On the Strength of Owicki-Gries for Resources

Alexander Malkis and Laurent Mauborgne

IMDEA Software Institute

accepted 2011-08-28, published 2011-10-14, last updated 2023-11-17

Abstract. In multithreaded programs data are often separated into lock-protected
resources. Properties of those resources are typically verified by modular, Owicki-
Gries-like methods. The modularity of the Owicki-Gries method has its price:
proving some properties may require manual introduction of auxiliary variables.
What properties can be proven without the burden of introducing auxiliary vari-
ables? We answer this question in the abstract interpretation framework. On one
hand, we reveal a lattice structure of the method and supply a syntax-based ab-
stract transformer that describes the method exactly. On the other hand, we bound
the loss of precision from above and below by transition-relation-independent
weakly relational closures. On infinitely many programs the closures coincide
and describe the precision loss exactly; in general, the bounds are strict. We prove
the absence of a general exact closure-based fixpoint characterization of the accu-
racy of the Owicki-Gries method, both in the collecting semantics and in certain
trace semantics.

1 Introduction

The paper will characterize the accuracy of a popular verification method for proving
safety properties of concurrent programs that operate on resources.

A program operating on resources is a multithreaded program in which threads com-
municate via sequentially consistent shared memory and in which all shared variables
are partitioned into disjoint resources. Each resource may be available or busy. To ac-
cess a variable belonging to a resource, a thread waits until the resource gets available
and then starts a critical section for that resource, thus making the resource busy. While
staying in the critical section, the thread can read and write the resource data, and no
other thread can enter a critical section for the same resource, so no other thread can
access the resource data. After the thread finishes accessing the resource, it exits the
corresponding critical section, making the resource available.

Simple safety properties of such programs can be proven modularly. A modular
proof of a program consists of an annotation per control flow location and an annotation
per resource. Roughly, an annotation of a control flow location describes the valuations
of the variables that the thread may access at that location. An annotation of a resource
describes, roughly, the state of the resource when it is available. The annotations of
locations have to be sequentially consistent similarly to the standard Hoare-style asser-
tional logic, but with two changes: when a thread acquires a resource, the proof may
assume that the invariant of the acquired resource holds, and on releasing a resource the
resource invariant should be reestablished.



Such modularity incurs a loss of precision: for many programs, too strong but valid
properties cannot be proven by the method. To prove such properties, the program can
be manually augmented with so-called auxiliary variables. A set of variables is called
auxiliary if, intuitively, projecting the traces of the program to the other variables gives
the same result as removing all the statements involving the auxiliary variables and
projecting afterwards. A modular proof is created for the augmented program, then the
proven property is projected onto the original variables. The ability to use auxiliary vari-
ables makes the proof system complete. So far, auxiliary variables have been introduced
purely manually, while the construction of the remaining proof can be automated.

We will estimate the loss of precision inherent to the core of the Owicki-Gries
method, which consists of all the proof rules of the Owicki-Gries logic except the ability
to use auxiliary variables, in abstract interpretation.

We will show a rich lattice structure of the Owicki-Gries-core proofs and a syntax-
based abstract transformer describing the Owicki-Gries core exactly.

We will observe that there is no transition-relation-independent approximation op-
erator that exactly characterizes the loss of precision of the Owicki-Gries core in the
collecting semantics. We will also note the absence of equivalent trace-based character-
izations of certain kinds.

We will find an approximation operator that induces a useful upper bound on this
set, i.e., that will describe how much precision the Owicki-Gries core always loses. This
approximation operator depends only on the syntactic structure of the program, but not
on its exact transition relation. If a property is provable by the Owicki-Gries core, it is
provable by abstract interpretation with this approximation.

We will present an approximation operator inducing a lower bound on the set, i.e.,
describing how much precision the Owicki-Gries core always retains. This approxima-
tion operator also depends only on the syntactic structure of the program, but not on
its exact transition relation. If a property is provable by abstract interpretation with this
approximation, it is provable by the Owicki-Gries core.

In passing, we will demonstrate an infinite class of simple programs for which both
bounds are equal and a program on which both bounds are strict.

In short, the main results and their position are depicted in Fig. 1.
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Fig. 1: Precision of analyses. The upper bound is p, the lower bound is p. In addition
to p, we will consider a simpler lower bound p., which is coarser than p, but easier to
understand.



The rigorous formalization, computations, proofs, recommendations for practition-
ers, and comparison to abstract interpretations for general programs are found in the
appendix.

2 Resource-manipulating language and its semantics

2.1 Language RPL

Now we briefly recall the parallel language RPL (Restricted Parallel Language, rigor-
ously defined in [25]) in which shared data are separated into resources and access to a
resource is granted exclusively.

Let threads be indexed by the elements of the set 7id and, without loss of generality,
start their executions together. Threads operate on data variables from the set DataVar.
A resource is a set of data variables; the resources are disjoint. Let Res be the set of all
resources.

A statement is either

— an atomic statement, i.e., an assignment or an “assume ¢ (which skips if the ar-
gument expression evaluates to frue and blocks otherwise),
— asequential composition of two statements, an if-then-else, or a while loop,
— acritical section with r when ¢ do C endwith where r is a resource, ¢ a formula
over data variables and C some statement. We write with r do C endwith when ¢
is true.
A thread executes a statement.

A data variable is called local to thread ¢ if all the assignments to the variable are
syntactically in ¢. If a variable appears in thread ¢, it should belong to a resource or be
local to ¢. If a variable belongs to a resource r, it can appear only inside a critical section
for r, i.e., inside a “with r...” statement.

Each resource r is associated with a set of proof variables ProofVar(r), which are
all data variables that are not assigned except maybe in critical sections for r. All our
examples will satisfy ProofVar(r) = r (in general, ProofVar(r) 2 r).

An RPL program is described by a set of threads, a set of resources and an initial
condition on the variables.

2.2 Semantics of RPL

To connect to abstract interpretation, we describe programs in RPL as transition sys-
tems.
For each thread t we introduce a fresh non-data program counter variable pc,, which
— is local to thread ¢, but not to any other thread, and
— doesn’t belong to any resource, and
— takes values from the set of control flow locations PL (Program Location).
Let PCVar be the set of all program counter variables and Var = DataVarJPCVar.
We associate each control flow point p € PL with a set rsc(p) of resources r such
that p is inside a with r. .. statement.
We allow the same control flow location, say, p, to occur in different threads.



A state of a program is a map from Var to the set of values Wl that includes PL and
the ranges of all data variables. We are going to consider consistent states only: those
are states that

— map program counters to elements of PL and

— satisfy mutual exclusion: the sets of resources held by different threads are disjoint.
A thread t holds a resource r in a consistent state v if r € rsc(v(pc,)). A resource r is
busy in a consistent state v if some thread holds it in v, otherwise r is available in v.

Each statement of thread ¢ induces a set of transitions v —, v where v,V are con-
sistent states. The transitions induced by the non-with statements are straightforward.
The statement with r when ¢ do C blocks when r is busy or when ¢ does not hold,
otherwise it changes the control flow location to the initial control flow location of C;
going out of the critical section is an unconditional change of the control flow location.

Let init be the set of initial states corresponding to the initial condition and let the
successor map

post(S) = {V |IveS, teTid: v— '}

return the set of all one-step successors of a set of consistent states.

The syntactic structure of an RPL program is given by: thread identifiers, control
flow locations, values, resources, locals and program counter variables of the threads,
proof variables, map rsc. A syntactic structure is just a tuple of basic mathematical
objects (sets, variables, maps). It also exists independently of an RPL program.

3 Owicki-Gries-core proofs

3.1 Lattice of Owicki-Gries-core proofs

Now we formalize the core of the Owicki-Gries proof system. We abstract away from
the details of logic, handling sets of variable valuations instead of formulas.

Fix an arbitrary syntactic structure.

A program annotation (I,M) consists of

— a resource invariant I, for each resource r, which is a set of valuations of proof
variables of r,

- a control flow annotation M, ; for each control flow location p and each thread
t, containing valuations of data variables which are local to # or which are proof
variables of a resource held at p.

We say that a consistent state v satisfies I, (resp. M, ), if the projection of v to ProofVar(r)
(resp. to local data variables of ¢ and all proof variables of all resources in rsc(p)) is in
I, (resp.in My ,).
A program annotation (I, M) denotes the set of all consistent states v such that
— for each resource r which is available in v, the state v satisfies I, and
— for each thread 7, the state v satisfies M, ) ;-
We define yoG(I,M) as the set of all consistent states denoted by (I, M).
Now fix an arbitrary RPL program obeying the given syntactic structure.
An Owicki-Gries-core proof of the program is a program annotation that satisfies
the following conditions.



— It is sequentially consistent, which means the following: consider any transition
v — V' from a control flow location p to a control flow location p’ such that v
satisfies M), ,. There are three cases.

e The transition does not cross the border of a critical section. Then v’ should
satisty M,y ;.
o The transition starts a critical section of a resource r. Additionally, assume that
v satisfies /.. Then v/ should satisfy M,y ,.
e The transition finishes a critical section of a resource . Then V' should satisfy
both M, ; and I,.
— It admits the initial states, i.e., denotes a superset of init.

These Hoare-style rules treat critical sections specially. First, on entering a critical sec-
tion, we additionally assume the resource invariant. Second, on leaving a critical sec-
tion, we should prove the resource invariant.

Every Owicki-Gries-core proof denotes an inductive invariant. A set of consistent
states S is Owicki-Gries-core provable if there is an Owicki-Gries-core proof that de-
notes a subset of S.

Interestingly, the set of program annotations of a fixed program forms a complete
lattice with respect to componentwise inclusion order. Restricting this order to the
set of Owicki-Gries-core proofs gives a complete lattice of Owicki-Gries-core proofs,
even a Moore family. So each program has a unique smallest Owicki-Gries-core proof.
This proof denotes the strongest Owicki-Gries-core-provable property. To investigate
the power of the method, we will look at the smallest Owicki-Gries-core proofs and
strongest Owicki-Gries-core-provable properties.

3.2 Examples

Now we will look at examples of programs with their smallest Owicki-Gries-core
proofs. On Readers-Writers, as well as for a whole class of similarly simple programs,
all proof methods will have the same precision, on Upper all proof methods will have
different precision and on the class SepThreads no precision loss will be observed at
all.

We will use Owicki-style notation. In particular, “resource control(ww,ar,aw)”
means that the resource named control contains exactly ww, ar and aw.

