraphs�
The correctness theorem take the following form� If we start with an a�	�ow T �for

example IRel�� then the abstract �owgraphs over X and T form an a�	�ow� too�
The completeness theorem is based on two results� ��� every expression may be brought

to a normal form using rules deductible from the a�	�ow axioms and ��� the rule of simu	
lation via bijections �which allows to connect isomorphic normal forms� is deductible from
the the a�	�ow axioms� too�

��� A canonical representation of �owgraphs


���� The normal form representation

Every �owgraph �� labelled directed hypergraph� with atoms in X� for example the one
in Figure ��� �a�� may be redrawn in a standard way as in Figure ��� �b� by using the
following method� �

M�� Put all the atoms of the graph in a linear order chosen in an arbitrary way
 in our
example this order is x �top�� y� z� and x �bottom��

M�� Draw the rectangle fpic and its external connections as follows� the parallel arrows
�� giving the inputs into the graph
 the parallel arrows �� giving the outputs from
the graph
 the parallel arrows � connecting the outputs of the atoms ro fpic
 and the
�parallel� backwards arrows � connecting fpic to the inputs of the atoms�

M�� Draw the arows inside the rectangle fpic in such a way the connections in the resulted
graph are the same as in the given one� �This operation is uniquely determinated by
the linear order of the atoms��

The resulted picture is called a normal form picture�

�For simplicity� the given example is within the omogen case� i�e� all the connection pins have the same
sort� The extension to the many�sorted case is obvious�

�
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Figure ���� The normal form representation of �owgraphs

The arrows of the rectangle fpic as above may be speci�ed using a relation

f � IRel�m  o�x��  � � � o�xk�� n  i�x��  � � � i�xk���

where m is the number of the inputs into the graph� n is the number of the outputs of the
graph� �x�� x�� � � � � xk� is the chosen sequence of all the atoms in the graph� and o�x� �resp�
i�x��� for an x in X� is the number of the inputs into �resp� the outputs from� the atom
x� In the given example f � IRel��  �  �  �  �� �  �  �  �  �� � IRel��� �� is the
function which maps �� �� �� �� �� � to �� �� �� �� �� �� respectively�
Since for p� q � IN there exists a bijective correspondence between the set IRel�p� q� and

the set of rectangles of arrows fpic with p inputs and q outputs� the normal form pictures
of �owgraphs are in a bijective correspondence with the pairs

�x� � � � �� xk� f�

where x� � � � �� xk is a word in X
�� x�� � � � � xk � X and

f � IRel�m  o�x��  � � � o�xk�� n i�x��  � � � i�xk���

Actually� the normal form picture corresponding to the pair �x� � � � �� xk� f� is

gr���Im � x� � � � �� xk� � f� �
i�x�������i�xk��

De�nition ��� �normal form expression� AC	pair
 � for usual �owgraphs�
An expression as

��Im � x� � � � �� xk� � f� �
i�x�������i�xk�

is called a normal form expression and the corresponding pair

�x� � � � �� xk� f�

is called an AC�pair� �Short for �pair consisting of a sequence of Atoms �variables� and a
rectangle of Connections��� �
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The following result is obvious�

Lemma ��� The nondeterministic �resp� partial� deterministic� �owgraphs� � in an in�
tuitive sense �� built up with atoms in X concide with the graphs of the type gr�E�� where
E is a normal form �ownomial expression in IF�EXP �X� IRel� �resp� in IF�EXP �X� IPfn���
�

����� Relating di�erent normal form representations

The aim of this analysis is to obtain a mathematical formulation of the property that two
AC�pairs represent the same graph�

As we already noted� for a given graph and a given linear order of its atoms there is
one and only one pair representing that graph� So the problem is to relate di	erent pairs
obtaining by varying the linear order used for atoms�

If F 
 �x� � � � �� xk� f� � m � n is an AC�pair� then it is easy to see that

Fr��r��� �
 �x� � � � �� xr�� � xr�� � xr � xr�� � � � �� xk� f
���

where

f � 
 �Im � I�s�ro�xs� �
o�xr���Xo�xr� � I�s�r��o�xs��

�f � �In � I�s�ri�xs� �
i�xr�Xi�xr��� � I�s�r��i�xs��

is an AC�pair representing the same graph as F � Consequently� Fr��r��� is the AC�pair
corresponding to the given graph and the linear order x�� � � � � xr��� xr��� xr� xr��� � � � � xk�
This observation suggests the following de�nition�

De�nition ��� �simulation via a transposition
 �for usual �owgraphs�
We say two AC�pairs F 
 �x��� � ��xk� f� � m � n and F � 
 �x���� � ��x�k� � f

�� � m � n
are similar via a transposition� and we write F �Tr F �� if k 
 k� and there exists an
r� �r � k� such that�

�i� x�i 
 xi� �i � �k� � fr� r � �g� x�r 
 xr��� and x�r�� 
 xr 
 and

�ii� the connections are related by

f � 
 �Im � I�s�ro�xs� �
o�xr���Xo�xr� � I�s�r��o�xs��

�f � �In � I�s�ri�xs� �
i�xr�Xi�xr��� � I�s�r��i�xs��

The re�exive transitive closure of the relation �Tr is denoted by �Tr� Sometines we
write

F �Tr�r��r���� F
�

to single out the involved transposition� �

Now the following proposition is obvious�

Proposition ��� Two AC�pairs F and F � represent the same graph if and only if one may
pass from one pair to the other one using a chain of simulations via transpositions� i�e� if
and only if F �Tr F

�� �
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��� Correctness of a��Flow�Calculus

It is clear that one may use pictures in order to show that the rules ROT�R��R��EqL are
correct� i�e�� if two expressions are equivalent via these rules� then they represent the same
graph� � see Figure ���� But there is also a mathematical method for proving this result�
This procedure contains two steps�

�i� Prove that the rules R��R� hold in IRel� and consequently in all of its substructures
�i�e�� containing constants �Ia� and �aXb� and closed with respect to the operations
���� ��� and ����� �

�ii� Show that if the rules R��R� hold in T � then they hold in the theory of �owgraphs
over X and T �

This frame for the proof of the correctness theorem has the advantage that it may be
applied to the formal theory of abstract �owgraphs� We mean the following� The above
analysis has shown that a concrete �owgraph �i�e�� a �owgraph picture� may be represented
by an AC�pair uniquely up to a chain of simulations via transpositions� But the notion of
an AC�pair and of simulation via a transposition still have sense when the support theory
is an arbitrary a���ow and not necessary an a���ow included in IRel�

Notation ��� �INF��X� T �� IF�a��X� T ��
INF��X� T � denotes the theory of AC�pairs over X and T �

If we denote by �Tr the simulation via a transposition� then it turns out that the congru�
ence relation generated by �Tr is the re�exive�transitive closure of �Tr� denoted �Tr�

IF�a��X� T � denotes INF��X� T ���Tr� �

De�nition ��� �abstract �owgraph�
An abstract �owgraph is an element in IF�a��X� T � �
 INF��X� T ���Tr�� where T is

an arbitrary a���ow� �

In this abstract setting the di�cult part of the correctness problem �i�e�� �ii� above�
take the following form�

�If T is an a���ow� is IF�a��X� T � an a���ow� too ��

The answer is positive� The proof we shall give below use an equivalent de�nition for
a���ow� where composition is restricted to left and right compositions with bijections�

����� An equivalent presentation for a���ow�

In an a���ow composition may be written in terms of summation� feedback and right
composition with morphisms of type mXn as follows�

f � g 
 ��f � g� � nXp� �n for f � m � n and g � n � p�

Consequently it may be useful to have a presentation of the a���ow structure using
these operations only� but� unfortunately� the resulting axiom system we have has some
unpleasant axioms� Due to this reason we give here an intermediary characterization of the
a���ow structure which uses one more operation� namely left composition with bijections�

�This follows from Theorem �����
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De�nition ��� �LR��ow over IBi�
Let �M��� �� be a monoid� We say a structure T 
 fT �m�n�gm�n�M endowed with�

� Identities Im � T �m�m�


� Summation � � T �m�n� 	 T �p� q� � T �m� p� n� q�


� Feedback �p � T �m� p� n� p� � T �m�n�


� Right Composition with Morphisms in IBi�
for f � T �m�n�� n 
 n� � � � �� nk and � � IBi�k� k�

f �R�n������nk� � � T �m� n������ � � � �� n����k��

� Left Composition with Morphisms in IBi�
for f � T �m�n�� m 
 m� � � � ��mk and � � IBi�k� k�

� �L�m������mk� f � T �m���� � � � ��m��k�� n�

is a LR��ow over IBi if it ful�ls the axioms in Table ���� SV��SV� and L� and R�REFINE
de�ned below�

� R�REFINE f �R�n������n�i�����nli�����nk� � 
 f �R�n������n�i �����nli�����nk� ������ � � � ��i�l � � � ��k����

for l 
 �� � �

� L�REFINE Similar

�

The aim of the next two lemmas is to show that the notions of a���ow and LR��ow
over IBi coincide� The long� but easy proof� is given in Appendix ���

Lemma ��� �a���ow � LR��ow over IBi�
Suppose T 
 �fT �m�n�gm�n�M ��� �� �� Im�mXn� is an a���ow� Then �T��� �L� �R� �� Im�

is a LR��ow over IBi� where

f �R�n������nk� � 
 f � �����n� � � � ��k�nk� and

� �L�m������mk� f 
 �����m����
� � � ��k�m��k�

� � f

�Recall the notation �����c� � � � ��k�ck�� Let S 
 fs�� � � � � skg and � � IBiS�s� � � � � �
sk� s������ � � � � � s����k�� be a multi�sorted bijection induced by �� Let H � IBiS � T
be the unique morphism of a���ows �provided by Theorem ��	� which extends the function
h � S � M that maps si to ci� for every i � �k�� Then �����c� � � � ��k�ck� 
 H����� �

Lemma ��	 �LR��ow over IBi � a���ow�
Let �M��� �� be a monoid� Suppose �fT �m�n�gm�n�M ��� �L� �R� �� Im� is a LR��ow over

IBi and de
ne�

�We recall that ������ � � � ��i�l � � � ��k��� is the bijection obtained from � replacing the arrow leaving
the i�th entry by a group of l parallel arrows� See also the computation rules given just below Proposition
����
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Table ���� Axioms for LR��ow over IBi�

Here f� g� h vary in T � �� � vary in IBi and the operations in
IBi are denoted by h� �� ���������������������� � k�

kXX l�

In LR�a�b we are using the following notation� If P is the
k�tuple �n�� � � � � nk� and � � IBi�k� k�� then ��P � denotes
�n������� � � � � n����k�� and ����P � denotes �n����� � � � � n��k���

LR� f � �g � h� 
 �f � g� � h

LR� I	 � f 
 f 
 f � I	

LR�a �f �R�P � �� �R���P �� � 
 f �R�P � �� � ��

LR�b � �L�����P �� �� �L�P � f� 
 �� � �� �L�P � f

LR�c � �L�P � �f �R�Q� �� 
 �� �L�P � f� �R�Q� �

LR�a k �L�m������mk� f 
 f 
 f �R�n������nk� k �k � ��

LR�b In������nk �R�n������nk� � 
 � �L�n
�����������n����k��

In�����������n����k�

LR�a �f � g� �R�P�Q� �� h�� 
 �f �R�P � �� � �g �R�Q� ��

LR�b �� h�� �L�P�Q� �f � g� 
 �� �L�P � f� � �� �L�Q� g�

LR� f � g 
 ��XX� �L�n�m� �g � f�� �R�q�p�
�XX�

for f � m � p� g � n � q

LR�a � �L�P � f �p
 ��� h
�� �L�P�p� f � �p

LR�b f �p �R�P �� 
 �f �R�P�p� �� h
��� �

p

LR�c f �R�P � �� ���������������������� �� 
 ��f � Ip� �R�P�p� �� �p

when P 
 �n�� � � � � nk� and p 
 n����k��� when ����k � �� 
 k

LR�d �� ���������������������� �� �L�P � f 
 �� �L�P�p� �f � Ip�� �
p

when P 
 �n�� � � � � nk� and p 
 n��k��� if ��k � �� 
 k

LR� f � g �p
 �f � g� �q

LR� �f �R�n�p�q� � �
h�XX��� �q�p
 �� �

h�XX�� �L�m�q�p� f � �p�q

for f � m� q � p � n� p� q
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�DEF� for f � m � n and g � n � p

f � g 
 ��f � g� �R�n�p�
�XX �� �n

and
pXq 
 Ip�q �R�p�q�

�XX �

Then T 
 �fT �m�n�gm�n�M ��� �� �� Im�mXn� is an a���ow� �

Fact ��
� �Left Feedback�
In the de
nition of a LR��ow one may use a Left Feedback �� � instead of the Right

Feedback � �� that we have used� In such a case the axioms LR
a�d� LR� and LR� are
replaced with the following ones�

� �L�P � ��p f� 
 �p ��I� h�� �L�p�P � f �

��p f� �R�P � � 
 �p �f �R�p�P � �I� h���

f �R�P � � ���������������������� ��� 
 �p ��Ip � f� �R�p�P � ��

� ���������������������� ��� �L�P � f 
 �p �� �L�p�P � �Ip � f��

��p f� � g 
 �p �f � g�

�t�s �f �R�s�t�n� ��XX � h
��� 
 �s�t ���XX � h

�� �L�t�s�m� f �

with compatibility relationships between p and P in the third and forth lines similar to those
for the right feedback�

The connection between these two feedbacks is given by the following relations

�p f 
 ��XX � �L�p�m� f �R�p�n� �XX �� �p for f � p�m � p� n

f �p 
 �p ��XX � �L�m�p� f �R�n�p� �XX �� for f � m� p � n� p �

We collect the above results in the following theorem�

Theorem ��

 �equivalence of two presentations of a���ow�
The following two sets of axioms are equivalent �and de
ne the structure of a���ow��

�i� identities R��R� in Table ���� SV��SV� and C��C	 in Table ����

�ii� identities in Table 	��� SV��SV�� C� and L� and R�REFINE�

�The passage from left and right compositions used in Table 	�� to the general composi�
tion is made the rule �DEF� given in Lemma ������ �

����� Flowgraphs as isomorphic normal form expressions� alge�

bra IF�a��X�T �

In this subsection we show how the normal form expressions � AC�pairs may be structured
as an a���ow� Suppose we are given an X and an a���ow T � The theory INF��X� T � of
AC�pairs over X and T is de�ned by the sets

INF��X� T ��m�n� 
 f�x� � � � �� xk� f� �

with x� � � � �� xk word in X��

x�� � � � � xk variables in X and

f � T �m� o�x�� � � � �� o�xk�� n� i�x�� � � � �� i�xk��g
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When k 
 � the sum x� � � � �� xk is interpreted as the empty word� � denoted by 	�

In order to de�ne the operations on AC�pairs we use the convention that x� i�x�� x�� etc
denote x�� � � �� xk� i�x��� � � �� i�xk�� x�� � � � �� x�k�� etc�� respectively� In addition we
think of the a���ow T as being de�ned by the identities in Table ���� hence the morphisms
in T may be composed on left and on right with bijections in IBi�

� Summation� for �x� f� � INF��X� T ��m�n� and �x�� f �� � INF��X� T ��p� q� we de�
�ne�

�x� f���x�� f �� 
 �x�x�� � �
h�XX � h

���L�m�o�x��p�o�x����f�f
���R�n�i�x��q�i�x���� �

h�XX� h
���

� Right composition with morphisms from IBi� for �x� f� � INF��X� T ��m�n�� n 

n� � � � �� nk and � � IBi�k� k� we de�ne

�x� f� �R�P � � 
 �x� f �R�P�i�x�� �� h
���

� Left composition with morphisms from IBi� for �x� f� � INF��X� T ��n� p�� n 

n� � � � �� nk and � � IBi�k� k� we de�ne

� �L�P � �x� f� 
 �x� �� h
�� �L�P�o�x�� f�

� 
Left� Feedback� for �x� f� � INF��X� T ��p�m� p� n� we de�ne

�p �x� f� 
 �x� �p f�

Let us note that X and T are naturally embeded in INF� by

for x � X�m�n�
EX�x� 
 �x�mXn�

and for f � T �m�n�
ET 
 �	� f�

The de�nition of simulation via a transposition �Tr on the sets INF��X� T ��m�n� has
been given in De�nition ��� in the particular case T � IRel� but it still has sense when T
is an arbitrary a���ow�

Lemma ��
� Let T be an a���ow� Relation �Tr is a symmetric relation on INF��X� T �
and obeys the following conditions�

a� F � � F �Tr�r��r���� F �� � F
F � F � �Tr��k�r���k�r���� F � F �� where F 
 �x� � � � �� xk� f�

b� F � �R�P � � �Tr�r��r���� F �� �R�P � �
� �L�P � F

� �Tr�r��r���� � �L�P � F
��

c� �p F � �Tr�r��r���� �p F ��

whenever F � �Tr�r��r���� F
�� and the corresponding operations make sense� �

The proof of the above lemma is simple and it is omitted� By applying this lemma we
get the following result�
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Proposition ��
� The congruence relation generated by�Tr on INF��X� T � is the refexive�
transitive closure of �Tr� denoted by �Tr� �

Consequently the operations de�ned on INF��X� T � still make sense when they are in�
terpreted in the quotient structure INF��X� T �� �Tr�

De�nition ��
� �simulation via block transpositions
 abstract case�
We say two AC�pairs f 
 �x��� � ��xk� f� � m � n and f � 
 �x���� � ��x

�
k� � f

�� � m � n
are similar via a block transposition ��r � �� � � � � r � s� � �r � s � �� � � � � r � s � t�� with
s� t � �� � 
 r � � and r � s � t 
 k if

k 
 k� and the following conditions holds�

�i� x�� 
 x�� � � � � x
�
r 
 xr
 x�r�� 
 xr�s��� � � � � x

�
r�t 
 xr�s�t


x�r�t�� 
 xr��� � � � � x
�
r�t�s 
 xr�s
 x�r�t�s�� 
 xr�t�s��� � � � � x

�
k 
 xk

�ii�

f � 
 � �
h�XX� h

�� �L�m� �u�ro�xu�� o�xr��������o�xr�s�� o�xr�s��������o�xr�s�t�� �u�r�s�to�xu�� f

�R�n� �u�ri�xu�� i�xr��������i�xr�s�� i�xr�s��������i�xr�s�t�� �u�r�s�ti�xu�� � �
h�XX� h

��

�

It is easy to see that this simulation via block transpositions may be replaced by a chain
of simulations via simple transpositions� Hence� if the above simulation is denoted by

��Tr��r�������r�s���r�s�������r�s�t��

then
��Tr��r�������r�s���r�s�������r�s�t�� � �Tr

����� Extending a���ow structure from connections to �ow�

graphs

The proof of this result is based on the following two lemmas�

Lemma ��
� If T is an LR��ow over IBi� then all the axioms in Table 	��� except for the
axiom LR�� hold in INF��X� T ��

Proof� For LR� suppose we are give three pairs in INF��X� T �� namely �x� f� � m � n with
x � r � s� �x�� f �� � m� � n� with x� � r� � s�� and �x��� f ��� � m�� � n�� with x�� � r�� � s���
Then

��x� f� � �x�� f ��� � �x��� f ��� 
 �x� x� � x��� g�

where

g 
 �������L�m�m��s�s��m���s����������� �L�m�s�m��s�� �f � f ��

�R�n�r�n��r�� ������ � f ��� �R�n�n��r�r��n���r��� ������


 �������� �L�m�m��s�s��m���s��� ��������� �L�m�s�m��s��m���s��� �f � f � � f ���

�R�n�r�n��r��n���r��� ��������� �R�n�n��r�r��n���s��� ��������


 �������� �L�m�s�m��s��m���s��� �f � f � � f ��� �R�n�r�n��r��n���r��� ��������



C R � G R O OWGR S �a� OW� ��

In a similar way one get

�x� f� � ��x�� f �� � �x��� f ���� 
 �x� x� � x��� g�

hence axiom LR� holds in INF��X� T �� too�
LR� holds in INF��X� T � since for �x� f� � m � n with x � r � s

�x� f� � �	� I	� 
 �x� ������ �L�m�s�	�	� �f � I	� �R�n�r�	�	� �������


 �x� f � I	� by REFINE


 �x� f�

and similarly for the other equality�
For LR�� suppose we are given a pair �x� f� � m � n with x � r � s� Then LR�a holds

by

��x� f� �R�P � �� �R���P �� � 
 �x� �f �R�P�r� �� h
��� �R���P ��r� �� h

���


 �x� f �R�P�r� �� � � h
���


 �x� f� �R�P � �� � ��

LR�b is dual to LR�a� LR�c folows by

��� �L�Q� �x� f�� �R�P � � 
 �x� ��� h
�� �L�Q�s� f � �R�P�s� �� h

���


 �x� �� h
�� �L�Q�s� �f �R�P�s� �� h

����


 � �L�Q� ��x� f� �R�P � ��

For LR�a� if �x� f� � m � n with x � r � s and m 
 m� � � � ��mk� then

k �R�m������mk� �x� f� 
 �x� k�� �R�m������mk�s� f�


 �x� f�

and similarly for the other equality� For LR�b� if � � IBi�k� k�� then

�	� In������nk� �R�n������nk� � 
 �	� In������nk �R�n������nk�	� �� h
���


 �	� In������nk �R�n������nk� ��


 �	� � �L�n
�����������n����k��

In�����������n����k�
�


 � �L�n�����������n����k��
�	� In

�����������n����k�
�

For LR� suppose we are given the pairs �x� f� � m � n with x � r � s� and �x�� f �� �
m� � n� with x� � r� � s�� If moreover P �� n 
 n� � � � � � nk� � � IBi�k� k�� p 

n�������� � ��n����k� and P � �� n� 
 n���� � ��n

�
k� � �

� � IBi�k�� k��� p� 
 n���������� � ��n
�
�����k���

then LR�a follows by

��x� f� � �x�� f ��� �R�P�P �� �� h��


 �x� x�� ������� �L�m�s�m��s�� �f � f �� �R�n�r�n��r�� ������� �R�P�P ��r�r�� �� h�� h �
h

����


 �x� x�� ������ �L�m�s�m��s�� �f � f �� �R�P�r�P ��r�� ���k���k���� � �� h�� h �
h

����


 �x� x�� ������ �L�m�s�m��s�� �f � f �� �R�P�r�P ��r�� ��� h
�
h�� h �� � ��k���k������


 �x� x�� ������ �L�m�s�m��s�� ��f � f �� �R�P�r�P ��r�� �� h
�
h�� h ��� �R�p�r�p��r�� ��������


 �x� f �R�P�r� �� h
��� � �x�� f � �R�P ��r�� ��� h ���


 �x� f� �R�P � �� �x�� f �� �R�P �� �
�
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The other identity LR�b follows by duality�
Next� the axioms for feedback� We prefer to prove the axioms for the Left Feedback

and to use Fact �����
For LR�a suppose we are given a pair �x� f� � p � m � p � n with x � r � s� n 


n� � � � �� nk and � � IBi�k� k�� Then

��p �x� f�� �R�P � � 
 �x� ��p f� �R�P�r� �� h
���


 �x� �p �f �R�p�P�r� � �
h� h

����


 �p ��x� f� �R�p�P � � �
h���

LR�b is dual to LR�a� For LR�c suppose we are given �x� f� � m � n with x � r � s� n 

n� � � � �� nk and � � IBi�� � k� � � k�� If p 
 n�������� when ������ � �� then

�x� f� �R�P � � ���������������������� ��� 
 �x� f �R�P�r� �� ���������������������� ��� h
���


 �x� f �R�P�r�
���������������������� ��� h

���


 �x� �p ��Ip � f� �R�p�P�r� �� h
����


 �p ��x� Ip � f� �R�p�P � ��


 �p ���	� Ip� � �x� f�� �R�p�P � ��

LR�d is dual to LR�c�
For LR� suppose we are given the pairs �x� f� � p � m � p � n with x � r � s and

�x�� f �� � m� � n� with x� � r� � s�� Then

�p �x� f� � �x�� f �� 
 �x� x�� ������ �L�m�s�m��s�� ��pf � f �� �R�n�r�n��r�� �������


 �x� x�� �p �� �
h������� �L�p�m�s�m��s�� �f � f �� �R�p�n�r�n��r�� � �

h���������


 �x� x�� �p ������� �L�p�m�s�m��s�� �f � f �� �R�p�n�r�n��r�� ��������


 �p ��x� f� � �x�� f ���

For LR�� suppose the pair �x� f� � p� q�m � q� p� n with x � r � s is given� Then

�p�q ��x� f� �R�q�p�n� ������ 
 �x� �p�q �f �R�q�p�n�r� ��������de�nition �� �R

 �x� �p�q �f �R�q�p�n�r� �������REFINE


 �x� �q�p ������ �L�q�p�m�s� f ��LR� in T


 �q�p ������ �L�p�q�m� �x� f��

C� clearly holds� For R�REFINE we take �x� f� � m � n with x � r � s and
n 
 n� � � � �� �n�i � � � �� nli� � � � ��k� Then

�x� f� �R�n������n�i�����nli�dots�nk� � 
 �x� f �R�n������n�i�����nli�dots�nk�s� �� h
���


 �x� f �R�n������n�i �����nli�dots�nk�s� ������� � � � ��i�l � � � ��k��� h
���


 �x� f� �R�n������n�i �����nli�dots�nk� ������ � � � ��i�l � � � ��k���

Finally� L�REFINE is similar� �

Lemma ��
� Axiom LR� holds in INF��X� T ���Tr�
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Proof� Suppose we are given the pairs �x� f� � m � n with x 
 x� � � � � � xk � r � s
and �x�� f �� � m� � n� with x� 
 x�� � � � �� x�k� � r� � s�� Then

���� �L�m��m� ��x�� f �� � �x� f�� �R�n��n� ����


 �x� � x� ������ �L�m��s��m�s� �f � � f� �R�n��r��n�r� �������


� �x� � x� g�

We show this resulting pair is similar via a block transposition with

�x� f� � �x�� f ��


 �x� x�� ������ �L�m�s�m��s�� �f � f �� �R�n�r�n��r�� �������


� �x� x�� h�

More precisely� we show that

�x� � x� g� �Tr��������k����k��������k��k�� �x� x�� h�

Condition �i� in the de�nition of simulation clearly holds� We check �ii��

������ �L�m�m��s��s� g �R�n�n��r��r� ������


 ������ �L�m��s��m�s� �f � � f� �R�n��r��n�r� ������


 ������ �L�m�s�m��s�� �f � f �� �R�n�r�n��r�� ������


 h

�

From the two lemmas above we get the following theorem�

Theorem ��
� If T is an a���ow� then IF�a��X� T � is an a���ow� too� �

����	 General composition on normal form expressions

We �nish this section by completing the table of operations in INF��X� T �� For �x� f� �
m� p � n� p with x � r � s we have

�x� f��p 
 �p ����� �L�m�p� �x� f� �R�n�p� �����


 �x� �p ������ �L�m�p�s� f �R�n�p�r� �������


 �x� ����� �L�p�m�s� ������ �L�m�p�s� f �R�n�p�r� ������ �R�p�n�r� ����� �p�


 �x� ������ �L�m�p�s� f �R�n�p�r� ������ �p�

Consequently� the following identity holds�

� Right Feedback in INF��X� T �� for �x� f� � m� p � n� p we have

�x� f��p
 �x� �� �
h�XX�� �L�m�p�o�x�� f �R�n�p�i�x�� � �

h�XX��� �p�
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For composition� if �x� f� � m � n with x � r � s and �x�� f �� � n � p with x� � r� � s��
then by using the above identity for � �n� we get

�x� f� � �x�� f �� 
 ���x� f� � �x�� f ��� �R�n�p� ����� �n


 �x� x�� g�

where

g 
 ������� �L�m�s�n�s�� �f � f �� �R�n�r�p�r�� ������� �n


 ��f � Is��n� � �In�r � s�Xn � f �� � ��n�r�p�r��� �
n


 �f � Is�� � ��In�r � s�Xn� � nXr�n�s� � �Ir � f � � In� � r�p�r
�
Xn � ��n�r�p�r��� �

n


 �f � Is�� � ���n�r�s��n� � �Ir � f � � In� � ��r�p�r��n�� �n


 �f � Is�� � ���n�r�s��n� � ��Ir � f �� � ��r�p�r�� � In�� �n


 �f � Is�� � ��n�r�s��n� �n � �Ir � f �� � ��r�p�r��


 �f � Is�� � ��n�r�s�� � rXn�s� � �f � � Ir� � p�r
�
Xr � ��r�p�r��


 �f � Is�� � �In � rXs�� � �f � � Ir� � �Ip � r�Xr�

So� we have found the following identity

� Composition in INF��X� T �� for �x� f� � m � n and �x�� f �� � n � p we have

�x� f� � �x�� f �� 
 �x� x�� �f � Io�x��� � �In � i�x�Xo�x��� � �f � � Ii�x�� � �Ip � i�x��Xi�x���

����� Example of computation using normal forms

The proof of the equality in Example ��� was made using the rules of a���ow in an ad�
hoc way� However� the equality of a���ownomilas may be checked using a simple decision
procedure based on the normal forms� It consists in two steps�

� bring each expression to the normal form

� check whether the resulting normal forms are isomorphic �
 similar via transposi�
tions�

Below we show how this method may be applied to check the equality in Example ����
In this example the connections are made with elements in IPfn�� �converses of partial
functions�� We represent such an element

������� � � � ����n��

where ����i� 
 � when ����i� is unde�ned�

Example ��
� �b
� � �Ib � �x � �a

�� �
a� � f

� x 
 �x� ��a�b�a�� � b� a � a

� x � �a
� 
 �x� ��a�a�b�a�� � b� a � �a

� �x � �a
�� �

a
 �x� ��a�b�a�� � b � a
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� Ib � �x � �a
�� �

a
 �x� ��b�a�b�a�� � b� b � b� a

� �b
� � �Ib � �x � �a

�� �
a� 
 �x� ��b�a�b�a�� � b � b� a

� ��b
� � �Ib � �x � �a

�� �
a�� � x


 �x� x� ��b�a�b�a�a� � ��b�a�a�b�a� � ��a�b�a�b�a� � ��a�b�a�b�a��

 �x� x� ��a�b�a�b�a�� � b � a

��b�a
� � �x� x�� �a

� x 
 �x� ��a�b�a�� � b� a � a

� x� x 
 �x� x� ��a�a�b�a�b�a�� � ��b� a� � �a

� �b�a
� � �x� x� 
 �x� x� ��a�a�b�a�b�a�� � b� a � �a

� ��b�a
� � �x� x�� �a
 �x� x� ��a�b�a�b�a�� � b � a

They are similar� namely

�Ib � aXa� � ��a�b�a�b�a� 
 ��a�b�a�b�a� � �Ia � b�aXb�a�

Indeed�
��b�a�a� � ��a�b�a�b�a� 
 ��a�b�a�b�a� 
 ��a�b�a�b�a� � ��a�b�a�b�a�

�

��� Completeness of a��Flow�Calculus

The above analysis has shown that a concrete �owgraph may be represented by an AC�
pair �or equivalently� by a normal form �ownomial expression� unique up to a chain of
simulations via transpositions� In order to prove that the rules of a��Flow�Calculus are
complete in the sense of Fact ���ii� in Section B����� one has to show that �

� every expression may be brought to a normal form using rules that are deductible
from R�T � R��R� � EqL


� simulation via transpositions is a rule deductible from R�T � R��R� � EqL�

These proofs are given in this section in the abstract setting� namely when the support
theory is an arbitrary a���ow�

����� Bringing expressions to normal form

De�nition ��
	 �normal form expressions
 � general case�
The de�nition of the normal form expressions in the sets IF�EXP �X� T ��m�n� is the same

as in the case T � IRel given above� namely are those expressions of the form

��Im � x� � � � �� xk� � n�f�� �i�x�������i�xk�

where x�� � � � � xk are variables in X and f � T �m�o�x���� � ��o�xk�� n�i�x���� � ��i�xk�g�
Here we have made a distinction between a morphism f in the support theory T and the
corresponding expression n�f� in IF�EXP �X� T �� �
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Table ���� Rules for bringing an expression f in IF�EXP �X� T � to a normal form nf�f�

NF� for f � T �m�n�

nf�f� 
 �Im � n�f�� �	

NF� for x � X�m�n�

nf�x� 
 ��Im � x� � n�mXn�� �m

In the following rules NF��NF�� x� o�x�� x�� etc� will denote
x� � � � �� xk� o�x�� � � � �� o�xk�� x�� � � � �� x�k� � etc�� respectively�

NF� Denote g 
 �Im � pXo�x� � Io�x��� � �f � f �� � �In � i�x�Xp � Ii�x���� Then

nf���Im � x� � n�f�� �i�x� � ��Ip � x�� � n�f ��� �i�x
��� 
 ��Im�p � x� x�� � n�g�� �i�x��i�x

��

NF� Denote g 
 �f � Io�x��� � �In � i�x�Xo�x��� � �f � � Ii�x�� � �Ip � i�x��Xi�x��� Then

nf���Im � x� � n�f�� �i�x� � ��In � x�� � n�f ��� �i�x
��� 
 ��Im � x� x�� � n�g�� �i�x��i�x

��

NF� Denote g 
 ��Im � o�x�Xp� � f � �In � pXi�x�� Then

nf���Im�p � x� � n�f�� �i�x��p� 
 ��Im � x� � n�g�� �i�x�

In this subsection we prove that every expression may be brought to a normal form by
using the rules NF��Nf� in Table ����

It is obvious that the normal form expressions in IF�EXP �X� T ��m�n� and the AC�pairs
in INF��X� T ��m�n� are in a bijective correspondence via the applications

pair���Im � x� � � � �� xk� � n�f�� �i�x�������i�xk�� 
 �x� � � � �� xk� f�

and
exp�x� � � � �� xk� f� 
 ��Im � x� � � � �� xk� � n�f�� �i�x�������i�xk�

Since IF�EXP �X� T � is an algebra freely generated by X and T there exists a unique
morphism

EINFl � IF�EXP �X� T � � INF��X� T �

introduced by the emdedding �EX � ET � of �X� T � in INF��X� T � de�ned in just above Lemma
����� First note that

Lemma ���� In INF��X� T � the following identity holds

��Im � EX�x�� � � � �� EX�xk�� �ET �f�� �i�x�������i�xk�
 �x� � � � �� xk� f�
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Table ���� The rule of simulation via transpositions

SIMTr ��Im � x� � � � �� xk� � n�f�� �i�x�������i�xk�


 ��Im � x�� � � � �� x�k� � n�f ��� �i�x
�
�������i�x

�
k
�

where x�� � � � � xk are from X� f is from T � and for a t � �k � ���

x�i 
 xi� �i � �k� � ft� t � �g� x�t 
 xt��� x
�
t�� 
 xt and

f � 
 �Im � I�j�to�xj� �
o�xt���Xo�xt� � I�j�t��o�xj��

�f � �In � I�j�ti�xj� �
i�xt�Xi�xt��� � I�j�t��i�xj��

Proof� First prove by induction on k that

EX�x�� � � � �� EX�xk� 
 �x� � � � �� xk�
rXs�

where r 
 i�x�� � � � �� i�xk� and s 
 o�x�� � � � �� o�xk�� Then one gets the identity

�Im � EX�x�� � � � �� EX�xk�� � ET �f� 
 �x� � � � �� xk� �Im � rXs� � �f � Ir��

Finally� apply �right� feedback � �r to this equality� Then in the right hand side we get
the pair �x� � � � �� xk� f�� �

It follws that the application pair is the restriction of the evaluation morphism EINFl to
the normal form expressions�

Notation ���
 ��nf �
The congruence relation generated in IF�EXP �X� T � by the rules NF��NF� is denoted

by �nf � �It is clearly equal to the relation generated by NF��NF��EqL�� �

Proposition ���� Every expression may be brought to a normal form by using the rules
NF��NF	�EqL�

Proof� By structural induction� it is clear that every expression may be brought to a
normal form by using �Equational Logic and� the rules NF��NF� from left to right� �

����� Simulation rule

The rule of simulation via transpositions SIMTr is given in Table ���� It shows how are
related two normal form isomorphic expressions�

����� Deduction of the normalisation and simulation rules from

the rules of a��Flow�Calculus

First we show that certain identities suggerated by these rules hold in an a���ow�
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Lemma ���� The following identities hold in an a���ow�

Nf� f 
 �Im � f� �	 for f � m � n

Nf� f 
 ��Im � f� � mXn� �m for f � m � n

Nf� for g � r � s� f � m� s � n� r� g� � r� � s� and f � � p� s� � q � r�

��Im � g� � f � �r ���Ip � g�� � f �� �r
�


 ��Im�p � g � g�� � �Im � pXs � Is�� � �f � f �� � �In � rXq � Ir��� �r�r
�

Nf� for g � r � s� f � m� s � n� r� g� � r� � s� and f � � n� s� � p� r�

��Im � g� � f � �r ���Ip � g�� � f �� �r
�


 ��Im � g � g�� � �f � Is�� � �In � rXs� � �f � � Ir� � �Ip � r�Xr�� �r�r
�

Nf� for g � r � s and f � m� p� s � n� p� r�

���Im�p � g� � f � �r� �p
 ��Im � g� � � �Im � sXp� � f � �In � pXr� � �p� �r

SimTr for f � m�s��s��s��s
 � n�r��r��r��r
 and gj � rj � sj �j � ���

��Im � g� � g� � g� � g
� � f � �r��r��r��r�


 ��Im � g� � g� � g� � g
� � �Im�s� �
s�Xs� � Is�� � f � �Im�r� �

r�Xr� � Ir��� �
r��r��r��r�

Proof� First of all we recall that the following identities hold in an a���ow

R�� �f � g� � pXq 
 mXn � �g � f� for f � m � p� g � n � q and

R�� f �p �g 
 ��Im � m�
Xp� � �f � g� � �In�

pXn��� �p for f � m� p � n� p� g � m� � n��

The �rst identity Nf� follows from SV��
For Nf� note that

��Im � f� � mXn� �m 
 �mXm � �f � Im�� �m by R��


 �mXm��m �f by R�


 Im � f by C�


 f

Nf� may be proved as follows

��Im � g�f � �r ���Ip � g��f �� �r
�


 ��Im � pXr� ��Im � g�f � �Ip � g��f �� �r
�
��In � rXq�� �r R��� then R�


 ��Im � pXr � Ir�� ��Im � g�f � �Ip � g��f �� �In � rXq � Ir��� �r
�
�r R�


 ��Im � pXr � �g � Ip� � g�� �f � f �� �In � rXq � Ir��� �r�r
�

R�


 ��Im � Ip � g � g�� �Im � pXs � Is�� �f � f �� �In � rXq � Ir��� �r�r
�

R���R�

Nf� may be proved as follows
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��Im � g� f � �r ���Ip � g�� f �� �r
�


 ����Im � g� f � �r � Ir�� � �In � g�� f �� �r
�

by R�


 ���Im � r�Xr� ��Im � g� f � Ir�� �In �
rXr��� �r ��In � g�� f �� �r�r

�
by R��


 ��Im � r�Xr� ��Im � g� f � Ir�� �In �
rXr�� ��In � g�� f � � Ir�� �

r� by R�


 ��Im � r�Xr� ��Im � g� f � Ir�� �In �
rXr� �g� � Ir�� �f � � Ir�� �

r��r by R�


 ��Im � r�Xr� ��Im � g� f � Ir�� �In � �Ir � g�� rXs�� �f � � Ir�� �
r��r by R��


 ��Im � r�Xr� �Im � g � g�� �f � Ir�� �In �
rXs�� �f � � Ir�� �

r��r by R�


 ��Im � g � g�� �f � Is�� �In �
rXs�� �f � � Ir� �Ip �

r�Xr�� �r�r
�

by R�

Before Nf� we prove SimTr�

��Im � g� � g� � g� � g
� �Im�s� �
s�Xs� � Is�� � f � �In�r� �

r�Xr� � Ir��� �
r��r��r��r�


 ��Im�r� �
r�Xr� � Ir�� �Im � g� � g� � g� � g
� � f � �In�r� �

r�Xr� � Ir��� �
r��r��r��r�


 ��Im � g� � g� � g� � g
� � f � �In�r� �
r�Xr� � Ir�� � �In�r� �

r�Xr� � Ir��� �
r��r��r��r�


 ��Im � g� � g� � g� � g
� � f � �r��r��r��r�

Finally� note that Nf� follows from a particular instance of SimTr� � namely that when
g� 
 g
 
 I	 and g� 
 Ip � by applying rule R�� �

From this lemma we get the following result�

Proposition ���� The rules NF��NF	�SIMTr are deductible from R�T�R��R��EqL�
�

Proposition ���� �uniqueness of the normal form�
Di�erent normal form expressions are not equivalent via the rules NF��NF	�EqL�

Proof� Suppose we are given two n�f� expressions

E 
 ��Im � x� � n�f�� �i�x� with x 
 x� � � � �� xk and

E � 
 ��Im � x�� � n�f ��� �i�x
�� with x� 
 x�� � � � �� x�k�

that are equivalent via NF��NF��EqL� Then there exists a chain of expressions E�� � � �
such that

E �nf E� �nf � � � �nf E
�

where at each step only one rule has been applied� From the de�nition of the operations
in INF��X� T � given in the previous section it follows that the rules NF��NF� hold in
INF��X� T �� hence we get a chain of equal pairs

EINF��E� 
 EINF��E�� 
 � � � 
 EINF��E
��

This shows that
�x� � � � �� xk� f� 
 �x�� � � � �� x�k�� f

��

hence k 
 k� and �j � �k� � xj 
 x�j� and f 
 f �� This means�

E 
 E �
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�

The normal form expression corresponding to an expression E actually is EXP�EINFl�E���
The argument for uniqueness in the above proof may also be presented as follows�

It is well known that the quotient algebra IF�EXP �X� T �� �nf is a free model for the rules
NF��NF�� By the de�nition of the operations in INF��X� T � given in the previous section�
INF��X� T � is a model for the rules NF��NF�� too� Since two di	erent n�f� expressions
are interpreted as di	erent elements in INF��X� T � they must be di	erent in the free model
IF�EXP �X� T �� �nf � too� hence they can not be �nf �equivalent�

����	 Completeness of the axiom system

We collect the result of this chapter to prove the following completeness theorem�

Theorem ���� �completeness of the rules of a��Flow�Calculus�
If two expressions represent the same abstract directed �owgraph�
 then they may be

proved equivalent by using the rules R�T�R��R��EqL�

Proof� Proposition ���� shows an expression E may be brought to the normal form
nf�E� using the rules NF��NF��EqL� By Proposition ���� these rules are deductible from
R�T�R��R��EqL� Using the correctness result �Theorem ����� it follows that the resulting
normal form nf�E� and the given expression E represent the same elements in IF�a��X� T ��

Now suppose we are given two expressions E and E � representing the same abstract
directed �owgraph S� By the above argument the corresponding n�f� expressions nf�E�
and nf�E� also represent S� By Proposition ��� �in the concrete case� or De�nition ��� �in
the abstract one� there is a chain of simulations via transpositions connecting nf�E� and
nf�E ��� The same Proposition ���� guarantees that the simulation rule is deductible from
R�T�R��R��EqL� Hence we have connected the expressions E and E � by rules deductible
from R�T�R��R��EqL� �

��� Meaning and universality of a���ownomials

Let X be a set of doublly�ranked variables and T an a���ow whose elements are used to
connect the variables in order to built up �owgraphs�

Theorem ���� �meaning of a���ownomials�
The algebras IF�a��X� T � �
 INF��X� T ���Tr� and IF�EXP �X� T ���a� are isomorphic�

Hence a���ownomials over X and T may be identi
ed to the abstract �owgraphs built up
with atoms in X and connections in T �

Proof� By Theorem ���� the rule R�T�R��R��EqL hold in INF��X� T ���Tr� Hence the
evaluation morphism

EINF� � IF�EXP �X� T � � INF��X� T ���Tr

�We recall� this means they have the same evaluation in the formal model IF�a�	X�T 
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induces one morphism at the level of a���ownomials� i�e�

Ea�IF� � IF�EXP �X� T �� �a�� INF��X� T ���Tr

Obviously� Ea�IF� is a surjective morphism� On the other hand� Theorem ���� asserts that
two expressions that have the same evaluation in INF��X� T ���Tr are �a� equivalent� Con�
sequently� Ea�IF� is also an injective morphism� hence it is an isomorphism� �

The construction of the quotient algebra IF�EXP �X� T �� �a� is the standard construction
of the free algebra generated by the rules R��R� and R�T � So that the following universal
property of a���ownomials is obvious��

Theorem ���� �universal property of a���ownomials � abstract �owgraphs�
Let M be a monoid and T an M�a���ow algebra� Then�

�i� IF�a��X� T � is an M�a���ow� too�

�ii� There is a natural embedding �IX � IT � of �X� T � in IF�a��X� T �� where IX is a function
and IT is a morphism of a���ow algebras such that for every S ��sorted a���ow algebra�
function �X � and morphism of a���ow algebras �T there exists a unique morphism of
a���ow algebras �� � IF�a��X� T � � Q such that IT � �� 
 �T and IX � �� 
 �X � �

Actually the above theorem shows that the a���ow IF�a��X� T � is the direct sum of the
a���ow T and the one freely generated by X�

We �nish this chapter with a corollary of the above results and Theorem �����

Theorem ���	 �Kleene�like theorem for functions�relations computed by programs�
Suppose F is a set of known statements in IPfn�D� �resp� IRel�D��� where D is the

set of memory states� The set of functions �resp� relations� computed by the deterministic
�resp� nondeterministic� programs built up with statements from F coincide with the set
of functions �resp� relations� represented by �ownomial expressions over F and IPfn �resp�
IRel�� �

��� Short comments and references

 Abstract� morphism for connecting �owgraphs are used in �CaU��� and in all of
our subsequent papers on �owchart schemes and �ownomials� see �Ste��a� Ste��b�
CaS��a� CaS��a� CaS����

This chapter folows Chapter B� sec� ��� of �Ste���� The main result is based on
a series of papers dealing with the algebraization of �owchart schemes� including
�CaU��� BlEs��� Ste������ Bar��a� CaS��a� CaS��b��

With di	erent sets of operators various algebras for �owgraphs appear in �Mil���
Parr��� CaS��b� CaS��b��

In the classical algebraic calculus for regular languages it is often the case that certain
abstract semirings are used instead of the Boolean f�� �g semiring� e�g� by using
formal series with such coe�cients�

�This property is similar to the universal property of the polynomials over a ring�



Chapter �

Graph isomorphism with various
constants

In this chapter we extend the axiomatistion for �owgraphs modulo isomorphism to the case
where more constants for generating relations are present in the syntactic de�nition of the
�ownomial expressions�

Actually� our previous theorems on graph isomorphism are very general� they hold
whenever we start with a a���ow as a theory for connections� Hence� in order to get
correct and complete axiomatisations for the present �owgraphs we have to solve only one
problem� namely to get axiomatisations for these relations as enriched a���ows�

The resulting algebraic structures are called xy�ssmc�s with feedback and are axiomatised
by the a���ow axioms� the xy�ssmc axioms and certain new axioms which show how the
feedback acts on the constants�

��� Axiomatising relations with feedback

In this section we try to extend the presentations as initial algebras given in Prelude A for
sixteen classes of �nite relations� in order to include the feedback� From these only � classes
are closed with respect to feedback� namely IBi �bijections�� IIn �injections�� IIn�� �converses
on injections�� IPSur �partial surjections�� IPSur�� �converses of partial surjectioins�� IPfn
�partial functioins�� IPfn�� �converses of partial functions�� and IRel �relations�� � see
Figure ����

The resulting algebras are a���ows over xy�ssmc�s and such that the feedback acts on
the additional constants as it is shown in Table ����

Table ���� Axioms for the action of feedback on constants�

FA Ia �a
 I	
FB aXa �a
 Ia

FC �a �a
 �a FCo �a �a
 �a

FD ��Ia � �a� � �aXa � Ia� � �Ia � �a�� �a
 Ia

��
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Figure ���� Relations closed to feedback

Lemma ��
 Suppose xy is a restriction with x � fa� b� c� dg and y � f�� 
� �� �g�
Then xy�IRelS is closed under feedback if and only if

x 
 b or y 
 
 or xy � fa�� d�g

Proof� In IRelS for s � S we have

�s �s
 �s and �s �
s
 �s

Hence the classes xy�IRelS with xy � fa�� a�� c�� c�� c�� d�� d�g are not closed under feed�
back� What remain are the cases in the statemant of the lemma� and� in these cases� it is
an easy task to verify the closure to feedback� �

De�nition ��� �xy�ssmc with feedback�
Suppose xy is a restriction such that x 
 b or y 
 
 or xy � fa�� d�g�
A structure T is an xy�ssmc with feedback i	

� T is an xy�ssmc

� T is an a���ow and

� the axioms in Table ��� corresponding to xy hold in T � �

A morphism of xy�ssmc�s with feedback is a morphism of xy�ssmc�s preserving the feedback
operation� �

�

�Since the validity of axioms FA and FB is included in the de�nition of an a���ow� the last condition
means
 axiom FC when xy � fb�� b�� d�g� axiom FCo when xy � fc�� d�� d�g� and axiom FD when xy � d��

�If h is the corresponding monoid morphism� then this condition is H�f �a� � H�f� �h�a��
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Let us note that in the case a� the resulted structure of a��ssmc with feedback coincides
with the structure of a���ow�

Lemma ��� Suppose xy is such that x 
 b or y 
 
 or xy � fa�� d�g� Then�

�i� The structure xy�IRelS with the natural feedback is an xy�ssmc with feedback�

�ii� If B is an xy�ssmc with feedback and H � xy�IRelS � B is a morphism of xy�ssmc�s�
then H commutes with the feedback operation�

Proof� �i� It easily follows using Theorem �����
�ii� Let f � xy�IRelS�a� s� b� s� with s � S be a relation written in the standard form

f 
 �!j��jaj� �
aj
mj

��s
m� � g � �!i��jbj� �

ni
bi
��n

s �

Using R� in B and in xy�IRelS it follows that

H�f� �H�s�
 �!j��jaj��
H�aj �
mj

� �H�h� �H�s� ��!i��jbj��
ni
H�bi�

�

and
H�f �s� 
 �!j��jaj��

H�aj �
mj

� �H�h �s� � �!i��jbj��
ni
H�bi�

�

where
h 
 �I�j��jaj�mjaj � �s

m� � g � �I�i��jbj�nibi � �n
s �

Since g obeys condition �iii� in Theorem ���� it is enough to prove the commutation with
feedback only for

f 
 �Ia � �s
m� � g � �Ib � �n

s �

where g � IBiS�a�ms� b� ns� and

��a � Ims� � g � ��b � Ins� � f�ms � �ns� ��m���s � ��n���s � Isg

Now we prove the result by cases�

�� Case m 
 � �when x � fb� dg��

H�f� �H�s� 
 ��IH�a� ��H�s�� H�g� �IH�b� � �n
H�s��� �

H�s�


 �H�g� �IH�b� � �n
H�s� � �

H�s��� �	 R�


 H�g� �IH�b� ��nH�s��


 H�g �Ib ��ns��


 H�f �s�

�� Case n 
 � �when y � f
� �g�� Dual with case ��

�� Case m � � and n � �� There are two posibilities�
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�a� Case when ��a � Ims� � g � ��b � Ins� 
 �ms � �ns� In this case there are c � S�

and u � IBiS�a� c� ns� and v � IBiS�c�ms� b� such that

g 
 �u� Ims� �Ic �
nsXms� �v � Ins�

It follows that

f 
 �u� �s
m� �Ic � nsXms� �v � �n

s �


 �u� Is� �Ic � �Ins � �s
m� � nsXms � �Ims � �n

s �� �v � Is�


 �u� Is� �Ic � ��n
s � Is� � sXs � ��s

m � Is�� �v � Is�


 �u�Ic � �n
s � � Is� �Ic � sXs� ��Ic � �s

m�v � Is�

hence

H�f� �H�s� 
 H�u�Ic � �n
s �� � �IH�c� �

H�s�XH�s�� �H�s� �H��Ic � �s
m�v�


 H�u�Ic � �n
s � � �Ic � �s

m�v� FB


 H�f �s�

�b� Case when ��a � Ims� � g � ��b � Ins� 
 ��m���s � ��n���s � Is�

i� Subcase m 
 � or n 
 �� First note that g 
 h � Is with h � IBiS�a �
�m� ��s� b� �n� ��s�

� If m 
 � and n 
 �� then

H�f� �H�s� 
 H�h� � IH�s� �
H�s�


 H�h�


 H�f �s�

� If m 
 � and n 
 � �case y � f�� �g�� then

f 
 �h� Is� � �Ib � �n
s �


 �h �Ib � �n��
s � � Is� � �Ib � �s�

hence
H�f� �H�s� 
 H�h �Ib � �n��

s �� � �IH�b� � �H�s�� �
H�s�


 H�h �Ib � �n��
s �� � �IH�b� ��H�s�� FC


 H�h �Ib � �n��
s � � �Ib ��s��


 H�f �s�

� If m 
 � and n 
 � �when x � fc� dg� the commutation follows by
duality�

ii� Subcase m 
 � and n 
 � �when xy 
 d��� In this case there are c �
S�� u � IBiS�a� c� �n� ��s� and v � IBiS�c� �m� ��s� b� such that

g 
 �u� Ims� � �Ic � �n���sX�m���s � Is� � �v � Ins�

It follows that

f 
 �u� �s
m� � �Ic � �n���sX�m���s � Is� � �v � �n

s �


 �u� Is� � � Ic � �I�n���s � �s��s
m�� � Is�� � ��n���sX�m���s � Is�

� �I�m���s � ��n��
s � Is��s� � � �v � Is�


 �u� Is� � �Ic � ��n��
s � �s� � �sXs � Is� � ��s

m�� � �s�� � �v � Is�


 �u�Ic � �n��
s � � Is� � �Ic � �Is � �s� �sXs � Is� �Is � �s��

� ��Ic � �s
m���v � Is�



C R � GR SO OR S W V R OUS CO S S ��

hence
H�f� �H�s�


 H�u�Ic � �n��
s �� � � IH�c��

� ��IH�s� � �H�s�� � �H�s�XH�s� � IH�s�� � �IH�s� � �H�s��� �H�s� �

�H��Ic � �s
m���v�


 H�u�Ic � �n��
s �� �H��Ic � �s

m���v� FD


 H�u�Ic � �n��
s � � �Ic � �s

m���v�


 H�f �s� �

Theorem ��� Suppose we are given

� a restriction xy such that x 
 b or y 
 
 or xy � fa�� d�g and

� an xy�ssmc with feedback B over a monoid M �

Then for every morphism of monoids h � S� � M there exists a unique morphism of
xy�ssmc�s with feedback

H � xy�IRelS � B

which extends h� �

��� Algebra of �owgraphs with various constants 	xy�

ssmc with feedback


In Chapters � and � we have described the basic model for �owgraphs modulo isomor�
phism� One may use arbitrary relations there� but at the syntactic level only bijections
�constants I� X� are requered� Here we extend the algebra to the full syntax of the calculus
of �ownomials

� � �a aXb �a
k �k

a

by adding axiomatisations for �k and �k� To this end� we use the results in Chapter �
which give free presentations for certain classes of relations as xy�ssmc and Theorem ���
that shifts that axiomatisations in the cyclic setting� We get the following results

Theorem ��� Let xy be a restriction with x � fa� b� c� dg and y � f�� 
� �� �g such that
x 
 b or y 
 
 or xy � fa�� d�g�

If T is an xy�ssmc with feedback� then

� �Correctness� IF�a��X� T � is an xy�ssms with feedback�

� �Completeness� The rules of xy�ssmc with feedback are complete for �owgraphs with
xy�constants modulo isomorphism� �

��� Short comments and references

The key result of this chapter �i�e� the axiomatisation of various classes of relations
in the presence of the feedback operation� is from �CaS��c�� The presentation follows
Chapter C� sec� � of �Ste����



Part III

Algebras of Flowgraph Behaviours

��



Chapter �

Flowgraph behaviours� general facts

In this chapter we de�ne the xy��ow structure which is the basic algebraic structure we are
using to axiomatise various kinds of �owgraph behaviours�

To this end� two rules for the ident�cation of �owgraphs are introduced� the enzymatic
rule and simulation� Such rules are necessary in order to extend certain simple axiomati�
sations for acyclic �owgraphs to the case of cyclic ones�

The simulation rule is de�ned on normal form expressions� whilst the enzymatic rule
may be used for arbitrary ones� In the particular setting we are using in this paper both
rules generate the same equivalences on �owgraphs��

��� Enzymatic rule


���� The r�ole of the enzymatic rule

For the beginning we work in the theory AF��X� IRel� of acyclic �owgraphs built up with
atoms in X and connections in IRel� These graphs are precisely those built up from the
atoms and the connections using the operations of summation and composition� namely
they correspond to �ownomial expressions without feedback�

In this theory the equivalence relations generated by the identi�cation rules in Table
��� will be studied�

In order to simplify the understanding we study the deterministic case� i�e� AF��X� IPfn��
Denote by

�xy the congruence relation in AF�X�Pfn generated by the identi�cations �Cuv�var�
in Table ��� for u �L x and v �G y�

�In general� it seems that the enzimatic rule �plus the corresponding strong commutations axioms� is
more powerful than simulation�

Table ���� Commutation of the constants with variables �x � a � b��

�Ca��var� �a � x 
 �b �Cb��var� x � �b 
 �a

�Ca	 �var� �a � x 
 �x� x� � �b �Cc��var� x � �b 
 �a � �x� x�

��
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These congruences give natural equivalence relations on acyclic graphs� For example� �a�

captures accessibility� i�e� two acyclic graphs F and F � are �a��equivalent if and only if
they have the same accessible part�

Do the analogous statements work for cyclic graphs� The answer is �not�� The following
example may help us to understand why�

Example ��
 �graphs over IIn and a biscalar variable�
Suppose X has only a variable x � � � �� i�e�

X��� �� 
 fxg and X�m�n� 
 � otherwise

Denote xo 
 I� and xn�� 
 x � xn for n � ��
Every acyclic graph in AF��X� IIn��m�n� may be represented as

�
X
i��m�

xki ��p �
X
i��p�

xri� � c with c � IIn�m � p� n�� all ki � �� all rj � ��

so that it is uniquely determinated by the pair �k�� � � � � km
 r�� � � � � rp� of sequences of
natural numbers and the injection c�

If �a� is the congruence relation �with respect to ��� and ���� generated by the iden�
ti�cations �Ca��var�� then

two acyclic graphs F and F � represented by �k�� � � � � km
 r�� � � � � rp� and c� and
by �k��� � � � � k

�
m
 r��� � � � � r

�
p�� and c�� respectively� are �a��equivalent

if and only if

ki 
 k�i� �i � �m� and �Im ��p� � c 
 �Im ��p�� � c��

that is if and only if

F and F � have the same accessible part�

Every cyclic graph in IF�a��X� IIn���Tr �m�n� may be represented as

�
X
i��m�

xki ��p �
X
i��p�

xri� � c�
X
i��q�

�xsi ���

where c � IIn�m� p� n�� all ki � �� all ri � �� and all si � �� Hence it is uniquely determi�
nated by the triple �k�� � � � � km
 r�� � � � � rp
 s�� � � � � sq� of sequences of natural numbers and
the injection c�

If �a� is the congruence relation �with respect to ���� ��� and ���� generated by the
identi�cations �Ca��var�� then

two cyclic graphs F and F � represented by �k�� � � � � km
 r�� � � � � rp
 s�� � � � � sq� and c�
and by �k��� � � � � k

�
m
 r��� � � � � r

�
p�
 s

�
�� � � � � s

�
q�� and c�� respectively� are �a��equivalent

if and only if

ki 
 k�i� �i � �m� and �Im � �p� � c 
 �Im � �p�� � c� and q 
 q� and si 

s���i�� �i � �q�� where � is a bijection in IBi�q� q��
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This means that

F �a� F
�

if and only if

F and F � have the same accessible part and the same �inaccessible� cycles�

Hence �a� does not capture accessibility� �

The reason for the negative answer above is the impossibility to use the identi�cations
given by �Cxy�var� in cycles� Consequently� the congruence relation generated by such
identi�cation is too strong� i�e� it identi�es too few graphs�

In order to overcome this di�culty we combine the identi�cations �Cxy�var� with an
additional identi�cation rule� called the enzymatic rule� This rule allows to use the identi�
�cations given by �Cxy�var� in cycles� It is de�ned as follows�

De�nition ��� �enzymatic rule�
Take the implication

�Enzy�f�g� f � �Im � y� � �Im � y� � g � f �p � g �q

where f � m� p � n� p� g � m� q � n� q� y � p � q�
We say an equivalence relation � on T satis
es the enzymatic rule EnzE� where E is a

class of morphisms of T � if � satis�es the implication Enzy�f�g for y in E and arbitrary f� g�
Finally� we say T satis
es the enzymatic rule EnzE if the relation of equality in T satis�es
EnzE� �

Now in the case of cyclic graphs in IF�a��X� IPfn���Tr certain natural equivalence re�
lations �corresponding to those noted in the acyclic case� are precisely captured by the
congruence relations generated by identi�cations �Cxy�var� in the class of congruence rela�
tions satisfying Enzx�y��

For example� the congruence relation �a� generated by the identi�cations �Ca��var� in
the class of congruence relations satisfying Enza� means� two cyclic graphs F and F � are
�a��equivalent if and only if F and F � have the same accessible part�

Example ��� �Example ��� continued�
Take three graphs

F� F �� F �� � �IF��X� In���Tr��m�n�

where X is as in the above example� Suppose they are respectively represented by

�k�� � � � � km
 r�� � � � � rp
 s�� � � � � sq� and c�

�k�� � � � � km
 	
 s� � � � � sq� and �Im ��p� � c� and

�k�� � � � � km
 	
 	� and �Im ��p� � c� respectively

where 	 is the empty sequence� It is clear that F �a� F
� and F �� is the accessible part of

F � Let G � m � q � n � q be the �owgraph represented by

�k�� � � � � km� s�� � � � � sq
 	
 	� and �Im ��p� � c��q�

Since
F �� � �In ��q� �a� �Im ��q� �G

using the enzymatic rule Enza� one gets F �� �	 �a� G �q 
 F �� Hence the di�culty was
overcame� a graph is �a��equivalent with its accessible part� �
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���� Validity of the enzymatic rule in some semantic domains

We insert here a semantical justi�cation of the enzymatic rule�

Proposition ��� In IRel�D� the enzymatic rule holds for every morphism� i�e� EnzIRel�D�

is valid�

Proof� Suppose f � IRel�D��m�p� n�p�� g � IRel�D��m�q� n�q� and y � IRel�D��p� q�
ful�ll condition

f � �In � y� 
 �Im � y� � g

Write f and g as matrices

f 


�
f�� f��
f�� f��

�
and g 


�
g�� g��
g�� g��

�

with f��� g�� � m � n� Then equality f � �In � y� 
 �Im � y� � g give four ones

f�� 
 g��

f�� � y 
 g��

f�� 
 y � g��

f�� � y 
 y � g��

From the de�nition of the feedback in IRel�D� one gets

f �p 
 f�� � f�� � f
�
�� � f��

where f ��� 
 Ip � f�� � f �
�� � � � � Similarly

g �q
 g�� � g�� � g
�
�� � g��

Using the relationship between fij and gij one gets

g �q 
 f�� � f�� � y �Iq � g�� � g��� � � �� � g��


 f�� � f�� � �y � y � g�� � y � g��� � � �� � g��


 f�� � f�� � �y � f�� � y � f �
�� � y � � �� � g��


 f�� � f�� � �Ip � f�� � f �
�� � � �� y � g��


 f�� � f�� � f
�
�� � f��


 f �p

�

Corollary ��� An a���ow T included in IRel�D� satis
es axiom EnzT � �
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���� Generating congruences in algebras with conditional equa�

tions

From the above observations it follows that we are interested in the congruence relations
generated by certain identi�cations �Cxy�var� in the class of congruence relations satisfying
the enzymatic rule Enzxy� for various restrictions xy� Condition EnzE is not equational� it
is a conditional equation� The question that appear here is� how such a congruence may be
generated� Below we give a construction useful in the general context of universal algebras
with conditional equations�

Let A be a universal algebra having S as the sort set and � as the set of operations�
Moreover� let R � A 	 A be a relation and denote by Ref�R� �resp� Sym�R�� Op�R��
Trans�R�� C�R�� CJ�R�� the least relation containing R and being re�exive �resp� sym�
metric� compatible with the operations� transitive� congruence� congruence satisfying the
set J of implications��

De�nition ��� By a conditional equation we mean an implication written in terms of the
free algebra T��X� as�

hX
 t� 
 t�� " � � �" tr 
 t�r � t 
 t�i�

where t�� t
�
� � T��X�s�� � � � � tr� t

�
r � T��X�sr � t� t

� � T��X�s�
A congruence relation � on A satis
es the above conditional equation if�

if f � X � A is an arbitrary function� then its �unique� extension to terms f� �
T��X� � A satis�es the implication�
f��t�� � f��t��� and � � � and f��tr� � f��t�r� implies f��t� � f��t���

Finally� we say A satis
es the conditional equation if the equality relation on A satis�es
this conditional equation� �

�

The construction of the congruence relation C�R� generated by a relation R is well�
known� We recall it and then extend the result to algebras with conditional equations�

Proposition ��� C�R� 
 Trans�Op�Sym�Ref�R����� �

Proposition ��� De
ne inductivelly the congruences

C	
J�R� 
 C�R�

and for k � ��
Ck��
J 
 C�R � Ek��

where

Ek 
 f�f��t�� f��t��� � � hX
 t� 
 t�� " � � � " tr 
 t�r � t 
 t�i � J and

f � X � A such that �f��tj�� f
��t�j�� � Ck

J�R�� �j � �r�g

Then the sequence Ck
J�R� of congruences is increasing and

CJ�R� 

�
k�	

Ck
J�R��

�With J above we have denoted a set of such conditional equations in which the number of premises is
�nite�
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Proof� By induction we show that

R � C	
J�R� � C�

J�R� � � � � � Ck
J�R� � � � �

The �rst two inclusions obviously hold� For the inductive step� let us notice that

Ck
J�R� � Ck��

J �R� � Ek � Ek��

� Ck��
J �R� � Ck��

J �R�

Since �Ck
J�R��k�IN is an increasing sequence of congruences it follows that CJ�R� 
S

k�	C
k
J�R� is a congruence� too�

Finally� let us observe that CJ�R� satisfy the conditional equations� Indeed� let

hX
 t� 
 t�� " � � � " tr 
 t�r � t 
 t�i � J

be an conditional equation and f � X � A a valuation� Suppose moreover that �f��tj�� f
��t�j�� �

CJ�R�� The sequence Ck
J�R� is increasing� hence there is an index k	 such that all the pairs

above are in the same Ck	
J �R�� Hence

�f��t�� f��t��� � Ek	 � Ck	��
J �R� � CJ�R�

�


���	 Extending xy�strong axioms

The example given ��� has shown that if we impose locally on X and T the xy�strong ax�
ioms� then we can not prove that the xy�strong axioms hold true in the set of all �owgraphs
over X and T �for example� �	 � �x �s� �� a��	�� Hence certain global constrains are to be
imposed on all �owgraphs� Such a condition is the enzymatic rule�

Theorem ��	 Let T be an a���ow and a strong xy�ssmc�
If � is a congruence on INF��X� T � such that�

� contains �Tr�

� contains the identi
cations �Cxy�var�� and

� satis
es Enzxy�

then INF��X� T ��� is an a���ow and a strong xy�ssmc�

Proof� Since �Tr � �� the quotient INF��X� T ��� is a qotient of INF��X� T ���Tr�
too� But the latter is an a���ow� hence the former is an a���ow� too�

Below we check the xy�strong conditions� Suppose F 
 ��Im�x��f � �i�x� � INF��X� T ��m�n��

�� For �Ca��mor� �rst notice that

�m � F 
 ��I	 � x� � ��m � Io�x�� � f � �i�x�

Then
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�I	 ��i�x�� � ��I	 � x� ��m � Io�x�� f � � �I	 ��o�x�� ��m � Io�x�� � f �Ca��var�


 �m�o�x� � f


 �n�i�x� �Ca��mor� in T


 �n � �In ��i�x��

Applying Enza� we get

��I	 � x� ��m � Io�x�� f � �i�x� � �n �	

hence
�m � F � �n

�� For �Ca	�mor� �rst notice that

�F � F � � �n 
 g �i�x��i�x�

where

g 
 �Im�m � x� x� � �Im � mXo�x� � Io�x�� � �f � f� � �In� i�x�Xn � Ii�x�� � ��n � Ii�x��i�x��

Then

g � �In � �i�x��


 �I�m � x� x� � �Im � mXo�x� � Io�x�� � �f � f� � �n�i�x�


 �I�m � x� x� � �Im � mXo�x� � Io�x�� � �m�o�x� � f �Ca	�mor� in T


 �I�m � x� x� � ��m � �o�x�� � f


 �I�m � �x� x� � �o�x�� � ��m � Io�x�� � f

� �I�m � �i�x�� � ��I�m � x� � ��m � Io�x�� � f � �Ca	�var�

Applying Enza	 we get

g �i�x��i�x� � ��I�m � x� � ��m � Io�x�� f � �i�x�


 �m � F

hence
�m � F � �F � F � � �n

�� The proof of F � �n � �m is dual to the �rst case�

�� The proof of F � �n � �m � �F � F � is dual to the second case�

�

We �nish this section with a result that simpli�es the veri�cation of the enzymatic rule�

Lemma ��
� If the enzymatic axiom holds for two morphisms� then it also holds for their
sum� Put formally�

Enzfug " Enzfu�g � Enzfu�u�g
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Proof� Let say that u � p � q and u� � p� � q�� Take arbitrary f � m� p� p� � n� p� p�

and g � m� q � q� � n� q � q� such that the premise holds� i�e�

f � �In � u� u�� 
 �Im � u� u�� � g

Write this identity as

�f�In � u� Ip��� � �In�q � u�� 
 �Im�p � u�� � ��Im � u� Iq��g�

and apply Enzfu�g� We get

�f�In � u� Ip��� �
p�
 ��Im � u� Iq��g� �q

�

With axiom R� we may write this identity as

�f �p
�

� � �In � u� 
 �Im � u� � �g �q
�

�

and apply Enzfug� We get

�f �p
�

� �p
 �g �q
�

� �q

or equivalently�
f �p�p

�


 g �q�q
�

�

��� xy��ow

Our basic algebras for the axiomatisation of the di	erent notions of �owgraph behaviour are
obtained by adding the enzymatic rule to the xy�strong axioms� They are de�ned below�

De�nition ��

 �xy��ow�
Let xy be a restriction with x � fa� b� c� dg and y � f�� 
� �� �g and let #x#y be the least

restriction greater then xy �i�e� x �L #x and y �G #y� and closed to feedback �i�e� satisfying
the condition� #x 
 b or #y 
 
 or #x#y � fa�� d�g��

An xy��ow is a structure T satisfying the following conditions�

� T is a #x#y�ssmc with feedback


� T is a strong xy�ssmc
 and

� T satis�es the enzymatic rule Enzxy�

A morphism of xy��ows is a morphism of xy�ssms�s that preserves the feedback opera�
tion� �

Let us note the coincidence of the de�nition of the a���ow structure given before �Def�
inition ����� with the particular instance of the above de�nition in the case xy 
 a��

Another observation� The passage from xy to #x#y is made by adding constants of type
� or �� eventually� In the de�nition of morphisms of xy��ows we do not require the
commutation with these constants since this follows from the axioms FC and FCo used in
the de�nition of ssmc�s with feedback�
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��� Simulation


���� Examples

From the comments made in the previous section it follows that we are interested in the
congruence relation �xy generated by the rule of commutation of xy�morphisms with vari�
ables �Cxy�var� in the class of congruence relations satisfying Enzxy� The iterative process
of construction of �xy given by Proposition ��� is di�cult� it produces �xy by a doubly
iterative algorithm� In order to simplify it we use the relation of simulation that may be
considered as the �rst step of the closure of �Cxy�var� to Enzxy�

More precisely� the combination of �Cxy�var� with Enzxy gives simulation� This is a
transformation of the normal form �ownomial expressions that inherits the form of an
enzymatic process� The r#ole of enzymes is played by xy�morphisms� �

Enzymatic transformation of normal form �ownomial expressions�
Suppose we are given a �owgraph represented by the n�f� �ownomial expression

F 
 ��Im � x� � � � �� xk� � f � �i�x�������i�xk�

Let us introduce an enzyme �perturbation�

r � � � i�x�� � � � �� i�xk�

on the feedback in the top of the variables�atoms and cut the feedback� Move the enzyme
through the �owgraph trying to pass over the variables� then over the connections� and
�nally displace it along the feedback� If the enzyme is reproduced at the end of the
transformation� then take out the enzyme� reconnect the resulted feedback� and declare the
resulted �owgraph F � equivalent to the initial one�

The process may also be applied in the dual form� starting with an enzyme

r � i�x�� � � � �� i�xk� � �

and moving the enzyme on the oposite sense�

Example ��
� Two example are given in Figures ��� and ���� �

This� perhaps strange� method of transformation of �ownomials proves to be very useful�
Its meaning depends on the type of the enzymes and it is presented in Table ��� in some
particular� but typical� cases�


���� De�nition� general properties

Let us be more precise in the de�nition of simulation�

Notation ��
� �i�u�� o�u��

�This transformation may be considered as a slight mathematical formulation of Hegel�s law of circular
evolution�
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Table ���� The meaning of simulation

The enzymes
r used

The meaning of simulation

a�� bijections F
a�
��u F

� �

gr�F � 
 gr�F �� �i�e�� both �uxnomial expressions F
and F � represent the same �owgraph
 the bijection u
gives the passage from the linearization in F to the
one in F ��

a
� injections F
a�
��u F

� �

gr�F �� has a subgraph isomorphic with gr�F � and �in
addition� has a part with no incoming arrows form
this copy of gr�F � �this additional part corresponds
to the complement of Im�u��

a�� surjections F
a	
��u F

� �

gr�F �� may be obtained from gr�F � by identifying ver�
tices that have common label and their outgoing con�
nections match �two vertices x and x� are identi�ed
i	 u�x� 
 u�x��

b�� converses
of injections

F
b�
��u F

� �

gr�F � has a subgraph isomorphic with gr�F �� and �
in addition� has a part with no outgoing arrows to
this copy of gr�F �� �this additional part corresponds
to the complement of Dom�u��

c�� converses
of surjections F

c�
��u F

� �

gr�F � may be obtained from gr�F �� by identifying
vertices that have common label and their incoming
connections match �two vertices x and x� in F � are
identi�ed i	 �v in F � �v� x� � u and �v� x�� � u�
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Figure ���� Simulation via injections �case a
�

Suppose T is an xy�ssmc over a monoid M and it is endowed with a feedback operation�
For an X�sorted xy�relation u � xy�IRelX�a� b� denote by

i�u� � T �i�a�� i�b��

its extension to inputs� namely the image of u via the unique morphism of xy�ssmc�s
H � IRelX � T that extends i � X � M � 
�

Similarly� we denote by o�u� the extension to outputs� �

De�nition ��
� �simulation
 general case�
Suppose we are given two normal form �ownomial expressions F� F � � INF��X� T ��m�n��

say

F 
 ��Im � x� � � � �� xk� � f � �i�x�������i�xk� and

F 
 ��Im � x�� � � � �� x�k�� � f
�� �i�x

�
�������i�x

�
k�
��

�This extension is provided by Theorem �����
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Figure ���� Simulation via converses of surjections �case c��

We say a relation between vertices

u � IRel�k� k��

is a simulation from F to F � �or that F and F � are similar via u� and write F �u F
� or

F
u
� F � i	

�i� �j� j �� � u � xj 
 x�j� and

�ii� f � �In � i�u�� 
 �Im � o�u�� � f ��

By de�nition F
xy
�� F � means F �u F

� for an xy�morphism u� �

Condition �i� actually shows that relation u preserves the variables� hence

u � IRelX�x� � � � �� xk� x
�
� � � � �� x�k��
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and condition �ii� gives a corelation between the connections of F and F ��
It is also easy to see that simulation via a transposition �Tr �De�nition ��� is a par�

ticular case of the above de�nition �namely when u 
 Ij � �X� � Ik�j��� and the generated
congruence �Tr coincides with

a�
���

Proposition ��
� ��Cxy�var� � Enzxy � Simulation via xy�morphisms�
Let � be a congruence on INF��X� T � such that

� contains �Tr

� contains Cxy�var and

� obeys condition Enzxy�

Then � contains simulation via xy�morphisms�

Proof� Let
��Im � x� � f � �i�x� �u ��Im � x�� � f �� �i�x

��

where x 
 x� � � � �� xk� x
� 
 x�� � � � �� x�k� and u � xy�IRel�k� k��� One may see that

��Im � x�f � � �In � i�u�� 
 �Im � x� �Im � o�u�� � f �


 �Im � �x� � � � �� xk� � o�u�� � f �

� �Im � i�u� � �x�� � � � �� x�k��� � f
�


 �Im � i�u�� � ��Im � x��f ��

�The third step follows by a proof similar to the one of Proposition ����� Hence� we may
apply Enzxy and get

��Im � x�f � �i�x�� ��Im � x��f �� �i�x
��

�

The simulation relation is compatible with the operations in INF��X� T �� more precisely�

Proposition ��
� �simulation is a congruence�
Assume T is an a���ow and F� �u F� and F

�
� �u� F

�
� are two simulations in INF��X� T ��

Then�
�a� F� � F �

� �u�u� F� � F �
�

�b� F� � F �
� �u�u� F� � F �

�

�c� F� �p �u F� �p

whenever the operations have sense��

The relation of simulation is re�exive� transitive and compatible with the operations�
but� unfortunately� it is not symmetric in almost all cases� 
 Consequently the following
result holds�

�From all the axioms of feedback only the axiom R� of commutation of feedback with composition is
used here�

�It is symmetric only in case a��
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Proposition ��
� The congruence
xy

�� generated by simulation
xy
�� is

xy
�� 
 Trans�Sym�

xy
���� 
 �

xy
�� �

xy
���� 
 �

xy
�� �

xy
�����

where
xy
�� denotes �

xy
����� and R� denotes the transitive closure of a relation R� �

Notation ��
� n�xyf �IF�xy�X� T �� IF�xy�X� T � denotes INF��X� T ��
xy

��� �

Since in the proof of Theorem ��� the Enz rule was applied only one time� the result
still holds when enzymatic rule is replaced by simulation� Hence�

Corollary ��
	 Let T be an a���ow and a strong xy�ssmc�
Then INF��X� T ��

xy
�� is an a���ow and a strong xy�ssmc� too� �

This corolary shows that a part of the converse implication to that in Proposition ����
holds� i�e�

�if � the equivalence generated by simulation with xy�morphisms� then �Cxy�var�
holds in INF��X� T �����

It may be interesting to see when the other part of the implication holds� i�e�

�if � is the equivalence generated by simulation with xy�morphisms� does Enzxy hold
in INF��X� T ������

This question actually means to look for conditions such that the generative process dis�
played in Proposition ��� stops in one step when it is applied to Enz� A partial answer is
given in the Lemma ���� below�

Lemma ���� �� preserves enzymatic rule�
If Enzfjg holds in T � then simulation � obeys Enzfjg in INF��X� T ��
More precisely� the implications

�a� F � �In � j�
u

�� �Im � j� �G � F �p
u

�� G �q

�b� F � �In � j�
u

�� �Im � j� �G � F �p
u

�� G �q

hold for every f � INF��X� T ��m� p� n� p�� G � INF��X� T ��m� q� n� q� and j � p � q�

Proof� a� Suppose F 
 �x� f� and G 
 �y� g� with x� y � X�� The simulation gives

f � �In � j � i�u�� 
 �Im � j � o�u�� � g

This imples

��Im � o�x�Xp� � f � �In � pXi�x�� � �In � i�u� � Ip�� � �In�i�y� � j�


 �Im�o�x� � j� � ��Im � o�u� � Iq� � �Im � o�y�Xq� � g � �In �
qXi�y���

Applying Enzfjg in T we get

��Im � o�x�Xp� � f � �In � pXi�x��� �p ��In � i�u��


 �Im � o�u�� � ��Im � o�y�Xq� � g � �In � qXi�y��� �q

This shows that
F �p

u
�� G �q

�b� Similar� �
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Lemma ���
 Suppose we are given some restrictions A� B� C� D� a morphism j � T �p� q�
and two pairs F � INF��X� T ��m�p� n�p�� G � INF��X� T ��m�q� n�q�� Suppose moreover
the following conditions hold�

��� F � �In � j�
B

�� �
C

�� �
D
�� �Im � j� �G and A � B � C � D�

��� F � �In � j�
u

�� H� � �H �
� � H� 
 H �

� � �In � j� " F
u

�� H �
�

for u obeying restriction B and arbitrary H��

��� H�
u

�� �Im � j� �G � �H �
� � H� 
 �Im � j� �H �

� " H �
�

u
�� G

for u obeying restriction D and arbitrary H�

then

if Enzfjg holds in T � then Enzj�F�G holds in INF��X� T ��
A

���

Proof� Using ��� we get

F � �In � j�
B

�� H�
C

�� H�
D
�� �Im � j� �G

Using ��� for the left simulation we get a pair H �
� such that H� 
 H �

� ��In�j� and F
B

�� H �
��

hence
F �p

B
�� H �

� �
p

Applying ��� to the right simulation we get a pair H �
� such that H� 
 �Im � j� � H �

� and

H �
�

D
�� G� hence

H �
� �

q D
�� G �q

Now the middle simulation may be written as

H �
� � �In � j�

C
�� �Im � j� �H �

�

hence we may apply Lemma ���� �a� to get

H �
� �

p C
�� H �

� �
q

All these obeservations show that

F �p
B

�� H �
� �

p C
�� H �

� �
q D
�� G �q

hence
F �p

A
�� G �q

�
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���� Duality

The duality studied in the acyclic case �De�nition ����� may be extended to the cyclic case
by using the duality rule�

�f �p�o 
 �f o� �p� for f � m� p � n� p�

The dual expression corresponding to a �ownomial expression

F 
 ��Im � x� � f � �i�x�� m � n

is a �ownomial expression

F o � n � m in �IF�EXP �Xo� T o�� h� db � ���������������������� � � XX �

where

� Xo�m�n� 
 fxo � x � X�n�m�g�

hence in Xo the functions io� oo � Xo � IN which specify the inputs and the outputs�
respectively� are obtained by interchanging the ones of X� i�e� io�xo� 
 o�x� and
oo�xo� 
 i�x�� and

� �T o� h� db � ���������������������� � � XX � is the dual theory associated to T �

Namely�

F o 
 ���Im � x� � f� �i�x��o


 ��Im � x� � f�o� ���������������������� i�x�


 �f o db �Im � xo�� ���������������������� oo�xo�


 ��In � xo� db f o� ���������������������� io�xo� by R�

Written for pairs� the duality means

�x� f�o 
 �xo� f o�

Finally� let us see what we get by dualising a simulation

F 
 �x� f� �u G 
 �y� g�

The simulation means
f � �In � i�u�� 
 �Im � o�u�� � g

and by duality this gives

�In � io�uo�� db f o 
 go db �Im � oo�uo��

Hence
F o 
 �xo� f o� uo� Go 
 �yo� go�

It is clear that if u obeys a restriction xy� the uo obeys the dual restriction �xy�o� Conse�
quently�

Fact ���� By duality a simulation changes its sense and its restriction is replaced by the
dual one� �
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��� Short comments and references

This chapter is a technical one� It is based on Chapter C of �Ste����

The enzymatic rule via general functions is used in �ArM��� under the name  functo�
riality rule�� a name which was also used in our previous papers� In an implicit way
the enzymatic rule for functions appear in the axiomatization of iteration theories in
�Esi��� BlEs��a��

The simulation relation we are using here has the roots in the corresponding equiv�
alence relations used in �Gog��� Elg��� where a kind of simulation via functions is
present� Simulations via various classes of relations are used in �Ste��a� Ste��b�
CaS��a�� In a more abstract setting they are present in �CaS����

The example in section ����� is from �CaS����



Chapter �

Deterministic one�way behaviour
�a���ow�

The one�way behaviour we a studying here is �half� of the standard input�output behaviour�
It may be described as follows�

Suppose the behaviour of the many�inputs�many�outputs objects is given by tuples of
single�input�many�outputs ones� Then the set of all step�by�step computation sequences
associated to a �single�input� �owgraph may be described using the regular tree obtained
by a completely unfolding of the given �owgraph� Two �owgraphs are considered equivalent
here i	 they unfold into the same tuple of trees�

The main result of this chapter shows that the a���ow structure gives a correct and
complete axiomatisation of �owgraphs modulo this equivalence� Consequently� in order to
cope with the axiomatisation of the classes of one�way equivalent �owgraphs one has to
add to the axiomatisation of �owgraphs modulo graph�isomorphism a few simple axioms�
the strong axioms and the enzymatic rule for functions�

The proofs are given in the abstract setting� namely in the case the theory for connec�
tions is an arbitrary a���ow�


�� Characterization theorem a�
��� 	 a�

���minimization


In what follows we prove a characterization theorem for the equivalence relation generated
by simulation via functions� namely

a

�� 


a	
�� �

a�
�� �

a�
�� �

a	
��

This means that

two �owgraphs are
a


���equivalent

if and only if by

��� reduction �i�e� by identi�cation of vertices that have the same label and whose
outgoing connections become identical after identi�cation� and

��� deletion of vertices with no incoming paths from the entries �
 nonaccessible�

���



C R � R S C O W V OUR �a� OW� ��

Table ���� Is x � y � y � x � �case a��

y
x

a	
��

a�
��

a�
��

a	
��

a	
�� Obvious
a�
�� ��� Obvious
a�
�� ��� ��� Obvious
a	
�� ��� ��� ��� Obvious

both �owgraphs may be brought to the same form�

The context for proving this theorem is that of an algebraic theory T endowed with a
feedback operation� So that T is supposed to be an a��strong b��ssmc� The core of the

proof is given by the commuting relations between the elementary simulations
a�
���

a	
��

and their converses� �See Table ���� We also suppose here that the �owgraphs we use are
in INF��X� T ��m�n�� for some m�n � M �

Lemma ��

a�
�� �

a	
�� �

a

�� �

a	
�� �

a�
��� when T is a b��ssmc�

Proof� The �rst inclusion obviously holds true�
For the second one� suppose we are given two similar pairs

F � 
 �x�� f ��
a

��u F

�� 
 �x��� f ���

This means
��� f � �In � i�u�� 
 �Im � o�u�� f ��

Function u � a��IRelX�x�� x��� may be written as a composite of a surjection and an injection�
say

u 
 us � ui

with us � a��IRelX�x�� x� and ui � a
�IRelX�x� x���� Then there exist a function vs �
a��IRelX�x� x�� such that vs �us 
 Ix and an �eventually partial� function � vi � x�� � x such
that ui � vi 
 Ix�

Take the pair

F 
 �x� f� with f 
 �Im � o�vs�� f
� �In � i�us��

We show that
F � ��us F ��ui F

��

Indeed� the left relation gives a simulation by

�The function vi is partial in the case x�� contains some letters that does not occur in x�
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�Im � o�us�� � f 
 �Im � o�us vs�� f
� �In � i�us�� def f


 �Im � o�us vs�� f
� �In � i�us ui vi��


 �Im � o�us vs�� f
� �In � i�u�� �In � i�vi��


 �Im � o�us vs u�� f �� �In � i�vi�� by ���


 �Im � o�us ui�� f
�� �In � i�vi��


 f � � �In � i�u vi�� by ���


 f � � �In � i�us��

and the right one by

f � �In � i�ui�� 
 �Im � o�vs�� f
� �In � i�us ui�� def f


 �Im � o�ui�� � f �� by ���

�

Using the converse relations we get

Lemma ���
a	
�� �

a�
�� �

a

�� �

a�
�� �

a	
��� when T is a b��ssmc� �

Lemma ���
a�
�� �

a�
�� �

a�
�� �

a�
��� when T is a b��ssmc�

Proof� Suppose

F � a�
��u� F u��

a�
�� F ��

Using isomorphic representations for F �� F and F �� we may suppose that

F � 
 �a� b� f ��� F 
 �a� b� c� d� f�� F �� 
 �b� c� f ���
u� 
 Ia�b ��c�d and u�� 
 �a � Ib�c ��d

The simulations show that

��� f � � �In � i�Ia�b ��c�d�� 
 �Im � o�Ia�b ��c�d�� � f and

��� f �� � �In � i��a � Ib�c ��d�� 
 �Im � o��a � Ib�c ��d�� � f

Take the pair

F 
 �b� f� with f 
 �Im � o��a � Ib ��c�d�� � f � �In � i��a � Ib ��c�d��

We show that
F �

�a�Ib

a�
�� F

a�
��Ib��c

F ��

Indeed� in the left part we have a simulation since

f � �In � i��a � Ib��


 �Im � o��a � Ib ��c�d�� � f � �In � i��a � �a � Ib ��c�d�� def f


 �Im � o�Ib ��c�� � f �� � �In � i��a � Ib�c ��d� � i��a � �a � Ib ��c�d�� by ���


 �Im � o�Ib ��c�� � f �� � �In � i��a � Ib�c ��d� � i�Ia � Ib ��c�d��


 �Im � o��a � Ib ��c�d�� � f � �In � i�Ia�b ��c�d�� by ���


 �Im � o��a � Ib�� � f � � �In � i�Ia�b ��c�d� � i�Ia�b ��c�d�� by ���


 �Im � o��a � Ib�� � f �
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and in a similar way one may prove that in the right part we have a simulation� too� �

Lemma ���
a�
�� �

a	
�� �

a	
�� �

a�
��� when T is an a��strong b��ssmc�

Proof� Let
F �

u�
a�
�� F

a	
��u�� F

��

Using an isomorphic copy of F � we may suppose

F � 
 �a� b� f ��� F 
 �a� f� and u� 
 Ia ��b

Let F �� 
 �c� f ���� The simulations give

��� f � �In � i�Ia ��b�� 
 �Im � o�Ia ��b�� � f � and

��� f � �In � i�u���� 
 �Im � o�u���� � f ��

Take the pair
F 
 �c� b� f�

where

f 
 �f �� �In � i�Ic ��b�� � ��m � o��a � Ib�� f
� �In � i�u�� � Ib��� � �n�i�c�b�

We show that
F � a	

��u���Ib
F Ic��b

a�
�� F ��

Indeed� for the left part we may compute

�Im � o�u�� � Ib�� � f


 ��Im � o�u���� f �� �In � i�Ic ��b��

� ��m � o��a � Ib�� f
� �In � i�u�� � Ib��� � �n�i�c�b� def f


 �f �In � i�u�� ��b��

� ��m � o��a � Ib�� f
� �In � i�u�� � Ib��� � �n�i�c�b� by ���


 ��Im � o�Ia ��b�� f
� �In � i�u�� � Ib��

� ��m � o��a � Ib�� f
� �In � i�u�� � Ib��� � �n�i�c�b� by ���


 f � � �In � i�u�� ��b�� by �Ca	 �mor�

and for the right part the computation is

�Im � o�Ic ��b�� � f


 �f �� �In � i�Ic ��b��

� ��m � o��a ��b�� f
� �In � i�u�� � Ib��� � �n�i�c�b� def f


 �f �� �In � i�Ic ��b�� by �Ca��mor�

�

Using the converse relations we have



C R � R S C O W V OUR �a� OW� ��

Lemma ���
a	
�� �

a�
�� �

a�
�� �

a	
��� when T is an a��strong b��ssmc� �

Lemma ���
a	
�� �

a	
�� �

a	
�� �

a	
��� when T is an a��strong b��ssmc�

Proof� Suppose
F �

u�
a	
�� F

a	
��u�� F

��

where F � 
 �x�� f ��� F 
 �x� f� and F �� 
 �x��� f ���� It follows that

��� f � �In � i�u��� 
 �Im � o�u��� � f � and

��� f � �In � i�u���� 
 �Im � o�u���� � f ��

For a funnction g � p � q we denote by

Ker�g� 
 f�j� k� � j� k � �p� and g�j� 
 g�k�g

Let � be the least equivalence relation on �jx j� which contain both Ker�u�� and Ker�u����
By Observation ���� � may be constructively de�ned by

j � k �

���
��

there exists a sequence of elements in �jx j� denoted by
n�� � � � � nr with n� 
 j and nr 
 k� such that
�ns� ns��� � Ker�u�� � Ker�u���� for every s � r