Example 1 (Readers-Writers). A number of threads share a file simultaneously: n > 1
need reading access and m > 1 writing access. Any number of readers may access
the file simultaneously, but a writer must have exclusive access. In Fig. 2, all the data
variables range over nonnegative integers by default, subtracting a positive value from
0 blocks.



reader;

// reader;:

startreadA:

startreadB:
startreadC:
read:
finishreadA:
finishreadB:

finishreadC:

initiallyww=ar=aw =0
resource control(ww,ar,aw)

reader,

while frue do

{true}

with control

when ww =0 do
{ww=0Aaw < 1}
ar:=ar+1
{ww=0Aaw<1<ar}

endwith;

{true}

{true}
with control do
{aw <1}
ar:=ar—1
{aw <1}
endwith
endwhile

Leontrol =

| writer; ||

// writer;:
askwriteA:
askwriteB:
askwriteC:

startwriteA:

startwriteB:
startwriteC:
write:
finishwriteA:

finishwriteB:

finishwriteC:

aw <1}

| writery,

while frue do

{true}

with control do
{aw <1}
ww =ww+ 1
{aw <1 <ww}

endwith;

{true}

with control

when ar=aw =0 do
{ar=aw =0}
aw:=aw-+1
{ar=0Naw =1}

endwith;

{true}

3
{true}
with control do

{aw <1}
aw\ _ [faw—1
(ww) . (wwf 1)
{aw =0}
endwith

endwhile

Fig. 2: Program Readers-Writers and its smallest Owicki-Gries-core proof.

The strongest Owicki-Gries-core-provable property is

{v € ConsState | v(ww),v(ar) € Ng A v(aw) € {0,1}

AVie{l,...,n}:

(v(PCreader;) € {xready,read | x € {start,finish}

Ay € {A,B,C}})

AV(PCreager;) = StartreadB = v(ww)

0)

AV(PCreager;) = startreadC = v(ww) =0 < v(ar))

AV je{l,...,m}:

(v(PCuriter;) € {xwritey,write | x € {ask,start,finish}

Ay€{A,B,C}})
A(
A(
/\(v(pcwriter
A(

J

v(pcwriterj) = askwriteC = v(ww) > 0)

V(PCuriter;) = startwriteB = v(ar) = v(aw) =0)
) = startwriteC = v(ar) =0 < v(aw))

V(PCyriter;) = finishuriteC = v(aw) =0)}.



There are states in this set in which more than one writer is at write. Thus no Owicki-
Gries-core proof can show that a writer has exclusive access. The smallest Owicki-
Gries-core proof can prove a slightly weaker property, namely that the value of aw,
which tracks the number of writers, never exceeds 1.

Example 2 (Upper). The program Upper in Fig. 3 will be used for showing differences
between the Owicki-Gries-core proofs and the upper bound later. The range of the data
variables is {0, 1}. The computation is trivial: no thread can make a step. The majority
of the program text serves to create a particular distribution of variables into locals and
resources. There are exactly two reachable states, namely the initial ones. The smallest

initiallyu#z=x=y=1
resource r(u,z), r(x,y)

// Thread 1 // Thread 2
A: {l=x} 0: {y=z2}
with r when [ =u do assume false;

B: {Il=x=u#7z} P: with  do
with v do Q: y:=0

C: {y>l=x=u#z} R: endwith;

x:=0 S: with r do

D: {y>l=u#zAx=0} || T: u:=0;
endwith; U: z:=0

E: {l=u#zAx=0} V: endwith;
assume false W:

F: endwith;

G: with 7 do

H: x:=0

I: endwith;

J: with r do

K: u:=0

L: endwith;

M: [:=0

N:

L={u#z}, I.={x<y}

Fig. 3: Program Upper and its smallest Owicki-Gries-core proof. Control flow locations
following “assume false” are annotated by {false} by default.

Owicki-Gries-core proof denotes many more states, e.g., [+ 0,z+— 1,x+— 0,y — 1,
1+~ 0,pc; — A, pcy — 0].

Example 3 (Simple). A program belongs to the class Simple if it has at most one re-
source, and if the resource exists, then it contains no local variables and all its proof
variables belong to the resource. Readers-Writers is a family of programs from Simple.

Example 4 (SepThreads). The class SepThreads (Separate Threads) consists of all
programs that have no resources and whose initial states are exactly those that satisfy



the initial conditions of all the threads (a proper subset of such states is disallowed). For
such programs the smallest Owicki-Gries-core proof denotes the set of reachable states.

4 Owicki-Gries core as abstract interpretation

4.1 Owicki-Gries-core proofs are the post-fixpoints of a sound abstract successor
map

Our first step to try to give a measure of the precision of the Owicki-Gries core will
be to cast it in the abstract interpretation framework. An Owicki-Gries-core proof is
clearly an abstraction of the set of reachable states of a program. So we will give a
characterization of Owicki-Gries core as a post-fixpoint of a sound abstraction of the
successor map post of an RPL program. The map mimics the application of the Owicki-
Gries-core proof conditions.

For a program annotation (1,M), we define the sound Owicki-Gries-core abstract
successor map post (I, M) = (I',M'), which applies the sequential consistency once:

— I/ is the smallest superset of I, that contains all valuations w of proof variables of r

such that there is a transition v—;V' (for some thread ¢) that exits a critical section
for r, v satisfies M,,(,,), and w equals the projection of v/ on the proof variables of
r
- M;Q/,z is the smallest superset of M,,; that contains all valuations w of local data

variables of thread ¢ and proof variables of resources held at location p’ such that
there is a transition v—/ such that v satisfies My, - v satisfies 1, if the transition
starts a critical section for r, v(pc,)=p’, and w equals the projection of V' to local
data variables of ¢ and to the proof variables of resources held at p'.

This operator is, as the name says, sound with respect to the successor map.

Let (7™ M™") be the annotation describing the initial states only:

- I}"”" is the set of all valuations of proof variables of 7 in the initial states;

- Mli,’?;’ is the set of valuations of local data variables of thread ¢ in the initial states.
The Owicki-Gries-core abstract transformer F&s(I,M) is constructed as the pointwise
union of (™, M) and post;(I,M). The set of post-fixpoints of Fjj; coincides with
the set of Owicki-Gries-core proofs; thus the following theorem holds.

Theorem 5 (Equivalence). The least fixpoint of FgG is the smallest Owicki-Gries-core
proof.

4.2 Characteristic closures for Owicki-Gries core?

An elegant way of describing the precision of an approximation of a semantics given in
fixpoint form is through the use of closures. A closure p is a monotone operator that is
idempotent (p(p(x)) = p(x)) and extensive (p(x) > x). Given a concrete domain (D, <)
and a monotone function F': D— D, the closure p on D defines an approximation of the
concrete semantics Ifp(F) in the sense that [fp(F) < Ifp(p oF ). Such a description shows
the actual loss of information, as the fixpoints of the closure are exactly the abstract
elements that describe the approximation, and applying the closure to one concrete
element exactly shows what information is lost for that element.



In our case, we have a concrete domain of sets of consistent states ordered by in-
clusion, and the semantics is given as the least fixpoint of the successor map post over
the initial states. Then we exhibited an approximation postgG of that successor map. In
order to describe its precision, it would be nice to find a closure p such that postéG is
exactly the best transformer for p o post. Finding one closure for each program is not
difficult (just take the closure with two fixpoints, one being the strongest Owicki-Gries-
core-provable property and the other the set of all consistent states), but this would not
be very informative. Instead, because the concrete domain is entirely fixed by the syn-
tactic structure of the program, we would like to find a p that would be fixed for a given
syntactic structure. Alas, the next section shows that it is not possible in general.

S Absence of equivalent characterizations by closures

The main result of this section is unfortunately negative: assuming we start from a
reachable state semantics, there is no way to describe the strongest Owicki-Gries-core
proof for a given syntactic structure using closures.

Theorem 6 (No Equivalence). There is a syntactic structure such that for consistent
states defined through the syntactic structure and the concrete domain being the pow-
erset of consistent states, there is no closure p on the powerset of consistent states such
that for any multithreaded program having the given syntactic structure and for any
property S of consistent states we have

S is Owicki-Gries-core provable < Ifp(Ax. p(initUpost(x))) C S.

One such syntactic structure is given by program Upper from Example 2.

In fact, we can prove an even stronger property, as the proof requires only that p
is monotone. Even more, the same proof holds even if we restrict the validity of the
equivalence to a given transition relation:

Theorem 7. Under the same syntactic structure as in Thm. 6, there is no family of
monotone maps = indexed by transition relations, such that E preserves least fixpoints
(V transition relations t1,7: Ifp(t1) = lfp(2) = Ifp(Ze) = Up(Ey,)), and for any
property S of consistent states we have

S is Owicki-Gries-core provable < Ifp(E)., inituposi(x)) C S-

Theorem 6 shows that if we start by approximating traces by states and wish to de-
scribe the Owicki-Gries-core proof system using closures, we can only hope for bounds
framing the proof system. We will provide such bounds in the next two sections. If we
are willing to work with closures on sets of traces instead of sets of states, it might be
possible to find some equivalence. But such an equivalence cannot be obtained directly
by collecting the states of traces obtained from abstract interpretation with a closure.
Let & be the abstraction which associates to a set of traces the set of consistent states
appearing in the traces.



Theorem 8. Under the same syntactic structure as in Thm. 6, there is no monotone
operator p on the powerset of traces of consistent states such that for any multithreaded
program having the given syntactic structure, set of initial traces init and the trace
extension operator post and for any property S of consistent states we have

S is Owicki-Gries-core provable < &(lfp(lx.ﬁ(i;lftuﬁ(x)))) CS.

6 Upper bound on precision

Now we will show a closure operator such that the best abstract interpretation of the
program with this approximation allows proving a larger set of properties than those
provable by the Owicki-Gries core. The approximation will depend only on the syntac-
tic structure, but not on the exact transition relation of a program.

Definition 9 (Owicki-Gries-core annotation closure). For a given syntactic structure,
let p(Q) be the approximation defined as the set of consistent states v such that:

— if a resource r is available in v, then there is some other state in Q

e that coincides with v on the proof variables of r and
e in which r is available;

— and for any thread t there is a state in Q that coincides with v on local variables
(including the program counter) of t and on the proof variables of the resources
held by t inv.

Then p is a closure on the powerset of consistent states. We call it the Owicki-Gries-
core annotation closure.

The reason why we call this closure an Owicki-Gries-core annotation closure is
because it is the closure corresponding to the Galois connection defined by Yog (which
gives the set of consistent states denoted by a program annotation).

Now fix an arbitrary program and let p be defined by its syntactic structure.

Theorem 10 (Upper bound). Abstract interpretation with p is at least as strong as the
Owicki-Gries core. Formally:

Ifp(Ax.p(init Upost(x))) C the strongest Owicki-Gries-core-provable property.

From the high-level view, the best transformer using this closure is capable of taking
into account global computation instead of local successor computation in the Owicki-
Gries core. It is as if before checking sequential consistency we take into account anno-
tations not only of one thread, but of all the threads, gaining precision.

Furthermore, the Owicki-Gries-core annotation closure shows where the informa-
tion is always lost. For instance, if a syntactic structure says that locals are disjoint
among themselves and from all the proof variables of the resources, and if two states
outside of critical sections are given, then any combination of the locals and resource
variables of those states is in the approximation of those two states.

10



Example 11 (Readers-Writers). For the program Readers-Writers from Example 1
the least fixpoint of Ifp(Ax. p (initUpost(x))) coincides with the strongest Owicki-Gries-
core-provable property. This property is coarser than the set of reachable states. For ex-
ample, in one execution writer; can reach write, in another execution writer, can
reach write, and the initial state satisfies ww = ar = aw = 0, so p produces a com-
bined state where both writers are at write, other threads are at their initial locations
and all data variables have value 0. Thus, no Owicki-Gries-core proof can restore the
dependency between the threads and prove mutual exclusion between the writers.

Example 12 (Upper). For the program Upper from Example 2 abstract interpreta-
tion with p produces the set of reachable states, which is properly included into every
Owicki-Gries-core-provable property. The reason for this discrepancy is that locals of
one thread and resources held by a different thread overlap. Such an overlap constrains
the output of p, but not an Owicki-Gries-core proof. Considering such overlaps actually
improves precision!

Example 13 (Simple). For the programs of the class Simple abstract interpretation
with p produces the same result as the smallest Owicki-Gries-core proof. The reason,
as we will see, is that abstract interpretation with the lower bound will produce the same
result as abstract interpretation with the upper bound.

Example 14 (SepThreads). For the programs of the class SepThreads of Example 4
abstract interpretation with p produces the same result as the smallest Owicki-Gries-
core proof. The reason is that the smallest Owicki-Gries-core proof already denotes the
set of reachable states.

7 Lower bound on precision

Now we will show a nontrivial Cartesian-like closure such that abstract interpretation
with this closure can prove only properties weaker than or equal to the strongest Owicki-
Gries-core-provable property. In fact, we will even show two such closures. One closure
(namely p) will describe a better lower bound, while the other (namely p;) is easier to
comprehend.

The definitions of both bounds require some preparation.

For a family of sets 2" = {Xi,...,X,}, let Part(Z"), called partition of 2, be the
set of all nonempty ¥; N ---NY, where each ¥; is either X; or its complement (| J.2")\ X;
(1 <i < n). Elements of a partition are called blocks.

Let us fix an arbitrary syntactic structure. Our lower bounds will depend on the
syntactic structure but be the same for all the programs that obey this syntactic structure.
Let RL be the family of sets containing all resources r and all sets of locals Local; for
all threads ¢ as elements. Let RL be the partition of RL.

For example, for the syntactic structure of Upper the set RL has exactly four ele-
ments: the locals of the first thread {/,x, pc, }, the locals of the second thread {y,z,pc, },
the resource r = {u,z}, and the resource ¥ = {x,y}. The corresponding partition has

exactly six blocks: {u}, {x}, {y}, {z}, {l,pcy}, {pcy}-
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7.1 Simple cartesian closure

The simpler approximation is defined as follows.

Definition 15 (Cartesian closure). Given a set of consistent states Q, the Cartesian
approximation p. returns all the consistent states from the product of projections of Q
onto the blocks in RL.

In other words, p.(Q) contains exactly those consistent states v such that for each block
there is a state V in Q that agrees with v on the variables of the block.

We call this approximation Cartesian, since it is similar to the closure that can be de-
rived from the Cartesian pair of adjoint maps from [10], p. 172. As the name says, p. is
a closure.

This approximation breaks all the dependencies between the blocks and retains all
dependencies inside a block.

For example, for the syntactic structure of the program Upper the variables / and
pc; belong to the same block. Thus, if in a set of states every state at some fixed control
flow location satisfies [ = 0, each state from the Cartesian approximation of this set will
also satisfy [ = 0 for that control flow location.

Abstract interpretation with p. generates a property which is always weaker than or
equal to the strongest Owicki-Gries-core-provable property.

7.2 More precise lower bound closure

The following definition strengthens p. in two ways. Firstly, we impose restrictions on
v from the definition of p.. Such restrictions will depend on the block. Secondly, we
look at the prophecy variables: those are variables which are never written and which
don’t belong to a resource. Prophecy variables form a separate block; now we restore all
the dependencies between this block and those locals of any thread that are not resource
variables.

Definition 16 (Lower Bound closure). Given a set of consistent states Q, its approx-
imation p(Q) contains exactly those consistent states v such that both of the following
conditions are satisfied. _
— For every block in RL that is contained in a resource,
e if'the resource is available in v, then there is some v € Q
% in which the resource is also available
* and which coincides with v on the block;
o if some thread holds the resource in v, then there is some V € Q which coincides
with v on all the variables
x that are local to this thread but do not belong to any resource, or
x that belong to the block.
— For every thread there is a state in Q that coincides with v on each variable
e that is a local variable of the thread but
e does not belong to any resource.

12



As the name says, p is a closure. It is at least as precise as p.. Both closures do
not depend on the exact transition relation of a program. The closure p induces the
tightest lower bound we could prove. It shows the dependencies that are always retained,
creating a basis for the construction of future refinement algorithms (possibly following
[20D).

Now fix an arbitrary RPL program that has the assumed syntactic structure.

The proof of the lower bound relies on several claims about the strongest property
provable by abstract interpretation with p. The following claim is the most important
one.

Lemma 17. Let Q be the strongest property provable by abstract interpretation with p.
Consider a transition of a thread t from a consistent state v to a consistent state V', let
the transition start a critical section. Let v € Q such that v agrees with V on the locals
of t and on the variables of the resources held by t before the transition. Let V € Q such
that v agrees with ¥ on the variables of the resource being acquired. Then there is a state
in Q that agrees with V' on the locals of thread t and on the variables of the resources
held by the thread after the transition.

The lower bound theorem follows from the lemma.

Theorem 18 (Lower bound). The core of Owicki-Gries can prove at least as many
properties as abstract interpretation with p or p.. Formally:

the strongest Owicki-Gries-core—provable property C Ifp(Ax.p(initUpost(x)))

C Ifp(Ax. pc(initUpost(x))) .

Example 19 (Readers-Writers). For the program Readers-Writers from Example 1
abstract interpretation with p, produces the set of all consistent states where readers are
at...read..., writers are at ...write..., and ww, ar, aw are nonnegative. The Owicki-
Gries core and abstract interpretation with p can prove stronger properties, e.g., that at
location askwriteC the value of ww is positive. Intuitively, when a resource is busy,
Cartesian abstraction always breaks the dependency between the resource variables and
the control flow, while p and the Owicki-Gries core sometimes retain the dependency.

Example 20 (Upper). For the program Upper from Example 2 abstract interpretation
using either p. or p produces the same result: the set of all states such that the first thread
is at any location between A and E, the second thread is at 0 and all data variables take
arbitrary values from {0, 1}. The Owicki-Gries core can prove stronger properties; for
instance, it can show that at location E the value of x is zero. Intuitively, the dependency
between resource variables and control flow is always broken in Cartesian abstraction
but is sometimes retained in the Owicki-Gries core.

Example 21 (Simple). For the programs from the class Simple from Example 3 the
approximations p and p are so close to each other that abstract interpretations with
both produce the same property. Since they define the lower and upper bounds on the
precision of the Owicki-Gries core, the Owicki-Gries core can prove exactly the same
properties as those provable by abstract interpretation with any of the two approxima-
tions. If a program from Simple does not have the empty resource, then p and p coincide
exactly, approximating a set of states Q by the set of all consistent states v such that both
of the following conditions hold.

13



— If there is a resource and it is available in v, there is some state in Q that coincides
with v on the resource and in which the resource is available.

— For each thread there is a state in Q which coincides with v on the variables of the
thread and, if the resource is present and is held, on the variables of the resource.

Example 22 (SepThreads). For the programs from the class SepThreads from Ex-
ample 4 the approximations p and p coincide. Since they define the lower and upper
bounds on the precision of the Owicki-Gries core, the Owicki-Gries core can prove ex-
actly the same properties as those provable by abstract interpretation with any of the
two approximations. Due to the absence of any thread interactions and independence
of initial states of the threads, the mentioned methods can prove the strongest inductive
property, namely the set of states reachable from the initial ones. Informally spoken, all
dependencies between the locals of each thread are retained.

8 Related work

Historically, conditional critical regions were introduced in [16]. The thesis [25] of Ow-
icki and her paper with Gries [26] describe the original proof method for RPL. Modular
reasoning about RPL has not been characterized in terms of abstract interpretation via
closures [8] so far.

For general multithreaded programs (i.e. without separation of data into resources),
Owicki-Gries-style reasoning without auxiliary variables is equivalent to multithreaded
Cartesian abstraction. The result was first mentioned without proof in [11], and the
proof appears in [20].

Clarke [6] has considered a subset of integer RPL programs with only one resource,
where, roughly, only additions of constants inside the critical sections are allowed, and
the property to be checked is either mutual exclusion of PV-semaphores or deadlock
freedom. With a predefined choice of integer auxiliary variables, the least fixpoint of
a particular functional is a resource invariant that precisely tells whether the property
holds or not. Two overapproximations are given: a fixed-formula resource invariant
and an invariant computed by a polyhedral analysis with widening. Our work, on the
contrary, does not impose any restrictions on the program form. Our results hold for
even more programs than the RPL ones, e.g., where the critical sections are not well-
nested.

The work of Owicki on RPL is the basis of a variety of modular programming
languages equipped with proof methods of different degrees of completeness and au-
tomation.

Concurrent separation logic (CSL) [24] equips RPL with separation logic as a for-
mula language. CSL is also incomplete without the rule of auxiliary variables, so the
question of precision arises. Removing secondly important features of CSL for the sake
of clarity (as in [5]) and considering variables in the heap makes our lower bound also
apply to such CSL versions.

Chalice [19] is a language for verification of object-oriented concurrent programs
with heap, equipped with an RPL-like proof system. Due to the powerful permission
system, the proof system is in general stronger than that of Owicki, so our lower bound

14



on precision carries over to Chalice for programs that can be directly represented both
in RPL and in Chalice.

VCC [23] is a verifier for multithreaded C. When accessing structures in a lock-
based manner, VCC requires the user to provide invariants of C structs. On ob-
taining ownership of a structure, the resource invariant is assumed; on relinquish-
ing ownership, the resource invariant has to be reestablished. Ghost contracts of lock-
manipulating functions control the ownership transfer. Our lower bound applies to VCC
as well.

9 Discussion

9.1 Challenges

Discussing the precision loss reveals several open problems.

Example 20 shows a gap between the accuracy of the Owicki-Gries core and the
lower bound. Can the lower bound closure be strengthened?

The main inequivalence result assumes that the concrete domain is the powerset of
consistent states. For the powerset of traces, we only know inequivalence for a subclass
of abstract interpretations. Is there an exact characterization of the Owicki-Gries core
by abstract interpretation on the powerset of traces?