Relation � inherits from Ker�u�� and Ker�u��� the property that it does not identify elements
j� k � �jx j� with xj �
 xk� Hence � may be represented as

� 
 Ker�u�

for a u � a��IRelX�x� x�� Let z� � x� � x and z�� � x�� � x denote the induced multisorted
surjections which satisfy the condition

u� � z� 
 u 
 u�� � z��

For j � �jx j� denote by fj the component of f corresponding to the outputs of xj� i�e�

fj 
 ��m�o�x������xj��� � Io�xj� ��o�xj�������xjxj�� � f

The simulations u� and u�� show that

�j� k� � Ker�u�� � fj � �In � i�u��� 
 fk � �In � i�u��� and

�j� k� � Ker�u��� � fj � �In � i�u���� 
 fk � �In � i�u����

respectively� Using u� � z� 
 u 
 u�� � z�� we get

�j� k� � Ker�u�� � Ker�u��� � fj � �In � i�u�� 
 fk � �In � i�u��

and this implication may easily be extended to �j� k� � Ker�u� using the above constructive
de�nition of Ker�u� �
 ��� This shows that

�$� f � �In � i�u�� 
 �Im � o�u v�� � f � �In � i�u��� for every v with v � u 
 Ix�



C R � R S C O W V OUR �a� OW� ��

Now we construct a pair

F 
 �x� f� with f 
 �Im � o�v�� � f � �In � i�u��

where v � a
�IRelX�x� x� is a right inverse for u� i�e� v � u 
 Ix�

With this de�nition of F we may prove that

F � a	
��z� F z��

a	
�� F ��

Indeed� for the left simulation� take a v� � a
�IRelX�x�� x� such that v� � u� 
 Ix�� Then

f � � �Im � i�z��� 
 �Im � o�v� u��� f � �In � i�z���


 �Im � o�v��� f �In � i�u� z�� by ���


 �Im � o�v��� f �In � i�u��


 �Im � o�v� u v�� f �In � i�u�� by �$�


 �Im � o�z��� �Im � o�v�� f �In � i�u�� by v�u 
 v�u�z� 
 z�


 �Im � o�z��� � f def f

For the right simulation the computation is similar� �

Combining the above lemmas we get the following result�

Theorem ��� �characterization theorem for
a


���
Let T be an a��strong b��ssmc endowed with a feedback operation� Then the following

equality holds in INF��X� T ��

a

�� 


a	
�� �

a�
�� �

a�
�� �

a	
�� �

Proof� We know that
a	
���

a�
���

a	
�� and

a�
�� are re�exive and transitive relations�

Moreover� from Lemmas ��� and ��� it follows that

a

�� �

a	
�� �

a�
�� and

a

�� �

a	
�� �

a�
��

respectively� Hence

F
a


�� F � i	 �n � � � F �nF �

where � 

a	
�� �

a�
�� �

a�
�� �

a	
��� Using the commuting lemmas �������� it follows that

all the relations � �
a	
��� � �

a�
��� � �

a	
�� and � �

a�
�� are included in �� hence � is a

transitive relations� This gives
a


�� 
 �

�

The minimization of �owgraphs with respect to the
a


���equivalence is based on the
above theorem� First we give some de�nitions�

De�nition ��� �isomorphic and minimal pairs
 reductions�
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� Given an equivalence relation � on pairs we say the pair �x� f� is ��minimal if there
is no �x�� f �� � �x� f� with jx� j � jx j�

� The relations
a	
�� and

a�
�� are reductions� i�e� if �x� f�

a	
�� �x�� f �� or �x� f�

a�
�� �x�� f ��

then jx� j � jx j�

� The relation
a�
�� is also called isomorphism�

�

Now the following corollaries may be obtained�

Corollary ��	 Two
a


���minimal and equivalent pairs are isomorphic� �

Corollary ��
� A pair F is
a


���minimal if and only if �F
a	
�� F � and F

a�
�� F �� implies

F
a�
�� F �� �


�� The input behaviour

De�nition ��

 �input behaviour
 � deterministic case�
A �owgraph may use blocks with multiple�entries�multiple�exits� We suppose here

that their meaning may be speci�ed by tuples of single�entry elements� hence we are
working in an algebraic theory� Consequently� we may replace all the variables with one�
entry�multiple�exits variables�

For an input into the �owgraph let us consider the unfoldment of the �owgraph into
tree starting from the speci�ed input� Such a tree is called a regular �or 
nit index� tree�

Finally� by the input �step�by�step� behaviour of the �owgraph we mean the tuple of the
regular trees obtained as above for each input� �

How may one get an algebraic calculus for this kind of behaviour of �owgraphs� Our
answer in the a��Flow�Calculus� de�ned below in a more abstract setting�

De�nition ��
� �xy�Flow�Calculus
 xy��ownomials�
Let x � fa� b� c� dg and y � f�� 
� �� �g�

�� The xy�Flow�Calculus is the calculus obtained from the a��Flow�Calculus correspond�
ing to �owgraphs by adding�

� the conditions of commutation of xy�constants with arbitrary morphisms �i�e�
Cxy�mor in Table ���� and

� the enzymatic rule for the looping operation corresponding to xy�morphisms
�i�e� Enzxy de�ned in De�nition �����

�� An xy��ownomial is a class of �ownomial expressions corresponding to �xy� where
�xy is the congruence relation with property Enzxy generated by the relation Cxy�var
in Table ����

�

Theorem ��
� �see for example �Ste�
a��
The algebra R�X� of regular trees over X is isomorphic to the algebra of IF�a
�X� IPfn�

of
a


���minimal �owgraphs� �
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�� Correctness of a��Flow�Calculus


���� Extending a���ow structure form T to IF�a��X�T �

Theorem ��� may be used to prove that the equivalence relation generated by simulation
via functions satis�es the enzymatic rule� Before this� we simplify a bit the enzymatic
axiom in this particular case�

Proposition ��
� In an a���ow over an algebraic theory �i�e over a strong a��ssmc�
axiom Enza� holds�

Proof� According to Lemma ���� it is enough to show that Enzf�qg holds for an arbitrary
q� Suppose f � m � n and g � m� q � n� q are such that

��� f � �In ��q� 
 �Im ��q� � g

Then

g �q 
 ��Im ��q ��m � Iq� � �m�q � g� �q


 ���Im ��q� g � ��m � Iq� g� � �n�q� �q by �Ca	 �mor�


 ��f �In ��q� � ��m � Iq� g�� � �n�q� �
q by ���


 ��f � Iq� � �In � ��m � Iq� g� � �In ��q � In�q� � �n�q� �
q


 f � ��In � ��m � Iq� g� � ��n � Iq�� �
q


 f � �In ��m � �g �q�� � �n


 f � �In ��n� � �n by �Ca��mor�


 f

 f �	

�

Using this proposition and Theorem ��� we get

Theorem ��
� It T is an a���ow� then in IF��X� T � the relation
a


�� ful
ls Enza
�

Proof� Corollary ���� shows that IF��X� T ��
a


�� is an a���ow over an algebraic theory� By
the above it obeys Enzf�qg� Up to a composition with some bijections� every a��morphism
is a sum of elements of the type �k

p� k � �� Finally� by using Lemma ���� the problem is
reduced to the veri�cation of Enzu for u 
 �k

p and k � ��
Let F � IF��X� T ��m� kp� n� kp� and G � IF��X� T ��m� p� n� p� be such that

F � �In � �k
p�

a

�� �Im � �k

p� �G

We may suppose that G 
 �x� g� is an
a


���minimal pair� It follows that �Im � �k
p� � G is

minimal� too�

Indeed� suppose �Im � �k
p� � G is not minimal� Then� it has an e	ective reduction

�Im � �k
p� �G

a	
�� H or �Im � �k

p� �G
a�
�� H for an H 
 �y� h� with jy j � jx j� By a

left composition with Im � �Ip ���k���p� we get an e	ective reduction of G� and this
is impossible since G is minimal�
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By using Theorem D�� we get

F � �In � �k
p�

a	
�� �

a�
�� �Im � �k

p� �G

Now the desired equivalence

F �kp
a


�� G �p

follows from Lemma ���� applied for A 
 a�� B 
 a�� C 
 a� and D 
 a
� The conditions
there hold true� Only condition ��� that lemma requires some attention� We check it in
some details below� Recall that it is�

H u
a�
�� �Im � �k

p� �G � �H � � H 
 �Im � �k
p� �H

� " H �
u

a�
�� G

If H 
 �y� h�� the simulation shows that

�Im�p � o�u�� h 
 �Im � �k
p � Io�x�� g �In�p � i�u��

hence
��m � Ikp ��o�y�� h 
 �k

p g
�

where g� 
 ��m � Ip ��o�x�� g �In�p � i�u���
Now� take the pair

H � 
 �y� h��

where
h� 
 ��Im ��kp�o�y�� h� g� � ��m�kp � Io�y�� h� ��

n�p�i�y�

Then it is obvious that
�Im � �k

p� H
� 
 H

Moreover�
H �

u� G

follows by

�Im�kp � o�u�� � ��Im ��kp�o�y�� h� g� � ��m�kp � Io�y�� h� � ��
n�p�i�y�


 ��Im ��kp�o�y�� h� ��m � Ip ��o�x�� g �In�p � i�u�� � ��m�kp � o�u�� h� � ��
n�p�i�y�


 ��Im ��kp�o�x�� g �In�p � i�u�� � ��m � Ip ��o�x�� g �In�p � i�u��

� ��m�p � Io�x�� g �In�p � i�u��� � ��
n�p�i�y�


 g � �In�p � i�u��

�

Corollary ��
� �
a


�� 
 �a
�
The equivalence relation generated by simulation via a��morphisms coincides with the

equivalence relation generated by Ca
�var in the class of the equivalence relations satisfying
Enza
� i�e� shortly

a

�� 
 �a
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Proof� It follows by Proposition ���� and Theorem ����� �

Finally� combining Theorem ���� and Corollary ���� we get the following theorem which
shows that the a���ow structure is preserved when one passes from the support theory of
connections to the classes of similar pairs�

Theorem ��
� If T is an a���ow� then IF�a
�X� T � is an a���ow� too�


���� Correctness Theorem

The above theorems �Theorem ���� and ����� show that the a��Flow�Calculus is correct
with respect to the input behaviour� in the case of concrete deterministic �owgraphs� i�e�
over IPfn�


�� Completeness of a��Flow�Calculus with respect

to the input behaviour

In order to get the meaning of the a���ownomials we combine Corollary ����� and Theorem
���� with the observation that the morphism �� in Theorem ���� obtained in the particular
case when Q 
 RX and when �IPfn and �X are the natural embeddings of IPfn and X into
RX is the unfolding of �owgraphs� Hence�

Theorem ��
� �a���ownomials � input behaviours of �owgraphs�

The algebras IF�EXP �X� IPfn���a
� INF��X� IPfn��
a


�� and RX are isomorphic� �

Corollary ��
	 The following conditions are equivalent for two �ownomial expressions E
and E � in IF�EXP �X� IPfn��

�� E �a
 E
�

�� nf�E�
a


�� nf�E ��

�� The �owgraphs associated to E and E � unfold into the same tuple of trees�

�� The computation processes denoted by E and E � have the same computation sequences�
�


�� Universality of a���ownomials

Theorem ���� �universality of a���ownomials�
Let T be an a���ow�

�i� The algebra IF�EXP �X� T ���a
 of a���ownomials is an a���ow and it is isomorphic

to the algebra IF��X� T ��
a


�� of the classes of
a


���equivalent �owgraphs�
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�ii� There exist two embedings Ea

X and Ea


T of X and T into IF�a
�X� T �� respectively�
where Ea


X is a function and Ea

T is a morphism of a���ows� such that for every a��

�ow Q and every pair ��X � �T �� where �X � X � Q is a function and �T � T � Q is a
morphism of a���ows� there exists a unique morphism of a���ows �� � IF�a
�X� T � �
Q such that Ea


X � �� 
 �X and Ea

T � �� 
 �T � �

IPfn is the initial a���ow in the category of a���ows� By applying the above theorem in
this particular case T 
 IPfn we get the following corollary�

Corollary ���
 �free a���ow�
IF�a
�X� IPfn� is the a���ow freely generated by X� �


�� The dual version� output behaviour 	d���ow


All the results given in this chapter holds in the dual case� i�e� replacing a� by d�� In this
dual form� the behaviour of a multiple�entries�multiple�exits variable may be speci�ed by
a tuple of multiple�entries�sigle�exit ones� After such a transformation for every output
the resulting �owgraph may be unfolded into a �regular� tree� but now towards the inputs�
The resulting tuple of regular tree gives the output behaviour of the �owgraph�


�� Short comments and references

The results of this chapter are from �Ste��a�� We have followed the presentation in
Chapter D� sec� ��� of �Ste����

In the particular case of �owgraphs connected by partial functions a stronger result
is provided by the equational axiomatisation of regular trees obtained by Esik� see
�Esi���� Esik�s ideea was to replace the enzymatic axiom for functions by an weaker
equational version� A problem with Esik�s axiom is the fact that it is a di�cult� global
one and up to now there is no better axiomatisation than the original one given in
����� See �BlEs��a� for more informations�

The dual case of data�ow networks is based on Broy�s model of stream processing
functions� See �Bro��a� Bro��b� BrS����



Chapter 	

Nondeterministic one�way behaviour

In this short chapter we study the input behaviour of nondeterministic �owcharts� The
main axiomatisation result is just a combination of the above theorem �a���ow� and the
axiomatisation of �owgraphs with arbitrary d��constants� This simple extension is im�
portant since for single�input�single�output atoms� two �owgraphs have the same input
behaviour i	 they are bisimilar�

��� Axiomatising bisimilar �owgraphs

The words �deterministic� and �nondeterministic� should be used with some care in the
present calculus� We have an abstract calculus and we are free to use any kind of theory
for connections� providing the hypotheses we use hold true� For example� the results in the
previous chapter �except for the meaning� which was given in the particular case T 
 IPfn�
still work if the connecting theory is IRel�

To clarify the matters� we use the same convention as in Chapter ��

The words �deterministic� and �nondeterministic� refer to the syntactical as�
pects of the calculus�

Hence� what we have to do here is to add nondeterminism to the syntactic part� hence
to use a d��ssms with feedback�

Why this is a sepatate chapter� Because the meaning of the
a


���equivalence is very
impotrant� Namely� the following result has been proved in �BeS��� BeS��a��

Theorem 	�
 �for �owgraphs over IRel�
a


���equivalence � bisimulation�
When the support theory is IRel and we are using only single�entry�single�exit variables

the
a


���equivalence coincides with bisimulation� �

Now the main result of this chapter is a corollary of Theorem ��� and of the result of
the previous chapter�

Theorem 	�� If T is an d��ssmc with feedback� then

� �Correctness� IF�a��X� T � is an d��ssms with feedback�

� �Completeness� The rules of a���ow and d��ssmc with feedback are complete for �ow�
graphs with single�entry�single�exit variables modulo bisimulation� �

���



C R 
 O R S C O W V OUR

��� Short comments and references

Bisimulation is a standard equivalnce used in the algebraic studies on concurent pro�
cesses� It was introduced in �Park��� in connection with Milner�s work on concurrency
�Mil��� Mil���� See also �BeK��� BaW��� BenT��� BlET����

The main result of this chapter is based on �BeS��� BeS��a� where it is shown that
bisimulation is the equivalence relation generated by simulation via functions in a
nondetrministic setting�

� It is a bit strange to see such a late integration of the process algebra and the algebra
of �owchart schemes� both having their roots in Kleene regular algebra��



Chapter 
�

Deterministic input�output
behaviour �b���ow�

This chapter is devoted to the study of the input�output step�by�step behaviour of deter�
ministic �owgraphs�

In order to get an axiomatisation for this behavious of �owgraphs the b���ow is used�
Such a structure is obtained adding the strong axioms and the enzymatic rule for partial
functions to the graph�isomorphism axioms�

The main result of this chapter shows that this structure give a correct and complete
axiomatisation for the input�output behaviour of deterministic �owgraphs�

���� Characterization theorem for b�
��� 	 b�

���minimization


In this b� case we use simulation via partially de�ned functions and we look for a theorem
similar to Theorem ��� proved in the a� case� Actually we shall prove that

b

�� 


b�
�� �

a	
�� �

a�
�� �

a�
�� �

a	
�� �

b�
�� �

This means that two normal form �ownomial expressions are
b


���equivalent i	 by

��� deletion of noncoaccessible vertices �i�e� vertices for which no path reaching an output
does exist��

��� reduction� and

��� deletion of nonaccessible vertices

the associated �owgraphs may be brought to the same form�

We start with the proof of some commutation lemmas for the elementary simulations

that appear� Since in the characterization theorem we want to prove for
b


�� the simulations
a�
���

a	
�� and their converses occur in the same order as in Theorem ��� the commutation

lemmas used in the a� case are still useful here� So that it remains to prove

� the commutations of the simulations
b�
�� and

b�
�� with the other ones�

���
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Table ����� Is x � y � y � x � �case b��

y
x

b�
��

a	
��

a�
��

a�
��

a	
��

b�
��

b�
�� Obvious
a	
�� ���� Obvious
a�
�� ���� ��� Obvious
a�
�� ���� ��� ��� Obvious
a	
�� ���� ��� ��� ��� Obvious
b�
�� ���o ����op ����op ����op ����op Obvious

The commutation
b�
�� �

b�
�� �

b�
�� �

b�
�� follows from Lemma ��� by duality� and the

other ones in the bottom line of Table ��� are converses of some ones occuring in the left
hand side column of that table� So that

� four cases remain to be proved� the commutations of the simulations
a	
���

a�
���

a�
��

and
a	
�� with

b�
���

�See Table ������
The general framework we shall use here is given by a support theory T which is a b��

ssmc equipped with a feedback operation� Sometimes we shall use the following hypothesis�

�IP� if f � �y� � y�� 
 g ��q then f 
 f � �In ��p � �p��
where f � T �m�n� p� and both y� and y��� p � q� are a��morphisms�

Actually� this hypothesis IP says that if after some identi�cations of the outputs of f certain
outputs become dummy� then these outputs where dummy before the identi�cation� too�

Lemma 
��

a	
�� �

b�
�� �

b�
�� �

a	
��� when T is a strong b��ssmc that satis
es

condition IP�

Proof� Let
F � a	

��u� F
b�
��u�� F

��

By using isomorphic representations we may suppose that

F � 
 �a� b� f ��� F 
 �c� d� f�� F �� 
 �c� f ��� and
u� 
 u� � u� �where u� � a � c�� u�� 
 Ic ��d�

The given simulations show that�

��� f � �In � i�u� � u��� 
 �In � o�u� � u��� f and

��� f �In � i�Ic ��d�� 
 �Im � o�Ic ��d�� f ���

Take the pair

F 
 �a� f� where f 
 �Im � o�Ia ��b�� f
� �In � i�Ia ��b��

We show that
F � b�

��Ia��b F
a	
��u� F

��

For the right simulation is easy�
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f � �In � i�u��� 
 �Im � o�Ia ��b�� f
� �In � i�u� ��b��


 �In � o�Ia ��b�� f
� �In � i�u� � u��d��


 �Im � o�u� ��b � u��� f �In � i�Ic ��d�� by ���


 �Im � o�u� ��d � �d�� � f �� by ���


 �Im � o�u��� � f ��

For the left one� �rst note that ��� and ��� implies

f � � �In � i�u� ��b�� 
 �Im � o�u� ��b�� � f ��

hence

��m � o��a � Ib�� � f � � �In � i�u� ��b�� 
 ��m � o��c ��b�� � f ��


 �n�i�c� by �Ca��mor�

Applying hypothesis IP for surjection In � i�u�� one gets

��� ��m � o��a � Ib�� � f � � �In � i�Ia ��b��


 ���m � o��a � Ib�� f
� �In � i�Ia ��b�� � �n�i�a� � �n�i�a�


 �b � �n�i�a� by �Cb��mor�

Finally�

�Im � o�Ia ��b�� � f


 �Im � o�Ia ��b � �b�� f
� �In � i�Ia ��b��


 � �Im � o�Ia ��b�� f
� �In � i�Ia ��b��

� ��m � o��a ��b � �b � Ib�� f � �In � i�Ia ��b�� � � �n�i�a� by �Ca	 �mor�

Using ��� one may eliminate the underlined term and gets

�Im � o�Ia ��b�� � f 
 f � � �In � i�Ia ��b�� by �Ca	 �mar�

�

Lemma 
���
a�
�� �

b�
�� �

b�
�� �

a�
��� when T is a b
�ssmc�

Proof� Let
F � a�

��u� F
b�
��u�� F

��

Using isomorphic representations we may suppose that

F � 
 �a� b� f ��� F 
 �a� b� c� d� f�� F �� 
 �b� c� f ��� and
u� 
 Ia�b ��c�d� u�� 
 �a � Ib�c ��d�

The simulations show that�

��� f � � �In � i�Ia�b ��c�d�� 
 �Im � o�Ia�b ��c�d�� � f and

��� f � �In � i��a � Ib�c ��d�� 
 �Im � o��a � Ib�c ��d�� � f ���



C R � R S C O V OURS �b� OW� �

Take

F 
 �b� f� where f 
 �Im � o��a � Ib ��c�d�� f �In � i��a � Ib ��c�d��

We show that
F � b�

���a�Ib
F

a�
��Ib��c

F ��

Indeed� for the left simulation we may compute

�Im � o��a � Ib�� � f


 �Im � o��a � �a � Ib ��c�d�� f �In � i��a � Ib ��c�d��


 �Im � o��a � �a � �a � Ib ��c ��d � �d�� f �� �In � i�Ib ��c�� by ���


 �Im � o�Ia�b ��c�d�� f �In � i��a � Ib ��c�d�� by ���


 f � �In � i��a � Ib ��c�d � �c�d�� by ���


 f � � �In � i��a � Ib��

In a similar way one may check that the condition for the right simulation holds� �

Lemma 
���
a�
�� �

b�
�� �

b�
�� �

a�
��� when T is an a��strong b��ssmc�

Proof� Let
F �

u�
a�
�� F

b�
��u�� F

��

Using isomorphic representations we may suppose that

F � 
 �a� b� c� f ��� F 
 �a� b� f�� F �� 
 �a� f ��� and
u� 
 Ia�b ��c� u�� 
 Ia ��b�

The simulations show that�

��� f � �In � i�Ia�b ��c�� 
 �Im � o�Ia�b ��c�� � f � and

��� f � �In � i�Ia ��b�� 
 �Im � o�Ia ��b�� � f ���

Take

F 
 �a� c� f� where f 
 �Im � o�Ia ��b � Ic�� f
� �In � i�Ia ��b � Ic��

We show that
F � b�

��Ia��b�Ic
F Ia��c

a�
�� F ��

For the right simulation is easy�

�Im � o�Ia ��c�� � f 
 �Im � o�Ia ��b�c�� f
� �In � i�Ia ��b � Ic��


 �Im � o�Ia ��b�� f �In � i�Ia ��b ��c�� by ���


 �Im � o�Ia ��b � �b�� f �� �In � i�Ia ��c�� by ���


 f �� � �In � o�Ia ��c��

For the left one� as above one may show that
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��m � o��a � Ib ��c�� � f
� � �In � i�Ia ��b � Ic��


 ��m � o��a ��b�� f �� �In � i�Ia ��c��


 �b � �n�i�a�c� by �Ca��mor�

and using the algebraic theory rules one gets

f � � �In � i�Ia ��b � Ic�� 
 �Im � o�Ia ��b � �b � Ic�� f
� �In � i�Ia ��b � Ic��


 �Im � o�Ia ��b � Ic�� � f �

Example 
��� In general the inclusion
a	
�� �

b�
�� �

b�
�� �

a	
��� does not hold�

For example� if x � � � � and F� F �� F �� � � � � are given by the pairs

F � 
 �x� I��� F 
 �x� x��� ����� F �� 
 �x��� � ���

then
F � a	

�� F
b�
�� F �� but �F �� F ��� ��

b�
�� �

a	
��

�

Lemma 
���
a	
�� �

b�
�� �

b�
�� �

a	
�� �

b�
��� when T is a strong b��ssmc which

obeys condition IP�

Proof� Let
F �

u�
a	
�� F

b�
��u�� F

��

Using isomorphisms we may order the variables in F as a� b such that u�� 
 Ia��b� Next�
we order the variables in F � as c� e� d� where fjc j� �� � � � � jc j� je jg is the intersection of
the images via u� of the sets f�� � � � � ja jg and fja j��� � � � � ja j�jb jg� Finally� we order again
the variables in a and b corresponding to F as a� � a�� and b�� � b� such that the preimage
via u��� of fjc j� �� � � � � jc j� je jg be fja� j� �� � � � � ja� j� ja�� � b�� jg� Consequently we may
suppose the pairs are of the following type

F � 
 �c� e� d� f ��� F 
 �a� � a�� � b�� � b�� f�� F �� 
 �a� � a��� f ��� and
u�� 
 Ia��a�� ��b���b�� u� 
 u� � �u� � u�� � �e � u
�
where u� � a� � c� u� � a�� � e� u� � b�� � e and u
 � b� � d are a��morphisms�

The simulations show that�

��� f � �In � i�u� � �u� � u�� �e �u
�� 
 �Im � o�u� � �u� � u�� �e �u
�� � f � and

��� f � �In � i�Ia��a�� ��b���b��� 
 �Im � o�Ia��a�� ��b���b��� � f ���

Take the pairs

F 
 �c� f� where f 
 �Im � o�Ic ��e�d�� f
� �In � i�Ic ��e�d��

and
%F 
 �a�� %f� where %f 
 �Im � o�Ia� ��a���� f

�� �In � i�Ia� ��a����

We show that
F � b�

��Ic��e�d F u�

a	
�� %F Ia���

a��
b�
�� F ��

One may check that the condition for the middle simulation as follows
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�Im � o�u��� � f


 �Im � o�u� ��e�d�� f
� �In � i�Ic ��e�d��


 �Im � o�Ia� ��a���b���b��� �Im � o�u� � �u� � u�� �e �u
��

� f � �In � i�Ic ��e�d��


 �Im � o�Ia� ��a���b���b��� f �In � i�u� ��a���b���b��� by ���


 �Im � o�Ia� ��a�� ��b���b� � �b���b��� f �� �In � i�u� ��a���� by ���


 %f � �In � i�u���

For the left simulation suppose that v� � c � a�� v� � e � b�� and v
 � d � b� are left
inverses of u�� u� and u
� respectively� Hence

f � � �In � i�Ic ��e�d��


 �Im � o�v�u� � ��a�� u� � v�u�� �e �v
u
�� f
� �In � i�Ic ��e�d��


 �Im � o�v� ��a�� � v� � v
�� f �In � i�u� ��a���b���b��� by ���


 �Im � o�v� ��a�� ��e�d�� f �� �In � i�u� ��a���� by ���

If we compose on left with Im � o�Ic ��e�d � �e�d� then the last term remains unchanged�
Hence�

� � f � � �In � i�Ic ��e�d�� 
 �Im � o�Ic ��e�d � �e�d�� f
� �In � i�Ic ��e�d��


 �Im � o�Ic ��e�d��f

Finally� for the right simulation� let us �rst note that

��m � o��a� � Ia���� � f �� � �In � i�u� ��a����


 ��m � o��a� � Ia�� ��b���b� � �
b���b��� f �� �In � i�u� ��a����


 ��m � o��a� � Ia�� ��b���b��� f �In � i�u� ��a���b���b��� by ���


 ��m � o��a� � Ia�� ��b���b��� f �In � i�u� � ��u� � u�� �e �u
��e�d��


 ��m � o��a� u� � �u� ��b�� u�� �e ��b� u
�� f
� �In � i�Ic ��e�d�� by ���


 ��m � o��c � u� ��d�� �In � o�Ic ��e�d � �e�d�� f
� �In � i�Ic ��e�d�� by �$�


 ��m � o��c ��a�� � �e ��d�� f
� �In � i�Ic ��e�d��


 �a�� � �n�i�c� �Ca��mor�

Applying hypothesis IP for the a��morphism In � i�u�� we get

�  � ��m � o��a� � Ia���� � f �� � �In � i�Ia� ��a����


 ��m � o��a� � Ia���� f
�� ��n � �n � i��a� � �a� ��a����


 �a�� � �n�i�a�� by �Cb��mor�

Now the requested identity follows by

�Im � o�Ia� ��a���� � %f


 �Im � o�Ia� ��a�� � �a���� f
�� �In � i�Ia� ��a����


 ��Im � o�Ia� ��a���� f
�� �In � i�Ia� ��a����

� ��m � o��a� ��a�� � �a�� � Ia���� f �� �In � i�Ia� ��a����� � �a�i�a�� by �Ca	�mor�


 ��Im � o�Ia� ��a���� f
�� �In � i�Ia� ��a���� ��a�� � �n�i�a��� � �a�i�a�� by �Ca��mor�


 � �Im � o�Ia� ��a���� f
�� �In � i�Ia� ��a����

� ��m � o��a� � Ia���� f
�� �In � i�Ia� ��a����� � �n�i�a�� by �$$�


 f �� � �In � i�Ia� ��a���� by �Ca	�mor�
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Besides these commuting lemmas we need the following decomposition result showing

that
b

�� and

a�
�� �

a	
�� �

b�
�� generate the same equivalence relation�

Lemma 
���
b

�� �

b�
�� �

a

��� when T is an a��strong b��ssmc and obeys condition

IP�

Proof� Suppose

F � b

��u F

��

Using isomorphisms we may suppose that

F � 
 �a� b� f ��� F �� 
 �c� d� f ��� and
u 
 �Ia ��b� v �Ic ��d� for an a��morphism v � a � c�

This means

��� f ��In � i��Ia ��b� v �Ic ��d��� 
 �Im � o��Ia ��b� v �Ic ��d���f
���

Take the pair

F 
 �a� f� where f 
 �Im � o�Ia ��b�� � f
� � �In � i�Ia ��b��

We show that
F � b�

��Ia��b F
a

��v�Ic��d�

F ��

For the right simulation it is easy to see that

f � �In � i�v�Ic ��d��� 
 �Im � o�Ia ��b�� f
� �In � i��Ia ��b� v �Ic ��d���


 �Im � o��Ia ��b�b� v �Ic ��d��� f
�� by ���


 �Im � o�v�Ic ��d��� � f ��

For the left simulation� let us �rst note that

���m � o��a � Ib�� � f � � �In � i�Ia ��b��� � �In � i�v��


 ��m � o��a � Ib�� f
� �In � i��Ia ��b� v �Ic ��d � �d���


 ��m � o���a ��b� v �Ic ��d��� f
�� �In � i�Ic ��d�� by ���


 �b � �m�i�c�d� � f
���In � i�Ic ��d��


 �b � �n�i�c� by �Ca��mor�

Applying hypothesis IP for surjection In � i�v� we get

� � ��m � o��a � Ib�� � f � � �In � i�Ia ��b��


 ���m � o���a � Ib�� f
� �In � i�Ia ��b��� � �n�i�a� � �n�i�a�


 �b � �n�i�a� by �Cb��mor�

Hence
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�Im � o�Ia ��b�� � f


 �Im � o�Ia ��b�b�� f
� �In � i�Ia ��b��


 ��Im � o�Ia ��b�� f
� �In � i�Ia ��b��

� ��m � o��a ��b�b�� f
� �In � i�Ia ��b��� � �n�i�a� by �Ca	�mor�


 ��Im � o�Ia ��b�� f
� �In � i�Ia ��b�� ��b � �n�i�a�� � �n�i�a� by �Ca��mor�


 ��Im � o�Ia ��b�� f
� �In � i�Ia ��b��

� ��m � o��a � Ib�� f
� �In � i�Ia ��b��� � �n�i�a� by �$�


 f � � �In � i�Ia ��b�� by �Ca	�mor�

�

Using these lemmas we may prove the following

Theorem 
��� �characterization theorem for
b


���
If T is a strong b��ssmc which obeys IP� then in INF��X� T � the following decomposition

holds�
b


�� 

b�
�� �

a	
�� �

a�
�� �

a�
�� �

a	
�� �

b�
�� �

Proof� Lemmas ��� and ���� show that both relations
b

�� and

b�
�� �

a	
�� �

a�
�� generate

the same equivalence relation� Let � 

b�
�� �

a	
�� �

a�
�� �

a�
�� �

a	
�� �

b�
��� It is clear

that
F � b


�� F �� i	 �n � � such that F � �n F ��

hence all we have to show is �n � ��
From the commuting relations presented in Table ���� it follows that

� �
a�
��� � �

a�
��� � �

a	
�� and � �

b�
�� are included in �

In the remaining cases it is neccessary to use the commutation given by Lemma ����
that provides a commutation� but it adds an auxiliary term� Let us see what happens�

In one case is easy�

� �
b�
�� 
 �

b�
�� �

a	
�� �

a�
�� �

a�
�� �

a	
�� �

b�
��� �

b�
��

�
b�
�� �

a	
�� �

a�
�� �

a�
�� � �

a	
�� �

b�
��� �

b�
�� by ���o

�
b�
�� �

a	
�� �

a�
�� �

a�
�� � �

b�
�� �

a	
�� �

b�
��� �

b�
�� by ����

� � by ���������

For the inclusion � �
a	
�� � �� suppose that �F �� F ��� � � �

a	
��u� It follows that for a

surjection u�

�F �� F ��� � �
b�
�� �

a	
�� �

a�
�� �

a�
�� � u�

a	
�� �

b�
��� �

a	
��u

�
b�
�� �

a	
�� �

a�
�� �

a�
�� � u�

a	
�� � �

b�
�� �

a	
��u� �

b�
��� by ����op

�
b�
�� �

a	
�� �

a�
�� �

a�
�� �

b�
�� � u��

a	
�� �

b�
�� �

a	
��u� �

b�
�� by ����

�
b�
�� �

a	
�� �

a�
�� �

a�
�� � u��

a	
�� �

b�
�� �

a	
��u� �

b�
�� by ���������
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It seems that the matters become more complicate� However� a �ne analysis show that

we get a simpli�cation� The simulation
b�
�� between u and u� �in the second line above�

shows that the length of the source of the new morphism u� does not exceed the length of

u�
 moreover� if the lengths are equal� then the additional term
b�
�� disappear �it becommes

a simulation via an isomorphism�� Similarly� in the third line the length of the source of
the new morphism u�� does not exceed the length of the one of u�� Hence� after a �nite
number of transformations as before we get

�F �� F ��� �
b�
�� �

a	
�� �

a�
�� �

a�
�� � u�n

a	
�� �

a	
��un

b�
��

� � by ���� ���� ���

�

This theorem provides techniques to minimize �owgraphs with respect to the input�
output behaviour� In this type of minimization the following reductions are used�

�
a	
�� �identi�cation of vertices having the same label and compatible outgoing con�
nections��

�
a�
�� �deletion of vertices with no incoming paths from the entries of the �owgraph�
and

�
b�
�� �deletion of vertices with no outgoing paths to the exits of the �owgraph��

We get the following corollaries�

Corollary 
��� Two
b


���equivalent and minimal �owgraphs are isomorphic� �

Corollary 
��	 A �owgraph F is
b


���minimal if and only if �F
a	
�� F � or F

a�
�� F � or

F
b�
�� F �� implies F

a�
�� F �� �

���� Correctness of b��Flow�Calculus

Theorem ���� allows us to prove that the equivalence relation generated by simulation via
b��morphisms ful�lls the enzymatic axiom�

Theorem 
��
� If T is a b���ow obeying IP� then IF�b
�X� T � satis
es condition Enzb
�

Proof� We use the same frame as in the proof of Theorem ���� Up to compositions with
some bijections� every b��morphism is of the type u � �q� with u a b��morphisms� As in
Theorem ���� the problem is reduced to the veri�cation of the axiom Enzb	 �

Let u � p � q be a b��morphisms and F � INF��X� T ��m � p� n � p� and G �
INF��X� T ��m� q� n� q� be two pairs such that

F � �In � u�
b


�� �Im � u� �G

We may suppose that g 
 �x� g� is a
b


���minimal pair� Then� it follows that �Im�u� �G is
a minimal pair� too� �The reason is as in the proof of ���� completed with the observation
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that there exists an a
�morphism v � q � p such that v � u 
 Iq�� By Theorem ���� it
follows that

F � �In � u�
b�
�� �

a	
�� �

a�
�� �In � u� �G

and the desired result follows from Lemma ���� applied for A 
 b�� B 
 a�� C 
 b� and
D 
 a
� �The veri�cation of condition ��� in Lemma ���� in the case j is the b��morphism
u is similar the the veri�cation done for the case j 
 �k

p in �nal part of the proof of Theorem
������ �

Corollary 
��

 �
b


�� 
 �b
�
The equivalence relation generated by simulation via b��morphisms coincides with the

equivalence relation with property Enzb
 generated by Cb
�var� shortly

b

�� 
 �b
 �

Theorem 
��
� It T is a b���ow which obey condition IP� then IF�b
�X� T � is a b���ow�
too� �

It may be interesting to see whether the IP condition is necessary in order to prove that
IF�b
�X� T � is a b���ow� and in an a�rmative case to see if this condition is preserved by
passing from T to IF�b
�X� T � �

���� Completeness of b��Flow�Calculus with respect

to the deterministic input�output behaviour

De�nition 
��
� �input�output �step�by�step� behaviour
 � deterministic case�
We call the input�output �step�by�step� behaviour of a �owgraph the restriction of the

input behaviour to the successful �
 input�output� paths� �

Now we look for the meaning of b���ownomials� In this case the algebra R	
X proves to be

useful� This algebra is obtained from the algebra RX of rational trees by the identi�cation
of the subtrees without outputs to the empty tree� It is clear that the morphisms in R	

X are
in a bijective correspondence with the input�output behaviours of deterministic �owgraphs�

Theorem 
��
� �b���ownomials � input�output behaviour of deterministic �owgraphs�

The algebras IF�EXP �X� IPfn���b
� INF��X� IPfn��
b


�� and R	
X are isomorphic�

Proof� Let us �rst note that R	
X is an b���ow� hence b���ownomials may be correctly

interpreted in this theory� i�e� two �owgraphs that are equivalent using simulation via
partially defnied functions have equal interpretation�

Actually� the interpretation

�� � IF�EXP �X� IPfn� � R	
X

acts as follows� the �owgraphs are unfolded and then all the subtrees without outputs are
identi�ed to the empty tree� Now it is clear that for two n�f� expressions F� and F��

F�
b


�� F� � ���F�� 
 ���F��

For i � ���� let F coacc
i be the corresponding �owgraph obtained by deletion of the vertices

with no outgoing paths to the exits of the �owgraph� It follows that
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Fi
b�
�� F coacc

i and the unfoldment of F coacc
i is ���F coacc

i ��

Consequently the unfoldment of F coacc
� is equal to that of F coacc

� � Using Theorem ���� we
get

F coacc
�

a

�� F coacc

�

hence
F�

b

�� F�

showing that �� is injective� �

Corollary 
��
� The following conditions are equivalent for two �ownomial expressions
E and E � in IF��X� IPfn��

�� E �b
 E
�

�� nf�E�
b


�� nf�E ��

�� The unfoldings of the �owgraphs associated to E and E � are the same� up to the
replacement of the empty tree for subtrees without outputs� �

���� Universality of b���ownomials

De�nition 
��
� Let us call the input�output �step�by�step� behaviour of a �owgraph the
restriction of the input behaviour to the successful �
 input�output� paths� �

Corollary ����� give�

Theorem 
��
� �universality of b���ownomials�
If T is a b���ow which obeys IP� then the statement obtained from that one of Theorem

���� by replacing everywhere a� with b� is valid� �

Since IPfn is also an initial b���ow in the category of b���ownomials� from the above
theorem we get�

Theorem 
��
� IF�b
�X� T � is the b���ow freely generated by X� �

���� Short comments and references

This is basically Chapter D� sec� ��� of �Ste���� The results were announced in
�Ste��a� CaS��a�� but the detailed proofs were unpublished till now�



Chapter 



Nondeterministic input�output
behaviour �d���ow�

In this chapter we study the input�output step�by�step behaviour of nondeterministic �ow�
graphs�

It is shown that the simulation via relations captures this type of behaviour� This is
the key step in the proof of the completeness of the d���ow axioms for this equivalence on
�owgraphs�

The abstarct correctness theorem �i�e�� the preservation of the d���ow structure when
one passes from connections to the classes of equivalent �owgraphs� is proved with some
mild assumptions� the matrix theory should be a zero�sum�free and uniform divisible one�

���� Characterization theorem for the equivalence
d�
�� generated by simulation via relations

In the deterministic case the characterization theorem for both equivalences
a


�� and
b


��
where based on minimization� Very important here was the uniqueness� up to an isomor�
phism� of the minimal �ownomials�

This idea cannot be used in the present nondeterministic case� As in the case of non�
deterministic automata the minimization of nondeterministic �owgraphs is not completely
understood� there are no criteria for the characterization of the minimality� no simple
rules for minimization� etc� For example� the �ownomials F � 
 x � �� � x � �� � and

F �� 
 �� � x � �� � � x are
d


���minimal� equivalent� � but not isomorphic�

So that for a characterization theorem for
d


���equivalence we where forced to follow an
oposite way� the characterization theorem given in this chapter shows that two �ownomial

expressions are
d


���equivalent if and only if� making abstraction of some nonaccessible or
noncoaccessible vertices� by partially unfolding the associated schemes �with respect to the
inputs or the outputs� they may be re�ned to a common extension�

Actually� we shall prove that the following decomposition hold�

d

�� 


a�
�� �

a	
�� �

b�
�� �

c�
�� �

a	
�� �

a�
�� �

c�
�� �

b�
��

�Both �ownomials are equivalent with F � x� ���x��� �I���x� More precisely� nf�F �
a�
�� nf�F ��� and

nf�F �
c�
�� nf�F ��� where nf denotes the normal form application de�ned in Chapter ��

���
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In order to prove this theorem we need sone lemmas of commutation between the elementary
simulations that appear�

Lemma 

�

a�
�� �

a	
�� �

a	
�� �

a�
��� when T is a b��ssmc which obeys IP�

Proof� Suppose

F � a�
��u� F u��

a	
�� F ��

Using isomorphic representations we may suppose

F � 
 �a� f ��� F 
 �a� b� f�� F �� 
 �c� d� f ��� and
u� 
 Ia ��b� u

�� 
 u� � u� �with u� � c � a�

The simulations show that

��� f � � �In � i�Ia ��b�� 
 �Im � o�Ia ��b�� � f and

��� f �� � �In � i�u� � u��� 
 �Im � o�u� � u��� � f

Take the pair

F 
 �a� f� where f 
 �Im � o�Ic ��d�� � f
�� � �In � i�Ic ��d��

We show that
F �

u�

a	
�� F

a�
��Ic��d

F ��

The left part follows by an easy computation� For the right one� �rst note that

�Im � o�Ic ��d�� � f �� � �In � i�u� � u��� 
 �Im � o�u� ��b�� � f by ���


 �Im � o�u��� � f � � �In � i�Ia ��b�� by ���

so that we may apply IP in order to infer that

�Im � o�Ic ��d�� � f
�� 
 �Im � o�Ic ��d�� � f

�� � �In � i�Ia ��d � �d��

It follows that

f � �In � i�Ic ��d�� 
 �Im � o�Ic ��d�� � f �� � �In � i�Ia ��d � �d��


 �Im � o�Ic ��d�� � f ��

�

Lemma 

��
b�
�� �

a	
�� �

a	
�� �

b�
��� when T is a d��strong d��ssmc�

Proof� Let
F � b�

��u� F u��
a	
�� F ��

where

F � 
 �a� b� f ��� F 
 �a� f�� F �� 
 �c� f ��� and u� 
 Ia ��b�

The simulations give

��� f � � �In � i�Ia ��b�� 
 �Im � o�Ia ��b�� � f and
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��� f �� � �In � i�u���� 
 �Im � o�u���� � f

Take the pair

F 
 �c� b� f�� where
f 
 �m�o�c�b� � � �Im � o�Ic ��b�� f �� � �Im � o�u�� � Ib�� f

� ��n � i��a � Ib�� �

We show that
F �

u���Ib

a	
�� F

b�
��Ic��b F ��

Indeed� for the right part one may see that

f � �In � i�Ic ��b��


 �m�o�c�b� � � �Im � o�Ic ��b�� f �� � �Im � o�u�� � Ib�� f
� � �n�i�a�b� �


 �m�o�c�b� � � �Im � o�Ic ��b�� f �� � �m�o�c�b� � �Cb��mor�


 �Im � o�Ic ��b�� � f ��

For the other one the computation is

f � �In � i�u�� � Ib��


 �m�o�c�b� � � �Im � o�Ic ��b�� f �� �In � i�u����

� �Im � o�u�� � Ib�� f
� ��n � i��a � Ib�� �


 �m�o�c�b� � � �Im � o�u�� ��b�� f

� �Im � o�u�� � Ib�� f
� ��n � i��a � Ib�� � by ���


 �m�o�c�b� � � �Im � o�u�� � Ib�� f
� �In � i�Ia ��b�

� �Im � o�u�� � Ib�� f
� ��n � i��a � Ib�� � by ���


 �Im � o�u�� � Ib�� f
� � �n�o�a�b� � � In � i�Ia ��b� � �n � i��a � Ib� � �Cc��mor�


 �Im � o�u�� � Ib�� � f �

�

For the remained lemmas of commutation we need some technical conditions� We
suppose the monoid of channel types is IN and the support theory is a matrix theory� As
we have said in Proposition ��� such a theory may be seen as a theory of matrices over the
semiring

�T ��� ����� �� �� ��

where
f � g 
 �� � �f � g� � ��� � 
 �� � ��� � 
 I��

Notice that in T the composition of matrices coincides with the usual product of matrices�

De�nition 

�� �divizible and zero�sum�free semirings�

�� A semiring �S��� �� �� �� is divisible if for every a�� a�� b�� b� � S� if

a� � a� 
 b� � b�

then there exist some elements in S� denoted ai"bj� for i� j � ���� such thatX
j����

ai"bj 
 ai� �i � ��� and
X
i����

ai"bj 
 bj� �j � ���
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�� A semiring S is zero�sum�free if for every a�� a� � S�

a� � a� 
 � � a� 
 � and a� 
 �

�

From the implication that de�nes the divisibility condition one may deduce that the
following more general implication hold�

�$� If I� J are �nite nonempty sets� then for every familyes of elements
ai � S�i � I� and bj � S�j � J�� If

X
i�I

ai 

X
j�J

bj

then there exist some elements in S� denoted ai"bj for i � I and j � J � such that

X
j�J

ai"bj 
 ai� �i � I and
X
i�I

ai"bj 
 bj� �j � J

If we use the convention that the sum over the empty set is zero� then the zero�sum�free
condition is an extreme case of the implication �$�� namely when I 
 f�� �g and J 
 �� So
that

in a zero�sum�free and divisible semiring the implication �$� holds for arbitrary �nite
sets I and J �

Finally� we say a matrix theory T is divisible or zero�sum�free if the associated semir�
ing �T ��� ����� �� �� �� has the corresponding property� In a standard componentwise way
property �$� is extended to matrices�

In the case our support theory is a matrix theory we speak about the standard splitting
of the representation of �owgraphs� if we have a pair �x� � � � �� xp� f�� then we write the
connection morphism f � T �m� o�x�� � � � �� o�xp��� n� i�x�� � � � �� i�xp�� as

�
����	

A B� � � � Bp

C� D�� � � � D�p
���

���
� � �

���
Cp Dp� � � � Dpp



�����

where
A � T �m�n�

Bk � T �m� i�xk�� �k � �p�

Cj � T �o�xj�� n� �j � �p�

Djk � T �o�xj�� i�xk�� �j � �p�� k � �p�

The proof of the next lemmas may be found in �Ste��a��

Lemma 

��
a	
�� �

a	
�� �

a	
�� �

a	
��� when T is a divisible matrix theory�

Proposition 

�� �interpolation property�
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�� If A and B are matrices over a zero�sum�free and divisible semiring and u and v are
functions �considered as f�� �g�matrices� such that A � u�� � v 
 u�� � v �B� then there
exists a matrix Z over S such that A � u�� 
 u�� � Z and Z � v 
 v �B�

�� If the functions u and v are surjective� then the property in �i� holds using only the
divisible property of S�

Lemma 

��
d

�� �

b�
�� �

c�
�� �

a	
�� �

a�
��� when T is a zero�sum�free and divisible

matrix theory�

In a similar way it follows that
c	
�� �

c�
�� �

a	
��� hence

Lemma 

��
a	
�� �

c�
�� �

c	
�� �

c�
�� �

a	
��� when T is a divisible matrix theory�

The last type of commutation remained to be studied
c�
�� �

a	
�� �

a	
�� �

c�
�� does

not hold in the general case�
However� we will �nd a useful commutation which adds a parasite term� For this we

need a condition stronger then divisibility� which we call uniform divisibility�

De�nition 

�� �uniform�divisible semirings�
A semiring �S��� �� �� �� is uniform divisible if there is an operation ! � S 	 S � S

ful�lling the following axioms��

�As� x ! �y ! z� 
 �x ! y� ! z

�C� x ! y 
 y ! x

�D� �x � y� ! z 
 �x ! z� � �y ! z�

�A� �x � y� ! x 
 x

A matrix theory T is uniform divisible if its associated semiring �T ��� ����� �� �� �� is uniform
divisible
 in such a case the componentvise extension of �!� to matrices is denoted by the
same sign� �

It is obvious that uniform divisibility implies divisibility� �

Lemma 

�	
c�
�� �

a	
�� �

a	
�� �

c�
�� �

a	
��� when T is a uniform divisible matrix

theory�

Before collecting the results we made an observation� When T is a matrix theory
condition IP follows from the zero�sum�free condition� Indeed� if f 
 � A B � � T �r�m�n�
and u � m � p� v � n � q are surjections� then condition IP is

f � �u� v� 
 f � � �Ip ��q� � f 
 f � �Im ��n � �n�

and may be written as �we suppose B � r � n�

� Au Bv � 
 � A� �r�q � � � A B � 
 � A �r�n �

�Actually this means that �S���	� is a lattice�
�For the converse� we note that at the present we do not know examples of interesting divisible semirings

which cannot be made uniform divisible�
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Table ����� Is x � y � y � x � �case d��

y
x

a�
��

a	
��

b�
��

c�
��

a	
��

a�
��

c�
��

b�
��

a�
�� Obv�
a	
�� ���op Obv�
b�
�� ����o ���� Obv�
c�
�� � �����o � ����� ���opo Obv�
a	
�� ����op ���� ���� ���� Obv�
a�
�� ���o ���� ���� ����opo ��� Obv�
c�
�� ����o ����op ����opo ����o � �����opo ����opo Obv�
b�
�� ����op ����op ���o ����o � �����op ����op ���o Obv�

It follows that IP is implied by

Bv 
 � � B 
 �

for the surjection v� Using permutations we may suppose v 
 �n�
� � � � ���

nq
� and moreover�

q 
 � in which case the last implication is

b� � � � � � bk 
 � � � b� � � � bk � 
 �

and follows from the zero�sum�free property�

Theorem 

�
� �characterization theorem for
d


���
If T is a zero�sum�free and uniform divisible matrix theory� then in IF��X� T � the fol�

lowing decomposition holds�

d

�� 


a�
�� �

a	
�� �

b�
�� �

c�
�� �

a	
�� �

a�
�� �

c�
�� �

b�
�� �

Proof� The inclusion �
� is obviously valid�
For the other one� let � denote the right hand side of the identity to prove� By Lemma

���� it follows that
d


�� " ��

Consequently it is enough to prove that � is transitive� i�e� all the relations

� �
a�
��� � �

a	
��� � �

b�
��� � �

c�
��� � �

a	
��� � �

a�
��� � �

c�
��� and � �

b�
��

are included in �� All the inclusions� except for

� �
a	
��� � �

a	
��� and � �

a�
��

directly follows from �the transitivity of relations
a�
���

a	
��� etc� and� the commutation

displayed in Table ����� In the excepted cases we use Lammas ����� ���� and their duals�
These lemmas give the necessary commutations but add some auxiliary terms� which� for�
tunately� may be eliminated using the commutations in Talbe ���� and the transitivity of

the elementary simulations
a�
��� etc� �
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���� Correctness of d��Flow�Calculus with respect

to the nondeterministic input�output behaviour

Theorem ����� allows us to prove that the equivalence relation generated by simulation via
b��morphisms ful�lls the enzymatic axiom�

Theorem 

�

 If T is a zero�sum�free and uniform�divisible d���ow� then IF�d
�X� T �
satis
es condition Enzd
�

Proof� Theorem ����� shows that

d

�� 


a

�� �

d

�� �

d�
��

The statement in the theorem follows from Lemma ���� applied for A 
 d�� B 
 a�� C 
 d�
and D 
 d�� Condition ��� in Lemma ���� is obviously satis�ed �the proof is as in the
�nal proof of Theorem ������ Since Bo 
 D condition ��� is dual to condition ���� hence it
is also valid� �

Corollary 

�
� �
d


�� 
 �d
�
The equivalence relation generated by simulation via d��morphisms coincides with the

equivalence relation with property Enzd
 generated by �Cd
�var�� shortly

d

�� 
 �d
 �

Theorem 

�
� If T is a zero�sum�free and uniform�divisible d���ow� then IF�d
�X� T �
is a d���ow� too� �

As in the previous case b� it is still open whether the additional conditions �zero�
sum�freeness and uniform�divisiblity� are necessary in order to prove that IF�d
�X� T � is a
d���ow� and in an a�rmative case to see if these conditions are preserved by passing from
T to IF�d
�X� T ��

���� Completeness of d��Flow�Calculus with respect

to the nondeterministic input�output behaviour

The aim of this section is to show that the equivalence relation generated by simulation via
d��morphisms �� relations� captures the input�output �step�by�step� behaviour of nondeter�
ministic �owgraphs�

By Corollary ���� IF�d
�X� T � is a matrix theory� hence we may suppose X has only one�
input�one�output variables� Moreover� since every �owgraph F � p � q is equivalent via d��
morphisms to the matrix �Fi�j�i��p��j��q� of its components and two �owgraphs F� F � � p � q
have the same successful computation sequences if and only if for every i � �p�� j � �q� the
components Fi�j and F �

i�j have the same set of successful computation sequences� it follows
that it is enough to prove the result for �owgraphs with one input and one output�
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De�nition 

�
� �semideterministic �owgraphs�
We say a �owgraph F � p � q over IRel and X 


F 
 x�
���
xn



BBBBBBBBBB�

A�� � � � A�q B�� � � � B�n
���

���
���

���
Ap� � � � Apq Bp� � � � Bpn

C�� � � � C�q D�� � � � D�n
���

���
���

���
Cn� � � � Cnq Dn� � � � Dnn

�
CCCCCCCCCCA

is semideterministic if

�� �i � �p�� �j� k � �n� �j �
 k �Bij 
 Bik 
 � � xj �
 xk� and

�� �i � �n�� �j� k � �n� �j �
 k �Dij 
 Dik 
 � � xj �
 xk��

�

In other words� a semideterministic �owgraph still may be nondeterministic� but the
possible multiple ways of continuation of the �ow are refered to vertices labeled with distinct
variables or to distinct outputs�

������ Reduction of nondeterministic �owgraphs to semideter�

ministic ones

The following result is an adaptation to the case of �owgraphs of a known result in automata
theory which states that a nondeterministic automaton is �similar� to the associated deter�
ministic automaton obtained by the standard power�set construction� see �Koz��� BlEs����

Lemma 

�
� For every nondeterministic �owgraph F � INF��X� IRel��p� q� there is a
semideterministic one SD�F � � INF��X� IRel��p� q� and a relation u such that SD�F �

u
��

F�

Proof� Let V 
 fx�� � � � � xmg be the set of variables that occur in F � As the set of indices
for the vertices of F we use the set

I 
 f�i� j� � i � �m�� j � �ni�g� with ni � �� �i � �m�

and the variable associated with such an index �i� j� is xi �hence ni gives the number of
the occurences of the variable xi in F �� Finally� suppose the matrix of connections of F is

�
A B
C D

�

splitted in a standard way with respect to the inputs and the outputs�

We built up the �owgraph SD�F � in the following way�

�X is supposed to have only �� � variables�
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� As the set of indices for the vertices of SD�F � we take

I 
 f�i� P � � i � �m� and � �
 P � �ni�g

and associate the variable xi to such an index �i� P �


� The matrix of connections� denoted



� A B

C D

�
A� is de�ned by

� A 
 A

� �r � �p�� ��j� Q� � I de�ne

Br��j�Q� 
 � i	 Q 
 fl � �nj� � Br��j�l� 
 �g

� ��i� P � � I� �s � �q� de�ne

C�i�P ��s 

X
k�P

C�i�k��s

� ��i� P � � I� ��j� Q� � I de�ne

D�i�P ���j�Q� 
 � i	 Q 
 fl � �nj� � �k � P such that D�i�k���j�l� 
 �g

We show that the relation u � I 	 I de�ned by

u 
 fh�i� P �� �i� j�i � �I� P � � I� �i� j� � I and j � Pg

gives the requered simulation� i�e�

SD�F �
u

�� F

It is clear that U preserve the variables� hence it is enough to show that

�
A Bu
C Du

�



�
A B
uC uD

�

�� By de�nition A 
 A�

�� For checking the equality C 
 uC take �i� P � � I and s � �q�� The corresponding
element in the matrix uC is

X
�i�k��I such that h�i�P ���i�k�i � u

C�i�k��s 

X
k�P

C�i�k��s

and is equal by de�nition to the corresponding element in C� namely

C�i�P ��s�
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�� For checking the equality Bu 
 B take r � �p� and �j� l� � I� The corresponding
element in Bu is X

�j�Q��I such that h�j�Q���j�l�i�u

Br��j�Q� 

X
Q
l

Br��j�Q� ������

and in B is

Br��j�l� ������

By a double inclusion we show the sums in the right�hand�side of ���� and ���� are
equal�

� If X
Q
l

Br��j�Q� 
 �

then there exists Q	 # l such that

�j� Q	� � I and Br��j�Q	� 
 �

From the de�nition of B it follows that

Q	 
 fl� � �nj� � Br��j�l�� 
 �g

Since l � Q	� we have
Br��j�l� 
 �

� Conversely� if
Br��j�l� 
 �

then the set
Q	 
 fl� � �nj� � Br��j�l�� 
 �g

is nonempty �it contains l�� hence

�j� Q	� � I

From the de�nition of B it follows that

Br��j�Q	� 
 �

Since l � Q	 we have X
Q
l

Br��j�Q� 
 �

�� Finally� for the last equality Du 
 uD take �i� P � � I and �j� l� � I� The correspond�
ing component in Du is X

�j�Q��I such that h�j�Q���j�l�i�u

D�i�P ���j�Q� 

X
Q
l

D�i�P ���j�Q� ������

and in uD is X
�i�k��I such that h�i�P ���i�k�i�u

D�i�k���j�l� 

X
k�P

D�i�k���j�l� ������

As before we show the sums in the right�hand�side of ���� and ���� are equal�
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� If X
Q
l

D�i�P ���j�Q� 
 �

there exists Q	 # l such that

�j� Q	� � I and D�i�P ���j�Q	� 
 �

From the de�nition of D it follows that

Q	 
 fl� � �nj� � �k � P such that D�i�k���j�l�� 
 �g

As l � Q	 there exists k	 � P such that

D�i�k	���j�l� 
 �

hence X
k�P

D�i�k���j�l� 
 �

� Conversely� if X
k�P

D�i�k���j�l� 
 �

there esist k	 � P such that
D�i�k	���j�l� 
 �

It follows that the set

Q	 
 fl� � �nj� � �k � P such that D�i�k���j�l�� 
 �g

is nonempty �it contains l�� hence

�j� Q	� � I

Using the de�nition of D we get

D�i�P ���j�Q	� 
 �

Since l � Q	 we have X
Q
l

D�i�P ���j�Q� 
 �

�

The next step consists in the transformation of a semideterministic �owgraph into a
deterministic one having a nicely related behaviour� Before this we give some details for
the de�nition of the input�output behaviour of �owgraphs�
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������ Formalisation of the input�output behaviour

The input�output �step�by�step� behaviour may be de�ned by giving an interpretation of the
�ownomial expressions in a particular matrix theory� More precisely� if X 
 fX�m�n�gm�n�N

is a set of doubly�ranked variables� then we associate the set

hXi

obtained taking m	 n new variables for each x � X�m�n�� denoted

hi� x� ji

with i � �m�� j � �n�� �The new variable hi� x� ji denotes the �owgraph obtained taking the
restriction of the atomic �owgraph x to its i�th input and j�th output��

We built up the theory of usual matrices

M�P�hXi���

over the semiring �P�hXi����� �� �� f	g� of subsets of words in hXi� with the standard
operations �union and composition� i�e� A �A� 
 fww� � w � A�w� � A�g� and the standard
constants �the empty set and the set consisting of the empty word 	� only��

Let us note by & the unique morphism of matrix theories

& � IRel � M�P�hXi���

that is� the one that maps a relation� �considered as a matrix over � and � �� to the matrix
obtained by replacing everywhere � and � by � and f	g� respectively� Finally� denote by �
the function that interpretes a variable x � X�m�n� as the matrix� i�e�

��x� 




BB�

h�� x� �i � � � h�� x� ni
���

���
hm� x� �i � � � hm� x� ni

�
CCA � M�P�hXi����m�n�

Then� there is a unique application

k � k � INF��X� IRel� � M�P�hXi���

that preserves the operations and extends the pair �&� ���
Let F � INF��X� IRel��p� q�� The matrix

kFk represents the input�output behaviour of the �owgraph F �

more precisely� the component Fi�j of the matrix kFk is the set of all the succesful compu�
tation sequences of F starting with the i�th input and ending at the j�th output�

In order to prove this fact� let us suppose that

F 
 ��Ip � x� � � � �� xk� � f � �m������mk

where xi � X�mi� ni�� �i � �k�� Write the matrix f as follows

BBBB�

A B� � � � Bk

C� D�� � � � D�k
���

���
���

Ck Dk� � � � Dkk

�
CCCCA
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where the entries of the matrix are matrices of the following dimensions�
A � p � q B� � p � m� � � � Bk � p � mk

C� � n� � q D�� � n� � m� � � � D�k � n� � mk

���
Ck � nk � q Dk� � nk � m� � � � Dkk � nk � mk

With these notations we may write

kFk 
 ��Ip � ��x�� � � � �� ��xk�� � &f � �m������mk






BBBBB�

&A &B� � � � &Bk

��x�� &C� ��x�� &D�� � � � ��x�� &D�k
���

���
���

��xk� &Ck ��xk� &Dk� � � � ��xk� &Dkk

�
CCCCCA �m������mk


 &A � � &B� � � � &Bk� �



BB�

��x�� &D�� � � � ��x�� &D�k
���

���

��xk� &Dk� � � � ��xk� &Dkk

�
CCA
�

�



BB�

��x�� &C�
���

��xk� &Ck

�
CCA

Let us note that the matrices of the type &A� &B� &C and &D have the components of the
forms � or f	g and only the matrices ��x��� � � � � ��xk� have nontrivial components� more
presicely of the form f�g� with � in hXi�

The star matrix has the dimension m� � � � ��mk� hence their coordonates may be given
by pairs hi� ri� with i � �k� and r � �mi� that specify the r�th component of the i�th block�
Let us use the notation

Ei�j

for the entry of a matrix E corresponding to the i�th row and the j�th columns�

From the formula that we have got above for the computation of kFk it follows that a
word

w � Fij

if and only if

�A� w 
 	 and 	 � � &A�i�j or

�B� there exist indices hi�� r�i� � � � � hin� rni �n � �� specifying elements in �m� � � � ��mk�
such that w 
 w� � � � wn and

�a� 	 � � &Bi��
i�r�

�b� w� � ���xi�� &Di�i��
r��r�� � � � � wn�� � ���xin��� &Din��in�rn���rn

�c� wn � ���xin� &Cin�rn�j�

From �b� and �c� it follows that there exist elements s� � �n��� � � � � sn � �nn� such that

� w� � ��xi��
r��s� " 	 � � &Di�i��

s��r�


���


� wn�� � ��xin���
rn���sn�� " 	 � � &Din��in�sn���rn
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� wn � ��xin�rn�sn " 	 � � &Cin�sn�j�

From this� the following form of the above condition follows�
A word w is in Fij if and only if

�� w 
 	 and �i� j� � A or

�� w 
 hr�� xi�� s�ihr�� sxi�� s�i � � � hrn� xin � sni such that
�i� r�� � Bi� � �s�� r�� � Di�i� � � � � � �sn��� rn� � Din��in� �sn� j� � Cin ��

If we come back to the given f � then the above condition may be written in the following
form�

w � Fij

if and only if

�� w 
 	 and �i� j� � f or

�� w 
 hr�� xi�� s�ihr�� xi� � s�i � � � hrn� xin� sni such that
�l � �n� we have rl � �i�xil�� and sl � �o�xil�� and

�a� �i� q � i�x� � � � �� xi���� � r�� � f �

�b� �p � o�x� � � � �� xi���� � s�� q � i�x� � � � �� xi���� � r�� � f �

��� �

�p � o�x� � � � �� xin����� � sn��� q � i�x� � � � �� xin��� � rn� � f �

�c� �p � o�x� � � � � � xin��� � sn� j� � f �

This condition may be read in the following form� A sequence

w � Fij

if and only if�

� it is the empty sequence and there exists an arrow in F from the i�th input of F to
the j�th output� or

� there exist indices i�� � � � � in � �k� such that w 
 hr�� xi� � s�ihr�� xi� � s�i � � � hrn� xin � sni
for some values rl � �i�xil��� sl � �o�xil�� �l � �n�� and in the �owgraph F there exist�

� an arrow from the i�th input of the �owgraph to the r��th input of variable xi� 


� an arrow from the s��th output of the variable xi� to the r��th input of xi� 


���


an arrow from the sn���th output of the variable xin�� to the rn�th input of xin 


� an arrow from the sn�th output of the variable xin to the j�th output of �owgraph�

�Here the matrices of the type A�B�C or D are thought of as relations�
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This equivalent form of the condition w � Fij coincides to the intuitive notion of
successful computation sequences in F from the i�th input to the j�th output� This show
that kFk represent the �step�by�step� input�output behaviour of the �owgraph F �

In the praticular case of one�input or one�input�one�output variables the conditions
may be written in a simpler form� For the �rst case� if we have only variables with one
input and F 
 ��Ip � x� � � � �� xk� � f � �k� p � q� then

w � Fij

�where Fij is the component of kFk� if and only if

�� w 
 	 and �i� j� � f or

�� w 
 hxi� � s�i � � � hxin � sni such that il � �k� and sl � �o�xil��� for l � �n� and

�a� �i� q � i�� � f 


�b� �p � o�x� � � � �� xi���� � s�� q � i�� � f� � � � �
�p � o�x� � � � �� xin����� � sn��� q � in� � f 


�c� �p � o�x� � � � �� xin��� � sn� j� � f �

For the second case� if we have only variables with one input and one output and
F 
 ��Ip � x� � � � �� xk� � f � �k� p � q� then

w � Fij

�where Fij is the component of kFk� if and only if

�� w 
 	 and �i� j� � f or

�� w 
 xi�xi� � � � xin such that il � �k� for all l � �n� and

�a� �i� q � i�� � f 


�b� �p � i�� q � i�� � f� � � � � �p � in��� q � in� � f 


�c� �p � in� j� � f �

������ Reduction of semideterministic �owgraphs to determin�

istic ones

After all these preliminaries we may built up the deterministic �owgraph associated with
a given semideterministic one� We start with a set of variables

V 
 fz�� � � � � zrg � X��� ��

that is linearly ordered� say
z� � z� � � � � � zr

Let us consider a new set of variables

Vo consisting of a new variable zi � Vo��� � � r� for every zi � V � X��� ���
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Let
F 
 ��I� � x� � � � �� xk�f � �k� INF��X� IRel���� ��

be a semi�deterministic �owgraph and suppose V contains all the variables x�� � � � � xk�
Starting with the relation f � IRel�� � k� � � k� we consider the partial function f �
IPfn��� � k� 	 �� � r�� � � k� de�ned by the tupling

f 
 hf �� f�� � � � � f��ki

where for i � �� � k� the partial function f i � IPfn�� � r� � � k� is de�ned as follows�

�
f i��� 
 if �i� �� � f then � else unde�ned

� for i � �r��

f i�� � j� 
 if �i� � � l� � f " xl 
 zj then � � l else unde�ned

Since the �owgraph F is semi�deterministic� for every i � �� � k� and j � �r� there exists at
most one l such that �i� � � l� � f " xl 
 zj� hence fi is a �partial� function� indeed�

Write f as a tupling

f 
 hf�� f�� � � � � f��ki with fi � IRel��� � � k�

It follows that
���r � f i 
 fi

�Indeed� in the de�nition of fi only the pairs �i� � � l� � f occur and all these pairs occur
at least once in the de�nition of fi� for x�� � � � � xk � V �� Consequently�

f 
 ����r � ���r � � � �� ���r� � f

This implies�

F 
 ��I� � x� � � � �� xk� � f � �k


 ��I� � x� � � � �� xk� � ����r � ���r � � � �� ���r� � f � �k


 ���r � ��I��r � x� � ���r � � � �� xk � ���r� � f � �k

De�ne DV �F � � INF��Vo� IPfn��� � r� �� as

DV �F � 
 ��I��r � x� � � � �� xk� � f � �k

where for i � �k��

xi 
 zki � Vo��� � � r� whenever xi 
 zki � V

Now� let us look at the successful computation sequences of DV �F �� Using the above
observation it follows that a successful computation sequence in DV �F � of a positive length
from the j�th input �j � �� � r�� to the ��st output has the following form�

w 
 hxi� � s�ihxi� � s�i � � � hxin � sni

where n � �� il � �k� and sl � �o�xil��� for l � �n� and
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� �j� � � i�� � f 


� ���r��i����	���r��s�� ��i�� � f � � � � � ���r��in�����	���r��sn��� ��in� � f 


� �� � r � �in � �� 	 �� � r� � sn� �� � f �

From the de�nition of f it follows that

� ��� � � i�� � f " xi� 
 zj��


� �� � i�� � � i�� � f " xi� 
 zs���� � � � � �� � in��� � � in� � f " xin 
 zsn����


� �� � in� �� � f " sn 
 ��

De�ne
���w� 
 xi�xi� � � � xin

From the last version of the de�nition of successful computation sequences it follows that
we get a sequence in F � i�e� ���w� � kFk� Moreover�

� j � � 
 �the order number of the variable xi� in V �


� for every l � �n� ��� sl � � 
 �the order number of the variable xil��
in V �
 and

� sn 
 ��

Conversely� if w 
 xi�xi� � � � xin with n � � is a sequence in kFk� and if we take the
numbers j� s�� s�� � � � � sn de�ned by the sequence w and the above conditions� then we get
a successful computation sequence from j to � in DV �F �� i�e�

���w� �
 hxi� � s�ihxi� � s�i � � � hxin � sni

It is obvious that the application �� is the inverse of ��� Let us distribute the compu�
tation sequences in kFk into � � r disjoint sets M��M�� � � � �M��r as follows�

� M� 
 f the sequences of length zero g


� M� 
 f the sequences beginning with z� g


��� 


� M��r 
 f the sequences beginning with zr g�

All the above show that

kDV �F �k 




BBBB�

���M��
���M��

���
���M��r�

�
CCCCA

From this the following proposition follows�
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Proposition 

�
� Let F �� F �� � INF��X� IRel���� �� be two semideterministic �owgraphs
such that

kF �k 
 kF ��k

and suppose V is a 
nite� linearly ordered set containing all the variables that occur in F �

or F ��� Then
kDV �F ��k 
 kDV �F ���k �

The originar �owgraph F may be obtained from DV �F � by substituting z� � ���r for zl�
�l � �r�
 this substitution is denoted by �z��z� � ���r
 � � � 
 zr�zr � ���r�� To be precise�

F 
 ���r �DV �F ��z��z� � ���r 
 � � � 
 zr�zr � ���r�

Lemma 

�
� If DV �F ��
u

�� DV �F ���� then F � u
�� F ���

Proof� Let

F � 
 ��I� � x�� � � � �� x�k�� f
�� �k

�

and F �� 
 ��I� � x��� � � � �� x��k��� f
��� �k

��

be two semi�deterministic �owgraphs and let

DV �F �� 
 ��I� � x�� � � � �� x�k��f
�
� �k

�

and DV �F ��� 
 ��I� � x��� � � � �� x��k���f
��
� �k

��

be their deterministic versions obtained using the above procedure� The given simulation
shows that

�� �i� j� � u � x�i 
 x��j and

�� f
�
� �I� � u� 
 �I��r � o�u�� � f

��
�

Since

f � � �I� � u� 
 ����r � ���r � � � �� ���r� � f � �I� � u�


 ����r � ����r � � � �� ���r� � o�u�� � f
��


 ����r � u � ����r � � � �� ���r�� � f
��


 �I� � u� � f ��

and
�i� j� � u � x�i 
 x��j

we get
F � u

�� F ��
�
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�����	 Completeness theorem

Theorem 

�
� Let F �� F �� � INF��X�Rel��p� q� be two n�f� �ownomial expressions� Then

the �owgraphs associted to F and F � have the same input�output step�by�sep behaviour
�i�e� for every i � �p�� j � �q� both �owgraphs have the same set of successful compu�
tation sequences starting from the i�th input and ending to the j�th output�

if and only if

F � d

�� F ��

Proof� Since the functoriality axiom holds in a matrix theory of languages� it follows that
two d��equivalent �owgraphs have the same input�output behaviour�

For the converse implication� as we have mention in the beginning of this subsection�
we may restrict out proof to the case p 
 q 
 �� We know that

kF �k 
 kF ��k

As in Lemma ����� we construct the associated semideterministic �owgraphs SD�F �� and
SD�F ���� But F � and SD�F �� are d��similar �Lemma ������� hence they have the same
behaviour kF �k 
 kSD�F ���k� Analogously� kF ��k 
 kSD�F ���k� so that

kSD�F ��k 
 kSD�F ���k

For an appropriate V we construct the deterministic �owgraphs DV �SD�F ��� and DV �SD�F �����
By Proposition ����� these deterministic �owgraphs have the same input�output behaviour�
By Theorem ����� it follows that

DV �SD�F ���
b


�� DV �SD�F ����

and by Lemma ����� we get

SD�F ��
b


�� SD�F ���

Consequently�

F � d

�� SD�F ��

b

�� SD�F ���

d

�� F ��

hence
F � d


�� F ��
�

Corollary 

�
	 The following conditions are equivalent for two �ownomial expressions
E and E � in IF�EXP �X� IRel��

�� E �d
 E
�

�� nf�E�
d


�� nf�E ��

�� The �owgraphs associated to E and E � have the same input�output step�by�step be�
haviour�
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���� Universality of d���ownomials

The de�nitions of the d��Flow�Calculus and of the d���ownomials appear as particular
instances of the general de�nitions given before �De�nition ������ Theorems ����� �����
and Corollary ����� give the following result�

Theorem 

��� �universality of d���ownomials�
If T is a zero�sum�free and uniform divisible d���ow� then the statement obtained from

that one of Theorem ���� by replacing everywhere a� by d� is valid� �

Since IRel is an initial d���ow in the category of d���ows� the following corollary may
be obtained�

Corollary 

��
 IF�d
�X� T � is the d���ow freely generated by X� �

���� Short comments and references

This chapter is basically Chapter E of �Ste����

Except for the completeness part� the axiomatisation result of this chapter is from
�Ste��b�� There it is was inserted the conjecture that simulation via relations capture
the input�output behaviour� as well�

The key point towards the completeness result is due to �Koz��� BlEs���� In this
papers it is shown that the standard powerset construction of the deterministic au�
tomaton associated to a nondeterministic one may be modelled by simulation via re�
lations� Some more transformations were necessary since from the �owchart scheme
point of view a deterministic automaton is still a nondeterministic �owchart�

This axiomatisation is closed related to that of regular algebras� An equational ax�
iomatisation is presented in �BlEs��� using Esik�s technique of replacing the enzymatic
rule by an equation� A stronger result is presented in �Kro��� where two conjectures
of Conway are proved using a di	erent technique�
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Chapter 
�

Appendix
 Two presentations for
a���ow

The aim of this appendix is to proove that the notions of a���ow and LR��ow over IBi
coincide� One implication is supported by the following lemma�

Lemma 
��
 �a���ow � LR��ow over IBi�
Suppose T 
 �fT �m�n�gm�n�M ��� �� �� Im�mXn� is an a���ow� Then �T��� �L� �R� �� Im�

is a LR��ow over IBi� where

f �R�n������nk� � 
 f � �����n� � � � ��k�nk� and

� �L�m������mk� f 
 �����m����
� � � ��k�m��k�

� � f

�Recall the notation �����c� � � � ��k�ck�� Let S 
 fs�� � � � � skg and � � IBiS�s� � � � � �
sk� s������ � � � � � s����k�� be a multi�sorted bijection induced by �� Let H � IBiS � T
be the unique morphism of a���ows �provided by Theorem B��� which extends the function
h � S � M that maps si to ci� for every i � �k�� Then �����c� � � � ��k�ck� 
 H����� �

Proof� Since �R and �L are particular instances of the � composition� all the LR��ow
axioms in Table ��� are particular instances of the corresponding a���ow axioms in Table
����

The validity of the re�nement rule R�REFINE follows from the unique� extension�
property in Theorem ��� as follows�

� For the left�hand�side term� let us start with k di	erent sorts s�� � � � � si� � � � � sk in order
to get the meaning of � in t according to the assignment n�� � � � � n

�
i � � � � � n

l
i� � � � � nk for

s�� � � � � si� � � � � sk�

� For the right�hand�side term� starting similarly� �rst we get the meaning �� of � in
a IRelfs������sk�t�i �����tlig according to the valuation of si� � � � � si� � � � � sk to s�� � � � � t

�
i � � � ��

tli� � � � � sk� Then we evaluate �� in T according to the assignment n�� � � � � n
�
i � � � � � n

l
i� � � � � nk

for s�� � � � � t�� � � � � tl� � � � � sk�

Finally� by Theorem ��� in both cases we get the same abstract bijection in T since both
evaluations agree on the generators s�� � � � � sk�

Similarly for L�REFINE� �

���
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Lemma 
��� �LR��ow over IBi � a���ow�
Let �M��� �� be a monoid� Suppose �fT �m�n�gm�n�M ��� �L� �R� �� Im� is a LR��ow over

IBi and de
ne�

�DEF� for f � m � n and g � n � p

f � g 
 ��f � g� �R�n�p� �XX �� �n

and
pXq 
 Ip�q �R�p�q�

�XX �

Then T 
 �fT �m�n�gm�n�M ��� �� �� Im�mXn� is an a���ow�

Proof� For the beginning� let us note that

�DEF�� f � g 
 ����� �L�n�m� �g � f�� �n for f � m � n and g � n � p

holds in T � Indeed�

����� �L�n�m� �g � f�� �n 
 ����� �L�n�m� ����� �L�m�n� �f � g�� �R�n�p� ����� �n by LR�


 ��f � g� �R�n�p� ����� �n by LR�� LR�a


 f � g by DEF

We denote by LR�z� the rule obtained by a repetitive application of rule LR�z with
z � fa� b� c� dg
 for example LR�a� is

� �L�P � f �p������pr
 ��� h
r� �L�P�p������pr� f � �p������pr �

LR� coincides to rule R�� Moreover� the identity

R�� f �p �g 
 ������ �L�m�p�m�� �f � g� �R�n�p�n�� ������ �p

for f � m� p � n� p� g � m� � n�

holds in T � Indeed�

f �p �g


 ���� �L�m��m� �g � f �p� �R�n��n� ���� by LR�


 ���� �L�m��m� �g � f� �p �R�n��n����� by R�


 ������ �L�m��m�p� �g � f� �R�n��n�p� ������ �p LR�a� LR�b


 ������ �L�m��m�p� ����� �L�m�p� m�� �f � g� �R�n�p� n�� ����� �R�n��n�p� ������ �p by LR�


 ������ �L�m��m�p� ������ �L�m�p�m�� �f � g� �R�n�p�n�� ������ �R�n��n�p� ������ �p REFINE


 ����� �L�m�p�m�� �f � g� �R�n�p�n�� ������ �p by LR�

Let P �� p 
 p��p � � ��pk� Q �� q 
 q��� � ��ql and f � m�p�s�t�q � n�p�s�t�q�
The LR� implies

��f �q� �R�n�P�t�s� � �
h

k
h�XX��� �s�t�p 
 �� �

h
k
h�XX�� �L�m�P�s�t� �f �q�� �t�s�p

Using LR�a and LR�a in this equality we get

�f �R�m�P�t�s�Q� � �
h

k
h�XX � h

l�� �
p�s�t�q 
 �� �

h
k
h�XX� h

l� �L�m�P�s�t�Q� f � �p�t�s�q

Since every morphism in IBi is a composite of morphisms of the type p
h�XX� h

q it follows
that
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LR�� �f �R�n�����P �� � �
h��� �p 
 �� �

h�� �L�m�P � f � �q

for f � T �m�p� n�q�� � � IBi�k� k� and P �� p 
 p�� � � ��pk� q 
 p����� � � ��p��k��

holds in a LR��ow over IBi�
The de�ned Composition extends the Left� and Right�Composition with morphisms in

IBi� More precisely� a bijection � � IBi�k� k� may be thought of as an element in T �m�n��
relative to a decomposition m 
 p� � � � �� pk and n 
 p������ � � � �� p����k�� Namely� it is
Im �R�p������pk� � �equal to � �L�p

�����������p����k��
In�� This observation follows from the identities

RSC f �R�n������nk� � 
 f � �In �R�n������nk� ��

for f � T �m�n�� n 
 n� � � � �� nk and � � IBi�k� k�

LSC � �L�n������nk� f 
 �� �L�n������nk� In� � f

for � � IBi�k� k�� n 
 n� � � � �� nk and f � T �n� p�

which are valid in T � Indeed� for RSC if P 
 �n�� � � � � nk� with n 
 n� � � � � � nk� p 

n������ � � � �� n����k� and � � IBi�k� k�� then�

f � �In �R�P � �� 
 ��f � In �R�P � �� �R�n�p� ����� �n by DEF


 ���f � In� �R�n�P � � �
h��� �R�n���P �� ����k�� �

n LR�a� REFINE


 ��f � In� �R�n�P � �� �
h�� � �XXk�� �n LR�


 ��f � In� �R�P�P � �� k
h�� � kXXk�� �n������nk REFINE


 f �R�P � �� k
h�� � kXXk� ���������������������� k repeted LR�c


 f �R�P � � identity in IBi

and using �DEF�� similarly one may prove LSC�

Now we check the validity of the axioms R��R� from the de�nition of an a���ow�

First� it is clear that R� coincides with LR� and R� with LR�� For R�� suppose

m
f

�� n
g

�� p
h

�� q� Then

f � �g � h� 
 ��f � ��g � h� �R�p�q� ����� �p� �R�n�q� ����� �n by DEF


 ��f � �g � h� �R�p�q� ����� �p �R�n�q������ �n by LR�


 ��f �R�n� ��� � �g � h� �R�p�q� ����� �R�n�q�p� ������ �p�n by LR�a� LR�b


 ��f � g � h� �R�n�p�q� ������ �n�p

and

�f � g� � h


 ����f � g� �R�n�p� ����� �n �h� �R�p�q� ����� �p by DEF


 ������� �L�m�n�p� ��f � g� �R�n�p� ���� � h� �R�p�n�q� ������ �n �R�p�q������ �p by R��


 ������� �L�m�n�p� �f � g � h� �R�n�p�q� ������ � ����� � ������� �n�p LR�� LR�b� LR�


 ��f � g � h� �R�m�n�p� ������ � ������ �p�n by LR�� LR�


 ��f � g � h� �R�n�p�q� ������ �n�p

�The compatibility condition in the �fth step cleary holds�



C R WO R S O S OR a� ow �

hence axiom R� holds in T �

For R�� suppose f � m � n� Then

Im � f 
 ���� �L�m� Im� � f


 ��� �L�m� f by LSC


 f by LR�a

and similarly one may prove that
f � In 
 f

Hence R� holds in T �

For R� suppose m
f

�� n
g

�� p and m� f �

�� n�
g�

�� p�� Then

�f � g� � �f � � g��


 ��f � g� �R�n�p� ����� �n ���f � � g�� �R�n��p�� ����� �n
�

by DEF


 ������ �L�m�n�m��n�� ��f � g� �R�n�p� ���� � �f � � g�� �R�n��p�� �����

�R�p�n�p��n�� ������ �n�n
�

LR�� then R��


 �������� �L�m�n�m��n�� �f � g � f � � g�� �R�n�p�n��p�� �������

�R�p�n�p��n�� ������� �n
��n LR��REFINE


 ������� �L�m�n�m��n�� �f � g � f � � g�� �R�n�p�n��p�� ������� �n
��n by LR�� LR�


 ������� �L�m�m��n�n�� �f � f � � g � g�� �R�n�n��p�p�� ������� �n
��n LR�� LR�� LR�


 �f � f � � g � g�� �R�n�n��p�p�� ������� �n�n
�

by LR��� LR�


 �f � f � � g � g�� �R�n�n��p�p�� ����� �n�n
�

by REFINE


 �f � f �� � �g � g�� by DEF

Using LSC and RSC one easily prove that LR� implies R��

For R�� suppose f � m� � m� g � m� p � n� p and h � n � n�� Then�

g �p �h 
 ��g �p �h� �R�n�n�� ����� �n by DEF


 ������� �L�m�p�n� �g � h� �R�n�p�n�� ������ �p �R�n�n������� �n by R��


 ������ �L�m�p�n� �g � h� �R�n�p�n�� ������ �n�p by LR�� LR�


 ��g � h� �R�n�p�n�� ������ �p�n by LR�� LR�


 ��g � h� �R�n�p�n�� ������� ���������������������� ��� �p�n identity in IBi


 ��g � h� Ip� �R�n�p�n��p� ������� �p�n�p by LR�c


 ��g � h� Ip� �R�n�p�n��p� ����� �n�p�p by REFINE


 �g � �h� Ip�� �p by DEF

and dually� using �DEF�� one may prove the other half of the identity R�� i�e�

f � g �p
 ��f � Ip� � g� �p

Identity R� coincides to LR�� For R�� suppose f � m� p � n� q and g � q � p� Then�
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�f � �In � g�� �p


 ��f � In � g� �R�n�q�n�p� ����� �n�q�p by DEF


 ��f � In � g� �R�n�q�n�p� ������� �n�q�p by REFINE


 ������� �L�m�p�q�n� �f � g � In� �R�n�q�p�n� ������ �R�n�q�n�p� ������� �p�n�q LR��LR�


 ������ �L�m�p�q�n� �f � g � In� �R�n�q�p�n� ������� �p�n�q LR�� REFINE


 ��f � g � In� �R�n�q�p�n� ������� �p�q�n LR��� LR�


 ��f � g� �R�n�q�p� ������� ���������������������� ��� �p�q by LR�a


 ��f � g� �R�n�q�p� ������ �p�q

and dual� using �DEF�� one may prove that

��Im � g� � f � �q
 ������ �L�m�p�q� �f � g�� �q�p

From these two identities and LR� it follows that R� holds in T �

Finally� the axioms for constants C��C�� C� is already included in the de�nition of a
LR��ow ober IBi� For C� we have

	Xa 
 I	�a �R�	�a�
�XX�


 Ia �R�a� � REFINE


 Ia

and C� follows by

�aXb � Ic� � �Ib �
aXc� 
 �Ia�b �R�a�b� �XX� � Ic� � �Ib � Ia�c �R�a�c� �XX �� DEF


 �Ia�b�c �R�a�b�c� ��XX� h
��� � �Ib�a�c �R�b�a�c� � �

h�XX ���


 �Ia�b�c �R�a�b�c� ��XX� h
�� � � �

h�XX��� RSC� LR�


 Ia�b�c �R�a�b�c� �XX�


 Ia�b�c �R�a�b�c�
�XX� REFINE


 aXb�c

C� follows from LR� for k 
 � and C� by

aXa �a 
 �Ia�a �R�a�a� �XX �� �a


 Ia �R�a� ��XX� ���������������������� ��


 Ia �R�a� �


 Ia

�



Chapter 
�

APPENDIX
 The axioms for the
algebra for �ownomials

���
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Table ����� Algebra of �ownomials

B� f � �g � h� � �f � g�� h B� Ia � Ib � Ia�b

B� I� � f � f � f � I� B� a
X
b � bXa � Ia�b

B� f � �g � h� � �f � g� � h B� a
X
� � Ia

B	 Ia � f � f � f � Ib B
 a
X
b�c � �aXb � Ic� � �Ib �

a
X
c�

B� �f � f �� � �g � g�� � f � g � f � � g� B�� �f � g� � cXd � a
X
b � �g � f�

for f 
 a� c� g 
 b� d

I� Axioms for ssmc�ies �symmetric strict monoidal categories�

A� ��a � Ia� � �a � �Ia � �a� � �a A� �a � ��a � Ia� � �a � �Ia � �
a�

A� a
X
a � �a � �a A� �a � aXa � �a

A� ��a � Ia� � �a � Ia A� �a � ��a � Ia� � Ia

A	 �a � �
a � �a ��a A� �a � �

a � �a ��a

A
 �a � �
a � I�

A�� �a � �
a � ��a � �a� � �Ia �

a
X
a � Ia� � ��a � �a�

A�� �a � �a � Ia

A�� �� � I� A�� �� � I�

A�� �a�b � �a ��b A�� �a�b � �a ��b

A�	 �� � I� A�� �� � I�

A�� �a�b � �Ia �
b
X
a � Ib� � ��a � �b� A�
 �a�b � ��a � �b� � �Ia �

a
X
b � Ib�

II� Axioms for the additional constants ������� �without feedback�

R� f � �g �c� � h � ��f � Ic� � g � �h� Ic�� �
c �relating ��� and ����

R� f � g �c� �f � g� �c �relating ��� and ����
R� �f � �Ib � g�� �c� ��Ia � g� � f� �d �shifting blocks on feedback�

for f 
 a� c� b� d� g 
 d� c

R	 f ��� f �no feedback�
R� �f �b� �a� f �a�b �multiple feedbacks�

III� Axioms for feedback

F� Ia �
a� I�

F� a
X
a �a� Ia

F� �a �
a� �a F	 �a �a� �a

F� ��Ia � �
a� � �aXa � Ia� � �Ia � �a�� �

a� Ia

IV� Axioms for the action of feedback on constants

S� �a � f � �b S� f � �b � �a

S� �a � f � �f � f� � �b S	 f � �b � �a � �f � f�
V� The strong axioms �f 
 a� b�

ENZE
 f � �Ib � y� � �Ia � y� � g implies f �c� g �d�

where E is a class of abstract relations �i�e�� of terms written with
�� �� I� X and some constants in ��������� y 
 c� d is in E

and f 
 a� c� b� c� g 
 a� d� b� d are arbitrary
VI� The enzymatic rule