We have shown what variable dependencies does the Owicki-Gries core break. Can
these dependencies be restored on demand? Is there an automatic counterexample-
guided abstraction refinement of the Owicki-Gries core, perhaps based on auxiliary
variables [7], unions of Cartesian products [20], or abstract threads [18]?

Can one characterize the precision loss of the Owicki-Gries core by completeness
notions of [15]?

Can one formalize CSL in abstract interpretation in a way that would reveal the
involved approximation?

9.2 Conclusion

We have examined a modular method (Owicki-Gries core) for proving safety properties
of a widely-used class of multithreaded programs.

The considered class contains structured programs in which shared data are par-
titioned into resources and are accessed only in critical sections that ensure mutually
exclusive access to resources. The method provides a clean basis for other more so-
phisticated proof methods like Concurrent Separation Logic, Chalice, or VCC. The
Owicki-Gries core is polynomial in the number of threads, but without manually adding
auxiliary variables it cannot prove many properties of concurrent programs.

The Owicki-Gries core is, intuitively, expected to succeed for properties whose de-
pendence on thread coupling is low, and is expected to fail if complicated thread inter-
actions have to be analyzed. We have made this notion precise, providing a characteriza-
tion of the set of Owicki-Gries-core-provable properties. We have demonstrated an ab-
stract transformer corresponding to the Owicki-Gries core: the least fixpoint of the ab-
stract transformer denotes exactly the strongest Owicki-Gries-core-provable property.
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To quantify the loss of precision inherent to modularity, we have provided a superset
and a subset of Owicki-Gries-core-provable properties, described by abstract interpreta-
tions with closure operators that depend on the syntactic structure of the program only.
These bounds coincide for a class of simple programs. We have also shown a principal
inability to provide an exact characterization of the set of properties in terms of closures
that depend only on the syntactic structure.
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RPL

We formalize RPL (restricted programming language) of [25] as a transition system as
follows.

A syntactic structure is a tuple

Tid, PL,Val,Res, (Local;, pc, )ictia, ProofVar, rsc
t

where all the following conditions hold.
— Tid, PL, Val are any sets with PL C Val.
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— Res is a set! of disjoint? sets.

— For each ¢ € Tid we have pc, € Local; \ Res.

— For all different 7,7 in Tid we have pc, ¢ Local;.

— ProofVar: Res — B (DataVar) is extensive, where 3 is the powerset symbol, PCVar

= {pc, | t € Tid} and DataVar =\ JRes UJ, iy Local; \ PCVar.

— rsc: PL — B(Res). Notice that rsc is independent® of Tid.
The elements of ProofVar(r) are called proof variables* of a resource r (r € Res). Given
a syntactic structure as above, let Var = | JRes U ;g Local;. A consistent state is an
element of

ConsState = {v € Var — Val |Vt € Tid : v(pc,) € PL and
Ve Tid\{t}:rsc(v(pc,)) Nrsc(v(pe;)) =0} .
A resource r is held by t € Tid in v € ConsState if r € rsc(v(pc,)). A resource is busy in
v € ConsState if r € U, cqigrsc(v(pc,)), otherwise r is available in v.
The restriction of a map w to a set V is wly = {(a,b) € w|a € V}. Two maps v, w
coincide on a set V, written v ~y w, iff v|y = wly.
An RPL transition system obeying a syntactic structure as above is a tuple

(init,(—)retia)

such that init C ConsState, for all t € Tid we have —; C ConsState*> N\ Y v € init:
rsc(v(pc,)) = 0, and all the conditions below hold:
— for all x € DataVar and t € Tid we have

(VieTid\{t}, (v,v') € —=: v(x) =V'(x)) = x € Local;;

— for all » € Res we have

ProofVar(r) = {xGDataVar

vieTid,(v,V)€ —: <: (E)C)r;(:é,()i,))) r? rrsc(v’ (pq)))} ;

- foralls € Tid, (v,v') € =, R=rsc(v(pc,)), R = rsc(vV'(pc,)), R=Res\ (RUR') all
the following conditions hold:

U'In her thesis, Owicki did not explicitly forbid resources that do not protect any variables,
though she mentions no examples with such empty resources. We explicitly allow them. How-
ever, we introduce a restriction: in our formulation, the empty resource, if it exists, should be
unique. We don’t consider this restriction important: we have never come across meaningful
academic or real-life programs with empty resources.

2 Following Owicki, we consider the general case, allowing nonempty intersection between any
element of Res and any Local; (¢t € Tid). If we enforced mutual disjointness between all r €
Res and all Local; (t € Tid), we would get a tighter lower bound, but only because the proof
system would get weaker.

3 This way of modeling turned out to be simpler than, say, making control flow locations of
different threads disjoint, or making rsc dependent on the thread.

4 Owicki described Proof-var as a proof-related notion. Since proof variables of a resource
capture a syntactic property of the transition relation of a program, we view proof variables
as a syntactic notion, despite their name. A lightweight presentation [26] omits the notion of
proof variables, obtaining a simpler but significantly weaker proof system.

18



(1) v NUFeTid\{r} Loca[; V/;

(2) v~Ur Vv

3) R 7é R =v ~Var\{pc, } Vs

(4) forall weConsState, if v ~ 1 yeq\ Uryuur W and Vr € R\R : 7 & Ursc(w(PCVar)),
then there is some w’ such that w — w" and v/ ~(; pea,\ UR)LUR' W'

5) |(R\R)U(R\R)| < 1.

Remark 23. Notice thatin (4), w' additionally satisfies w' € ConsState and (v ~/ ycq;, 1R
w = ~Local, UJR' w').

Proof. Follows from —;C ConsState® and v/ [by (2)] ~Local"UR V [by assumption]
~Local; \UR W [by (2)] ~Local,NUR w' u

Fix an RPL transition system as above. A set of states is mapped to a set of their suc-
cessors by the function

post : P(ConsState) — P(ConsState), S+ {V' |IveS,t€Tid:v—V'}.
The goal of verification is, given a set of states safe C ConsState, to prove that

Ifp(AS.initUpost(S)) C safe.

B Owicki-Gries for RPL

Fix a syntactic structure (7id, PL, Val, Res, (Local; , pc,)icia, ProofVar, rsc) for the whole
section B.

B.1 Definition of Owicki-Gries core

For each ¢ € Tid let LocalDataVar, = Local, \ {pc, } be the set of local data variables.
A program annotation is an element of

PA = (H‘B(ProofVar(r) — Val)) x H‘B((LocalDataVar, UUPmofVar(rsc(p))) — Val).

reRes PEPL,
teTid

A program annotation P denotes a set of states given by

YoG(P) = {v € ConsState |V r € Res\ | Jrsc(v(PCVar)) : V] proopr(r) € Ir

and V¢t € Tid : VIL()calDalaVar,UUProo ar(rsc(v(pe;))) € Mv(pc,),l}'

For an RPL transition system T = (init, (—);ci4) that obeys the given syntactic struc-

ture, an Owicki-Gries-core proof of T is a program annotation P := ((I,),EReS, (Mps)pe pL,)
teTid
such that the following holds: l
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— sequential consistency: for all ¢ € Tid, (v,v') € =, p =v(pc,), p' =V (pc,), R =
rsc(p), R' = rsc(p’), if

V‘LocalDataVar,UUProoﬂ'ﬁr(R) € Mp.,t AVreR \R : V|ProofVar(r) el

then

/ /. .
v ‘LocalDataVar,UUPmeVar(R’) € Mp’ﬁt AYreRr \R 2V |Prm)fVar(r) el

— initial condition: init C YoG(P).
An Owicki-Gries-core proof P proves a property safe C ConsState if Yog(P) C safe.

B.2 Lattice of Owicki-Gries-core proofs

The set of program annotations is ordered by pointwise inclusion:

~

(1) reress (M) peprretia) © (1) reres, (M) pepLictia)

iff Vr€Res: 1, ClandV p € PL,t € Tid : M, C My,
Then the least upper bound is the pointwise union | |, the greatest lower bound is a
pointwise intersection [ ], and the lattice is complete.
Consider the lattice
D =PB(ConsState) ,

ordered by inclusion. This lattice is certainly complete.
Proposition 24. Yo : PA — D is a complete meet-morphism.

Proof. Let A be a set of program annotations and ((J;)cres, (Np,r) peprietia) = [ |A. We

have to show that Yog([ ]A) and Yo (A) coincide.

“C”: Letv € YoG([ ]A). Then V r € Res \ Ursc(v(PCVar)) : v|poopiar(r) € Jr and V1 €
Tid - V‘L{)calDataVartUUPr()(ngur(rsc(v(pc,))) S Nv(],ct),,. The definition of |—| implies that
for all B = ((I+)reress (Mp1) pepLictia) € A we have V r € Res \ Ursc(v(PCVar)) :
V|Pr00f\/hr(r) €land V1t € Tid: V|LocalDataVar,UUProofVar(rsc(v(pc,))) € Mv(pc,),tv ie,ve
Yo (B). Since B € A was arbitrary, we have v € (Y06 (A).

“D”: Let v € Yog(B) for all B € A. Let r € Res\ Ursc(v(PCVar)). Then for each B
= (I,M) € A the definition of YoG gives Vlpopar() € Ir- ThUS V|pyopar() € Jr- SO
Vr &€ Res\Ursc(v(PCVar)): v|poofar(r) € Jr- Now lett € Tid. For each B = (I,M) €
A the definition of Yo implies that V|IﬁcalData\/izr,UUProofVar(rsc(v(pc,))) € Mv(pct),t; Sl

]Vv(pc,),t > v|LocalDatthr,UUPraofVlr(rsc(v(pc,)))- Thus Vz€Tid: V|LocalDataWzr,UUProofVar(rsc(v(pc,)))
€ Ny(pc,)- We have shown v € yoG([ ]4). [ ]

For the remainder of the subsection B.2, fix an RPL transition system T = (inif, (—
)retia) that obeys the given syntactic structure. Let O be the set of Owicki-Gries-core
proofs of T. From PA it inherits the componentwise inclusion as the partial order, which
we also denote by L.
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Theorem 25. (O,0C) is a complete lattice with infimum being componentwise intersec-
tion [].
Proof. Let A be a set of Owicki-Gries-core proofs. First we show that [ |A in PA is the
infimum of A in O.
— CaseA=0.LetB =
((ProofVar(r) —Val)ycges, ((LocalDataVar; U \JProofVar(rsc(p))) —Val) pepr,). Cer-

teTid
tainly B is sequentially consistent. Since Yog(B) = ConsState, B satisfies the initial

condition. Thus B € ©. Notice that B is a lower bound of @ and is greater than or
equal to any other element of O. Thus B = infgy 0.

— Case A # 0. Let B = ((I+)reres; (M) perr,) = [ ]A. First we will show that B is an
teTid
Owicki-Gries-core proof. l

Sequential consistency. Letz € Tid, (v,v') €=, p=v(pc,), p' =V (pc,), R=rsc(p),
R = rSC(p/), V|L0calDaanr,UUProuﬂrbr(R) € Mp,t andVreR \R : V|Prousar(r) el.
Then for all (Ja N) € A we have V|LocalDataVélr,UUPmaﬂ/Ztr(R) € Np,r andVreR \R
we have v| Proopvar(r) € Jr. Since A contains Owicki-Gries-core proofs only, we
get vl|LocalDataVar,UUProofVar(R’) € Np/,l andVre R\Rl v ‘Prooﬂézr(r) €Jr ((JvN) €
A). Thus vl|LocalDatthr,UUProoszr(R’) € Mp/,t andVre R\R/ : V/|ProofVar(r) €l

Initial condition. For each P = ((J)rcres, (Nps)perr,) € A we have init C Yo (P),

teTid
so for any v € init we have ¥V r € Res \ Ursc(v(PCVar)) : v|poofvar(r) € Jr and

VieTid: v|LocalDatter,UUProaf\élr(rsc(v(pc,))) € Nv(pc,),t' Taking componentwise
intersection over all P, for any v € init we have ¥V r € Res \ Ursc(v(PCVar))
V|Pmoﬂ/&zr(r) €lyandVreTid: V‘LocalDathzr,UUPmofVar(rsc(v(pc,))) € Mv(pc,),t' Thus
for all v € init we have v € YoG(B), so init C Yog(B).
We have shown that B € 9. By definition B is less than or equal to any element of
A. Assume some other lower bound C € O for A. Then C C P foreach P € A, so C
is less than or equal to the pointwise intersection over A, i.e., C C B. Thus B is the
greatest lower bound of A in O.
We have shown that the greatest lower bound of any set of elements of the poset (O, C)
exist. By Thm. 2 in Chap. 4 of [2] (alternatively Thm. 4.2 in [4]), © is a complete lattice.
|

Notice that the infimum of £ is the tuple of empty sets iff init is empty; thus O is
a complete sublattice of PA only if init is empty. Usually verified programs have initial
states, thus usually © is not a complete sublattice of PA.

In any case the least Owicki-Gries-core proof exists.

Corollary 26. The strongest Owicki-Gries-core provable property exists and is denoted
by the smallest Owicki-Gries-core proof.

Proof. The set of Owicki-Gries-core-provable properties is Yog(9). The infimum of
this set is S := NYoc(O) = Yoc([19). Since O is a complete lattice with pointwise
intersection as infimum, [ ]O € O. So S is itself Owicki-Gries-core provable. Notice
that S is stronger than or equal to any other Owicki-Gries-core-provable property. W

Proposition 27. Any Owicki-Gries-core proof denotes an inductive invariant:

VPeO: initUpost(Yoc(P)) C Yoc(P).
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Proof. Let (I,M) € O. We have to prove the following two claims.

“postoYoc(I,M) C Yoc(I,M): LetV' € postoyog(I,M). Then there is v € Yog(I,M)
and ¢ €Tid such that v—,v'. Notice that by (1) we have v(pc;) = V' (pc;) for i €
Tid \ {t}. Let R = rsc(v(pc,)) and R' = rsc(V (pc,)). From v € yoG(I,M) we get
V| LocatDatavar, (UProopar(R) € My(pc,) - Now let r € R"\ R. From v/ € ConsState and
r € rse(v'(pe,)) we get r & Upeqia\ 1) r5¢(V' (pe;)) = [since v(pc;) = V' (pe;) for 7 €
Tid \ {t}] Uicria\{r} rsc(v(pc;)). Since r & R = rsc(v(pc,)), we conclude that r ¢
Ursc(v(PCVar)). Since v € Yo (I, M), we obtain v|psenar(r) € Ir. Thus Vr € R\ R
V|Proquar(r) € I,. By sequential consistency, V/|LocalDatthr,UUPmQ}‘Vhr(R/) € Mv’(pc,),t
and V' r € R\R" :V|poopur(r) € Ir-

Now we will show that V' is in Yo (I, M).

e Letr € Res\Ursc(V (PCVar)). Fromt €Tid, v—;V' and the definition of ProofVar
we obtain that for all x € ProofVar(r) we have v(x) = v'(x). S0 V|popar(r)
= V| proofuar(r)- From (1) we know for 7 € Tid\{t} that v(pc;) = v'(pc;), thus
rsc(v(pe;)) = rsc(V (pc;)) Z r. Consider two cases.

Case r € rsc(v(pc,)). Thenr € R\ R'. By the above, V| pyoopir(r) € Ir-

Case r ¢ rsc(v(pc,)). Then r & Ursc(v(PCVar)). Thus v|popar(r) € Ir- There-
fore V/|Prooﬂhr(r) €l

So V' r € Res \ Ursc(v/ (PCVar)) : V' | proopar(r) € Ir-

e Let 7 € Tid. Consider two cases.

Case?=1. By the above, vl‘LocalData\hr,UUProoﬂhr(R’) eEM, (pcy)t-

Case f # t. From v(pc;)=V(pc;) we get LocalDataVar; U\JProofVar(rsc(v(pc;)))
= LocalDataVar; U\ JProofVar(rsc(V' (pc;))). Let x be an element of LocalDataVar;
UUProofVar(rsc(v(pc;))). If x € LocalDataVary, then (1) implies v(x) =
V/(x). Otherwise x € ProofVar(r) for some r € rsc(v'(pc;)). From V' €
ConsState we get r & rsc(V'(pc,)). From x € ProofVar(r) we obtain v(x) =
Vv (x) Combining together, ‘/|LocalDataVar;UUProofVar(rsc(\/ (pc;))):v|LocalDataVar;UUPraofVar(rsc(vQ;q)))
€ [since v € ’}’QG(I,M)] Mv(pc;),f = MV,(PCf)f'

SoVieTid: vl‘LocalDatanr;UUProo ar(rsc(v (pes))) € Mv/(pc;),f'

We have shown V' € Yo (I,M).
“init C Yog(I,M)”: By definition of an Owicki-Gries-core proof.

B.3 Examples of Owicki-Gries-core proofs
For k € Nt let N, = NN [1,4].

Extension of Example 1. The syntactic structure of Readers-Writers (n,m > 1) is given
by

- Tid = {reader;,writer; |1 <i<n,1 < j<m};
PL = {startreadA,startreadB, startreadC,read,finishreadA,
finishreadB,finishreadC,askwriteA,askwriteB,askwriteC,
startwritel,startwriteB,startwriteC,write,finishwriteA,
finishwriteB,finishwriteC};
Val = PLUNj, where N is the set of nonnegative integers;
— Res = {control} = {{ww,ar,aw}};
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= Localreager; = {PCreager;} (1 <1< 1), Localyzsver; = {PCyriter; } (1 < j < m);

— ProofVar(control) = control,

— rsc(...A) = rsc(read) = rsc(write) = 0, rsc(...B) = rsc(...C) = {control}.
Since we have assumed at least two readers and two writers, there are no local data
variables. Let
Leontror = {v : control = Ny | v(aw) < 1},

M € [1pep seria*B((LocalDataVar, U ProofVar(rsc(p))) — Val) given by
M...readA,readeri — Mread,reader; — {0},

Mstartreads reader; = {v € ({ww,ar,aw} — No) | v(ww) = 0Av(aw) < 1},
Mstartreadc reader; = {v € ({ww,ar,aw} —Np) | viww) = 0Av(aw) <1 <v(ar)},
Msinishreads reader; = Mrinishreadc,reader; = 1V € ({ww,ar,aw} — No) | viaw) < 1} for
1<i<n,

M...writeA,writerJ- = writewriter; = {(b},

MaskwriteB,writerj = MfinishwriteB,writer_,' = {V € ({WW,CH‘?(JW} _>NO) | V(CIW) < 1},
Maskwritec,writerj = {V € ({Ww,ar,aw} — NO) | V(aW) <1< V(WW)}a
MstartwriteB,writerj = {V € ({Ww,ar,aw} — NO) | V(Lll") =0= V(aw)}’
MstarturiteCuriter; = {ve {ww,ar,aw} — Ny) | v(ar) = 0Av(aw) = 1},
Mfinishwritec,writerj = {V € ({Wwvarvaw} — NO) | 0= V((,ZW)} for 1 < J<n,

the remaining M are empty sets.

Notice that P = ([control — IL.onoi],M) is an annotation of Readers-Writers. It is se-
quentially consistent and the single initial state, say, v, satisfies V" (ww) = vi"!(ar)
=" (aw) = 0, thus v™ | p,,onir(control) € Leontrot> 50 V™ € Yo (P). Thus P is an Owicki-
Gries-core proof.

Now we will show that this proof is the smallest one. So let ([control — Leontrot, M ]) be
an arbitrary Owicki-Gries-core proof for Readers-Writers.

First notice that by starting with the initial state and successively applying sequential
consistency we obtain nonemptiness of certain annotation parts:

Fact 1. Forevery i € N, and every ] € {startreadA,read,finishreadA} we have @ €
Mi,reader,-; forevery j € N,, and everyl € {askwriteA,startwriteA,write,finishwriteA}
we have 0 € M,_,,,riterw

Now we will show in three steps that for any (a,b,c) € N3 x {0,1} the map [ww
a,ar — b,aw — c| is in Lopiyor.

Step 1. If ¢ =0, we get [ww i 0,ar +— 0,aw + ¢| € I ppiror from the initial condition. If
¢ =1, apply sequential consistency to states v, v/ with v(pc s yer 1) = startwriteA
and V—yriter, V' and to [ww = 0,ar — 0,aw > 0] € Lppyor to get [ww — 0,ar —
0,aw— 0] € MitarturiteBuriter, - Applying sequential consistency to the next step
of the same thread to get [ww — 0,ar +— 0,aw — 1] € Mssarturitecuriter, - Applying
sequential consistency to the termination of the critical section, we obtain [ww+—
0,ar—0,aw+ c] € Leontror-

Step 2. Now we will prove by induction on b that for all b > 0, ¢ € {0,1} the map
[ww = 0,ar +— b,aw  c] is in Loy Notice that for b = 0 we already have
[ww = 0,ar — 0,aw + ¢] € leonyor. If b > 0, the induction assumption gives
[ww = 0,ar + b —1,aw = ¢] € Loonror. Applying sequential consistency to some
states v, v/ With V(pC,eager, ) = startreadA and v—reader, V', We get [wwi— 0,ar —
b—1,aw — ¢] € Mgtartreads reader, - Applying sequential consistency once again to
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the same thread, we obtain [ww+—0,ar— b, awr c¢] € Mstartreadc, reader, - Applying
sequential consistency to the transition terminating the critical section, we obtain
[ww = 0,ar = b,aw + ] € Lopirol-

Step 3. Now we will prove by induction on a that for all a,b > 0, ¢ € {0,1} the map
[wwi— a,ar s b,aw s c| is in Lppye. Notice that for a=0 we have just proven
[ww—0,ar—b,aw—c] € Ieontror. For a>0, the induction assumption states that
[ww sa—1,ar—b,awrsc] € loouror. Sequential consistency, applied to any pair of
states v, v/ With V(pCypiper,) = askuriteA and v—riter)V, gives [wwisa—1,ar—
b,awwc| € MgxuriteBriter; - Applying sequential consistency once again gives
[ww—a,ar—b,aw— c] € Magkuritecuriter;» and applying it again gives [ww—
a,ar—b,awrc| € Lol

We have shown that Lonmor < Leontrol-
From fact 1 we ge} MstartreadA,reader,- g MstartreadA,readerp Mfinishreaq\Aﬁreader,- g MfinishreadA,reader,—;
Mread,reader,- g Mread,reader,— (1 S [ S I’l) and MaskwriteA,writerj g MaskwriteA,writerja
MstartwriteA,writerj g MstartwriteA,writerja erite,writer_/ g erite,writerj s MfinishwriteAMriterj

g MfinishwriteA,writerj (l S ] S m)

Fix some i € N, and states v—rreader;V’ Such that v(pc,qo4e,,) = startreadA, v(ww)
0, v(ar) >0 and v(aw) < 1. Then V|LocalDataVarreaderiUUProofVar(rsc(startreadA)) =0

Mgtartreadn reader; A0 V| proopiar(control) € leontrol- By sequential consistency,

S

V/|L0calDamVarreaderiUUPrnofVar(rsc(startreadB)) = V/|L‘0ntr01 € MstartreadB,readeri' Thus for any
b>0and c € {0,1} we have [ww+—0,ar—b,aw—c| € Mstartreada,reader,-- In particular,
Mstartreads reader; < MstartreadB,reader,-- Applying sequential consistency to v and v’
With V' = reager; V' such that v/ (pc,eager,) = startreadB, v(ww) = 0 and v/(ar) > 0
and v’(aw) S {Oa 1}, we Obtain Mstartreadc,rea}\der,' g Mstartreadc,reader,'-

AAnalogously we get MfinishreadBﬁreader,- g Mfinishreadl},reader,w Mfinishreadc,reader,- g
MfinishreadC,reader,- (1 S [ S I’l) and MaskwriteB,writerj g MaskwriteByriterjv Maskwritec,writerj

g MaskwriteC,writerj’ MstartwriteB,writer_,- g MstartwriteByriter_,-: Mstartwritec,writerj g

A~

Mstartwritec,writerjv MfinishwriteB,writerj g MfinishwriteB,writerj s Mfinishwritec,writerj
C M; inishuriteCuriter; (1 < j <m).So P is really the smallest Owicki-Gries-core proof.
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Now we will show that yoG(P) equals

{v € ConsState | v(ww),v(ar) € Ng A v(aw) € {0,1}

AVie{l,...,n}:
(V(PCreadger;) € {¥ready,read | x € {start,finish}
A ye€{AB,C}})
A (V(PCreager;) = StartreadB = v(ww) = 0)
A (V(PCreager;) = StartreadC = v(ww) =0 < v(ar))
AYje{l,....m}:
(V(PCyriter;) € {xwritey,write | x € {ask,start,finish}
A y€{AB,C}})
V(PCyriter;) = askwriteC = v(ww) > 0)
V(PCyriter;) = StarturiteB = v(ar) = v(iaw) =0)
)=
)

V(PCyriter;) = starturiteC = v(ar) = 0 <v(aw))

V(PCyriter;) = finishuriteC = v(aw) =0)}.

“C”: Since there are no local data variables, the defining condition of Yo (P) restricts

the variables of control at least once: either by the resource invariant, or by the
annotation of a control flow location in a critical region. Since both the resource
invariant as well as the annotations of all control flow locations inside the critical
regions allow only values 0 and 1 of aw, we have 7., (YoG(P)) C {0,1}. Some
M . are empty, restricting the program counters of the readers and writers. If the
variables ww, ar are restricted beyond being nonnegative, then the restriction comes
from the nonempty annotations of the control flow points.

“D”: Take a state v from the right hand side. It satisfies the resource invariant in any

case. If control is available in v, then no control flow annotation imposes additional
restrictions on v, so v is in the left hand side. If a state’s location is in a critical
section, then the location is unique. The annotation of that location is satisfied ei-
ther because the annotation is exactly the resource invariant. Or the annotation is
satisfied by a condition of the right hand side.

O

Extension of Example 2. The syntactic structure of Upper is given by

Tid = {1,2};

PL={A,B,C,...,V,W};

Val = PLU{0, 1};

Res = {r,r'} where r = {u,z}, ¥ = {x,y};

Localy = {l,x,pc, }, Local, = {y,7,pc, };

ProofVar(r) = {u,z} = r, ProofVar(r') = {x,y} = r/;

rsc : PL — B(Res) given by

»  |A,G,J,M,N,0,P,S,W[B,E,F,K,L,T,U,V|H4,I,Q,R[C,D

rsc(p)|0 {r} {ry  U{nr}
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We have
init={[u— 1,2~ 0,x— 0,y = 0,/ — 0,pc; — A,pc, — 0],
[u—0,z2— 1,x— Ly~ 1,1 1,pc; — A,pc, — 0] }.
Let P = ([I" — 1, v I,,/]7 (MPJ)IJGPLJE]"M), where
L ={[u—0,z—~1],u—1,z—0]},
L ={[x—0,y—=0],x—0,y—1],[x— 1,y— 1]},
My = {[x—0,l—0],[x—1,l—1]},
Mg ={[u—~0,z2—1,x—0,l—0,[u—1,2—0,x— 1,1 — 1]},
Mgy ={[u—0,z—~1,x—0,y—0,l—0],[u—0,z— 1,x— 0,y— 1,/ — 0],
u—1l,z—0x— Ly~ 1,1—1]},
My ={[u—0,z—~1,x—0,y—0,l—0],[u—0,z— 1,x—0,y— 1,1 — 0],
u—1,z2—0,x—0,y— 1,1 — 1]},
Mg, = {[u—0,z— 1,x—0,l—0],[u— 1,2~ 0,x— 0,/ — 1] },
Moy ={[y—0,z—0], [y~ Lz— 1]},
M., =0 for (x,r) € (PLx Tid) \ {(A,1),(B,1),(C,1),(D,1),(E,1),(0,2)}.
Notice that the two initial states satisfy annotations of locations A and O as well as the
resource invariants. Thus the program annotation P admits the initial states. Further-
more, P is sequentially consistent. Thus P is an Owicki-Gries-core proof.
Now we’ll show that P is smaller than or equal to any Owicki-Gries-core proof ([r
I 1], (Mpt)petheTld) From the initial condition we get [u — 0,z +— 1], [u —
1,7+ 0] € I, s0 I, C I,. The initial condition also implies [x + 0,1+ 0], [x > 1,1+ 1]
€ MA 1, SO MA 1 C MA 1. Agaln from the initial condition we get [y — 0,z — O] [y—
l,z— 1] € MO,Q, s0 Mgy C Moﬁz At last the initial condition gives [x — 0,y — 0],
[x»—> 1,y 1] € I,. Now let
vh=[u— 1,2 0,x— 1,y 1,l— 1,pc; — A,pc, — 0] and
VB=[u—1,2—0,x— 1,y 1,1~ 1,pc,; — B,pc, — 0].
Notice that rsc(A) =0, rsc(B) = {r}, so
VA|LacalDatler1UUProoszr(rsc(A)) = [x = 10— l] € MA,I and
VA'qufVar(r) = [u =1,z O] € i
Since v*(u) =1 =v (l) we have vA— VB, By sequential consistency,
|LocalDatzMzr1UUProoﬂfhr(rsc( B)) € MB,l’ Le., [u =Lz 0x— 11— 1] € MB] Let
V=lu— 1,z 0x— 1y~ 11— 1,pc, '—>C,pc2»—>0]
Since V2| proopar(ry = [ = Ly = 1] € I, and v®— V¢, we obtain from the sequential
consistency condition that v°| LocalDataVary UProof¥ur(rsc(c)) € ]\71071 .
Let
W=u— 1,z 0,x—0,y—~ 1,1~ 1,pc; — D,pc, — 0].
Since V=P, sequential consistency gives V|, ocapatavar UUProofiar(rsc(o)) EMp;.
Let
VE=[u— 1,2 0,x— 0,y 1,1~ 1,pc; — E,pc, — 0].
From v?—11%, sequential consistency and ¥’ € rsc(D) \ rsc(E) we get
VE|LocalDatzMzr1UUProoﬂézr(rsc(E)) € ME,I and ir’ > VE|Pr00fVlr(r') = [x*_)an*_) 1}
Thus I, C [A,/.
Now let
v =[u— 0,z 1,x— 0,y 1,1~ 0,pc; — A, pc, — 0] and
PB=u—0,z—~1,x—0,y—~ 1,1 0,pc; — B,pc, — 0].
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Since 7 (u) = 0 = (), we have 7 — 5. Since additionally

VA|LacalDara\/hr|UUProoler(rsc(A)) = [x =0,/ — 0] € MAJ’ VSC(VB) \ VSC(VA) = {r} and
P proopiar(r) = [ 0,2 — 1] € I, we have

MB,l > ‘7B‘LocalDataVarlUUPmoﬂhr(rsc(B)) = [u =0,z Lx—=0,1— 0]

Since [u+ 1,7+ 0,x+ 1,1+ 1], [ur> 0,7+ 1,x+ 0,1 — 0] € Mg, we have

Mgy C My). .

From [u— 0,z 1,x+— 0,/ — 0], u+— 1,z 0,x+— 1,1 — 1] € My, [x—0,y—0],
[x—=0,y—=1], xrs 1,y 1] € I, we get [ur>0,z+ 1,x+0,y+ 0,1+ 0], [urs 0,z
Lx+0,y 1,10, [u— 1,2+ 0,x 1,y 1,1 1] € Mc 1. Thus, Mc; C M.
Applying sequential consistency with respect to x:=0 we get [u—0,z— 1,x— 0,y —
0,1+0], u— 0,z 1,x+= 0,y 1,1+0], [u— 1,2+ 0,x+= 0,y 1,1+ 1] € Mp 4,
ie,Mp C MDJ.

Applying sequential consistency to [u+ 0,z 1,x+—0,y—0,1—0], [u— 1,2+ 0,x—
0,y 1,1 1] € My we get [ur> 0,7+ 1,x+ 0,1+ 0], [+ 1,2+ 0,x 0,1+ 1] €
MEJ, i.e., MEJ - MEJ.

We have shown that P is the smallest Owicki-Gries-core proof. It denotes the following
states (column = state):

u (00100001
z (11011110
x (01000000
y (11011110
[ 101000001
pci|AAABCDEE
pc,00000000

O

Extension of Example 3. A syntactic structure (Tid,PL,Val,Res,(Locals,pc,)sctids
ProofVar, rsc) belongs to the class StrSimple iff |Res| < 1, (Vt € Tid: Local; N|JRes =
0) and (Y r € Res: ProofVar(r) = r # 0). An RPL transition system (init, (—)sc7ia)
belongs to the class Simple iff it obeys a syntactic structure from StrSimple.

All programs from the family Readers-Writers are in Simple. ad

Extension of Example 4. A syntactic structure (7id, PL,Val,Res,(Local;,pc,)sctid,
ProofVar,rsc) belongs to the class StrSepThreads iff Res = 0 and Tid is finite. An RPL
transition system (init, (—);eia) belongs to the class SepThreads iff it obeys a syntac-
tic structure from StrSepThreads and V v € ConsState: (¥t € Tid 3V Einit: vrpoeq,
V) = vEinit.

Notice that StrSepThreads C StrSimple and SepThreads C Simple.

We will show later, using the lower bound, that the smallest Owicki-Gries-core proof
of an RPL transition system from SepThreads denotes the strongest invariant>. a

5 For infinite 7id only those states are reachable that have finitely many non-initial components,

but the Owicki-Gries-core proof denotes states that may have arbitrary many non-initial com-
ponents. Thus we study here the finite-threaded case only.

27



C Owicki-Gries core as abstract interpretation

Within the section C, fix a syntactic structure and an RPL transition system obeying it
as in section A. Let

next%G :PA— PA,
(I, M) = (({V|proopar(r) | 3 ETid,v 1 v— V' A
VIL()culDatuVur,UUPr()o ar(rsc(v(pe,))) € Mv(pc,),l A
r € rsc(v(pe,)) \ rse(v'(pe,)) b reres,
({v/|LocalDatter,UUProoszr(rsc(p)) ‘ Jv: V—),V/ A V,(pct) =p
A V|LocalDataVar,UUProofVar(rsc(v(pc,))) € Mv(pc,),t A

Vre rsC(P)\VSC(V(PCt)) : V|Pr00 ar(r) = b})pEiLd.%
N tell
it — ({V‘Prooﬂ/ar(r) | S init})rEReSa

Mt = ({V‘LocalDalaVar, ‘ v €init A V(PC;) = P})pePL,zeTid«

Let the sound Owicki-Gries-core abstract successor map be

post%G :PA— PA,
(I, M) — (I,M) Unextf(I,M),

and the Owicki-Gries-core abstract transformer be

Fis:PA— PA,
(I, M) — (1™, M) U postl 5 (1,M) .

Lemma 28. The map next’éG is monotone.

Proof. Let (I,M) C (I, M) be program annotations, nextt, (I,M) = (I',M'), next? (I, M)

= (I',M").

“Yr€Res:I.CI”: Letr € Res. Let w € I'. Then there is a thread 7 € Tid and some
transition v—' such that v|LocalDatanr,UUfrooﬂhr(rsc(v(pc,))) € Mv(pc,),t’ re }’SC(V(pCt))\
rsc(v’(pft)) and V/|Proo ar(r) = W- Then Mv(pc,),t 2 VlL()calDalaVar,UUPr(}o ar(rsc(v(pe;)))-
Sowel.

“VteTid,pePL:M,, CM,,” Lett € Tid, p € PL.Let w € M}, . Then there is some
transition VHIV, such that v|LocalDatter,UUPmoﬂhr(rsc(v(pc,))) € Mv(pc,),h V,(pCt) =D
Vre rsc(p)\rsc(v(pc,)) : V‘Pmof%zr(r) €L andw=v ‘LocalDataVar,UUProofVar(rsc(p))'
Then Mv(pc,),t E] V|Loca[DathtrtuUProqf\'hr(rsc(v(pc,))) and V r e rsc(p)\rsc(v(pc,)) :
V|pmoﬂ/ar<r) cl.Sowe M;’,. |

Corollary 29. The Owicki-Gries-core abstract transformer FSG is monotone.

Corollary 29 implies that the Owicki-Gries-core abstract transformer has a least
fixpoint, which follows from a well-known fixpoint theorem®.
A postfix point of amap f: X — X on a poset (X, <) is any x € X such that f(x) < x.

Let postfp(f) be the set of postfix points of f.

6 Known today as Tarski’s fixpoint theorem (Thm. 1 in [28]). This existence of the least fixpoint,
however, was also mentioned independently, e.g., Exercise 5 in §4 of Chapter IV of [2] in year
1948. See also [3], Ch. V, §3, p. 115.
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Theorem 30. Every Owicki-Gries-core proof is a postfix point of the Owicki-Gries-
core abstract transformer and vice versa. Formally:

O = postfp(Fig).

Proof. “C”: Let (I,M) € O. We will show that (I,M") :=F3(I,M) is less than or
equal to (1,M). Let (I, M) = nextt;(1,M).
“VrcRes:I'CI”: Letrc Res.Letw e I'. Thenw € I U, UI,.

Case w € I, Then there is some v € init such that V| proofiar(r) = w- By the
initial condition, v € yog(I,M). Since every resource is available in an
initial state, r € Res \ Ursc(v(PCVar)). Thus v|poopar(r) € Ir-

Case w € I,. Then we don’t have to prove anything more.

Case w € I,. Then there is t€Tid, (v,v') € such that v| LocalDataVir, (UProofVar(rsc(v(pc,)))
€ My 15 7 € r5e(v(pe,))\rse(V (pe;)) and w =V | proopin(r) - BY (5) we have
rsc(v(pe,)) 2 rse(v'(pe,)). Sequential consistency implies V' propar(r) € Ir-

Inall cases w € I,. So I C I,

“VteTid,pePL:M,, CM,,”: Lett € Tid, p € PL. Let w € M},,. Then w €

Mt UM, UMy,

Case w € Mi!. Then there is some v € init such that v(pc,) = p and w =
V|LocalDaravar, - By the initial condition, v € Yog(I,M). From definition of
Yoc and rsc(v(pc,)) = [v € init] 0 we get V|rocaipatavar, € Mp z-

Case w € M, ;. Then nothing more has to be proven.

Case w € M. Then thereis (v,»') €, such that v| LocalDataVar UUProofVar(rsc(v(pc, )
€ My(pe,)1» V' (pe,) = p, Y r € rse(p) \ rse(v(pe,)): VIproopur(r) € Ir and w

— /
=V |LocalDataVar;UUProofVar(rsc(p))' Then v ‘LocalDataVar,UUProof\br(rsc(p)) € Mp,t
by sequential consistency.

In any case w € M),,. So M}, , € M.
“O": Let (I,M) € postfp(F&s), i.e., for (I',M") = Ff(I,M) we have (I',M") C (I,M).

We’ll show that (I, M) is an Owicki-Gries-core proof.

Sequential consistency: Let ¢ € Tid, (v,v') €=, p = v(pc,), p' =V (pc,), R =
rsc(p), R = rsc(p’), V‘LocalDataVar,UUqufVar(rsc(p)) € Mp,t and Vr € R \R :
leroofVar(r) € Ir. By definition of nexzdéG we obtain v/ |LocalDala\hr,UUPmoﬂhr(rsc(p'))
€ M[’J,_t C My, If any r € R\ R’ is given, the definition of next},; implies
VllProofVar(r) S I,’, CI.

Initial condition: Let v € init.

Let r € Res\ Ursc(v(PCVar)). Then v|ppopar(r) € ™ €I C 1.
Now let t € Tid. Then v|Locaiparavar, € Mé’(’gct)J. Since initial states don’t have

any busy resources, v|LocalData‘hr,UUProoﬂhr(rsc(v(pc,))) € M\l;r(lgct)«,t < Mll’(pc;)vl <
My (pe,) -
We have shown v € Yo (I,M). Thus init C Yo (I,M). [ ]

Restatement of Theorem 5. The smallest Owicki-Gries-core proof is the least fixpoint
of the Owicki-Gries-core abstract transformer, formally

inf(9) = fp(Fi) -
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Proof. inf(9) = [Thm. 30] inf(post]%(FgG)) = [Tarski’s fixpoint theorem] lfp(FgG). [ |

Proposition 31. The map postgG is sound with respect to the concrete successor map
post. Formally:

Y P € PA: postoyoc(P) C Yo opostig(P).

Proof. Let (I,M) € PA.LetV' € post(Yoc(I,M)). Let (I',M") = next¥(1,M) and (I, M)
= postt(I,M). Then (I,M) = (I, M) I (I',M"). By definition of post there is some 7 €
Tid and some v € Yo (I, M) such that v—,v'. By definition of Yo wWe have v|pocaipatavar, UProofar(rsc(v(pe, )))
€ M, (p,),;- To show that V' is in Yo (I, M) we have to prove the following two claims.
“Vr € Res\Ursc(v/(PCVar)) : V|poopur) € bt Let r € Res\Ursc(v/(PCVar)).

Case r € rsc(v(pc;)) for some 7 € Tid. Then r € rsc(v(pc;)) \ rsc(V' (pcz)), so v(pe;)
# V' (pc;). Then (1) implies that = . So r € rsc(v(pc,)) \ rsc(vV'(pc,)). Then
V| prooiar(r) € 1) by definition of nextf;.

Case r ¢ Ursc(v(PCVar)). The definition of yog implies that v|p,posr(r) € - No-
tice that r & rsc(v(pc,)) Nrsc(V (pc,)). Thus for all x € ProofVar(r) we have
v(x) = V/(x)' Sov ™~ ProofVar(r) V. So V/|Pr00fVar(r) €.

In both cases V| pyoopar(r) € I.

“VieTid: V/lLocalDataVZtr,-UUPmo ar(rse(v (pe;))) € Mv’(pc;.f)”: Let7 € Tid.

Case f=t. Consider an arbitrary r € rsc(V'(pc,))\rsc(v(pc,)) (there may be none).
From v' € ConsState we get r & Upcgia\ 1y rsc(V' (pey)), so (1) gives r & Userig s (v(pey)).-
Thus r is available in v. From v € Yog (I, M) we get v|poopar(r) € Ir- Thus Vr €
rsc(v'(pe,)) \rsc(v(pe;)): Vlpropur(r) € Ir- From the definition of nextfy; we
get Mll,/(pct)’t el VI|LocalDataVar,UUProofVar(rsc(v’(pc,)))'

Case 7 #1. By (1) we have vpoea; V', 80 v(pey) =V (pey). Take any r € rsc(V/ (pey))
(there may be none). From V' € ConsState we get r & rsc(V/(pc,)). In particular,
ré rsc(v(pe,)) Nrsc(V (pc,)). By definition of ProofVar, for all x € ProofVar(r)
we have v(x) =V (x) Thus v ~ ProofVar(r) V..Sov "~ LocalDataVar; U\ JProofVar(rsc(v' (pcz)))
V. Notice that V|LocalDatter,—UUProoszr(rsc(v(pc;))) € Mv(pc;),f' Then we have M,/ (pes) t
>V ‘LocalDutaVur;UUPmo ar(rsc(v' (pez))) -

In both cases V/|LocalDatthr;UUProqu&r(rsc(v’(pc;))) € Mv’ (pez) i

Thus v/ € yo6(I,M). Since V' € post o Yog(I,M) was arbitrary, we have shown that
posto Yoc(I,M) C yOGoposl%G(I,M). [ |

Remark 32. A reader might wonder why we have not taken the map PA — PA, (I,M) —
(1™t Mty U next (I, M) as the abstract transformer. It is also monotone and the set
of its postfix points is equal to the set of Owicki-Gries-core proofs. However, next’éG is
in general not a sound approximation of post under (oG, YoG)- a

D Upper bound on precision

Within the current section D, fix a syntactic structure (7id, PL, Val, Res, (Local;,pc, )scTia,
ProofVar,rsc), let ConsState be the set of consistent states, D = (ConsState) and
(PA,C) the lattice of program annotations.
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Let

oG : D — PA,
S (({V|Proquur(r) | vESAT g Ursc(v(PCVar))}),eRes,

({V‘L()calDutaVurtUUPr()QfVur(rsc(p)) | vESAp= V(pct)})PGYIzLd,) :
rel

A pair of adjoint maps’ between two posets (X, <), (¥, =) is a pair of maps («, ¥) such
thatx: X —Y,y:Y — X and

VxeX,yeY: akx)2yex<yY).
Proposition 33. (oG, Yog) is a pair of adjoint maps between (D, C) and (PA,C).

Proof. LetS € D, 0pg(S) = (I,M), T = (J,N) € PA. We will show that 0o (S) C T if

and only if S C yo(T).

“only if”: Letv € S. By definition of D we get v € ConsState. Let r € Res\ Ursc(v(PCVar)).
By definition of ctog We get V| pyopar(r) € Ir- By assumption, I C Jy, S0 V| proofiar(r) €
Jr.

Now lett € Tid and p = v(pc,). By definition of Qoc We get V| ocaipatavar, UUProopiar(rse(p))
€ Mp,t~ By assumption, Np.t 2 Mp,t- Thus Nv(pq),t > v|LocalDataVanUUProofWr(rsc(v(pc,)))-
Combining, we obtain v € yog(T).

“if”: Letr € Res. Letu € I,. By definition of oo there is v € S such that r & Ursc(v(PCVar))
and u = V|poopar(r)- By assumption, v € Yog(T). By definition of Yo we have
uecJ. Thus I, CJ,.

Lett € Tid and p € PL. Let u € M), ;. By definition of 0o there is some v € § such
that p = v(pc,) and V‘LocalDataVar,UUProafVar(rsc(p)) = u. By assumption, v € YoG(T).
By definition of Yo we get u € N, ;. Thus Mp,; C Np.

Combining, we obtain cog(S) C 7. [ |

Let p = oG © Qoc-
Then for Q € D we have p(Q) =

V reRes\Ursc(v(PCVar))39€Q: (r # Ursc(v(PC\far)))
AV ™~ ProofVar(r) V
v € ConsState A

VieTidiveQ: v ™ Local;UUProofVar(rsc(v(pe,))) V

A closure (sometimes called an upper closure operator) on a poset (X, <) is a map
p : X — X which is monotone, extensive and idempotent. (For an introduction to clo-
sures see [31].)

Proposition 34. p : D — D is a closure operator.

7 As of year 2011, it is also called a (monotone) Galois connection. The definition of a Galois
connection is changing over time; see, e.g., § 6 in Chapter IV of [2], also § 8 in Chapter V
of [3], for a more antique definition where the maps & and 7 are antitone.
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Proof. By a standard result (exercise for the reader, see also [9], Corollary 5.3.0.5),
applying the right adjoint after the left adjoint gives a closure operator. [ ]

Restatement of Theorem 10. Abstract interpretation with p proves the strongest Owicki-
Gries-provable property. N

Formally, let T = (init,...) be an RPL transition system that obeys the given syntactic
structure and has successor operator post and let O be the lattice of Owicki-Gries-core
proofs of T'; then

fp(Ax.p(init Upost(x))) C Yoc(infO).
Proof. Let P =inf9. By Prop. 27 we have

init U post(YoG(P)) € YoG(P).
Since (0og, Yog) is a pair of adjoint maps, we have

oog (init U post(Yoc(P))) E P.

Right adjoints are monotone, so

Yoc (Ao (initUpost(Yoc(P)))) € Yoc(P) ,

otherwise stated
B(init Upost(voc(P))) € Yoc(P).

Let F' = Ax.p(init Upost(x)), then YoG(P) € postfp(F). Since the least fixpoint of a
monotone map is the infimum of its postfix points, Ifp(F) C yoc(P). Apply Corollary
26. [ |

In particular, abstract interpretation with p allows proving at least as many proper-
ties as the core of the Owicki-Gries method.

Extension of Example 11. We will see later in Example 19 that [fp(Ax. p(init U
post(x))) = Yoc(I,M). So, for Readers-Writers, the Owicki-Gries-core proof method
and abstract interpretation with p are equally strong. a

Extension of Example 12. Notice that p (init Upost(init)) = p(init U0) = p(init) C
init. Since init is the set of reachable states, ifp(Ax. p (init Upost(x))) = init. Thus for the
RPL transition system Upper abstract interpretation under p can prove strictly stronger
properties than the core of the Owicki-Gries method. N a

Extension of Example 13. For the programs of the class Simple we will show later in
Example 22 that lfp(Ax. p (init Upost(x))) = Yoc(infO).

Extension of Example 14. For the RPL transition systems in the class SepThreads we
will show later that the abstract interpretation using the lower bound produces exactly
the set of reachable states. Thus abstract interpretation using the upper bound p will
also produce the set of reachable states. O
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E Lower bound on precision

For a set X of sets, let

Part(X) = {y | 3TCXx: Y=(T)n( () (UX)\2)) #0}

ZeX\T

be the partition of X, where (|0 = JX by convention. The elements of a partition are
called blocks.

Lemma 35. Let X be a set of sets. Then:
1. UPart(X) = UX;
2. for all different 51,5, € Part(X) we have sy Nsy = 0;
3. ifs € Part(X) and S € X, then either sNS =0 or s C S;
4. if X is finite, so is Part(X).

Proof. 1. “C”: Intersection of subsets of [ JX produces a subset of JX.
“ODnLetxeUX.Let T ={Se€ X |xcS}. Then forall Ze€ X\ T we have x ¢ Z.
Sox € (NT)N(Nzex\r((UX)\2)).

2. Let T, T> € X be such that for s; = (N71)N(Nzex\r, (UX)\ Z)) # 0 and 5, =
(NT2) N (Nzex\1, (UX)\ Z)) # O we have s1 # s55. Assume for the purpose of
contradiction that there is some y in s; Ns,. Since 51 # s2, there is some x in (s7 '\
$2)U(s2\ s1). Without loss of generality let x € s1 \ 52, the other case is symmetrical.
Then x € (UX) \ 52, so there are two cases.

— Case 3Se€Th:x¢S. Takesuch S. Then S € Ti, thus S€ X\ 71, s0y € (UX)\ S.
Since S € T, we have y € S. Contradiction!

- Case 3Ze€X\Tr:x¢ (UX)\Z. Then Z ¢ X \ T} (otherwise x were not in s).
SoZeTi.Soy€eZ. Buty € sy,s0y € (UX) \ Z. Contradiction!

3. Let s € Part(X) and S € X. Assume for the purpose of contradiction that sNS
contains some element, say, x, but s\ S also contains some element, say, y. There is
some T C X such that s = (NT)N(Nzex\r ((UX)\2)). Soy e NT. If S € T, we
gety ¢ T, a contradiction. If S ¢ T, then S € X\ T, so x € s C (UX) \ S implies
x ¢ 8, also a contradiction.

4. If X is finite, |Part(X)] < 211, |

For the rest of section E, fix a syntactic structure (Tid, PL, Val, Res, (Localy, pc,)tetids
ProofVar,rsc), let ConsState be the set of consistent states and D = 3(ConsState). Let

RL=ResU{Local, |t € Tid} and RL= Part(RL).

p:D—D, (O~
VsERLrcRes: sCr=
(réUrsc(v(PCVar)) = I € Q: vy D Ar&Jrsc(P(PCVar)))
N
(Vt €Tid:rersc(v(pe,)) = IeQ: v~<L,,mll\URes)Us\5)
A
VieTid 3T € Q: v ~ppca\URes V)

veConsState
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and
pe:D—D, O~ {veConsState|¥Ys€RLIVE Q v~}

Note that neither p nor p. depend on the map ProofVar. Thus for syntactic structures
that differ only in the map ProofVar we have the same p and the same p..

Proposition 36. p is a closure operator on (D, C).

Proof. Monotonicity. Let Q C Q' C ConsState. Let v € p(Q).
. Letseﬁ,reRes,sgr.
x Assume for a moment that r is available in v. Then there is ¥ € Q such that
v ~, ¥ and r is available in 9. Notice that ¥ € Q’.
 Lett € Tid and r € rsc(v(pc,)). Then there is v € Q such that v ~ (1 a1\ res)Us
. Notice that v € Q.
e Let7 € Tid. Then there is ¥ € Q such that v ~ .\ Ures V- Notice that 7 € Q.
We have shown that v € p(Q’). Thus p(Q) C p(Q').
Extensivity. Let Q@ € D. Letv € Q.
o letseRL, reRes,sCr.
* Assume for the moment that r ¢ Jrsc(v(PCVar)). Take ¥ :=v.
x Lets € Tid and r € rsc(v(pc,)). Take V:=v.
o Lett € Tid. Take ¥ :=v.
Thus v € p(Q). We have shown that O C p(Q).
Idempotence. Let Q € D. Let v € p(p(Q)). We’ll show that v is in p(Q).
° LetsEI?li,rERes,sQr.
* Assume for a moment that r is available in v. Then there is ¥ € p(Q) such
that v ~; ¥ and r is available in ¥. Then there is ¥ € QO such that v ~; % and
r is available in . Notice that v ~y P,
x Lett € Tid such that r € rsc(v(pc,)). Then some ¥ € p(Q) exists such that
V~(Local\URes)us - Then v(pe,) = V(pc,), so r € rsc(V(pc,)). Then there is
V € Q such that V ~ 1 ,cqr\ Jres)us V- Notice that v ~ (gocq)\ URes)us V-
e Let? € Tid. Then there is 7€ p(Q) such that v~y ,c., res V- Then there is Ve Q
such that ¥~/ ,cq Ures V- Notice that vy e Ures V-
Thus v € p(Q). We have shown that p(p(Q)) C p(Q). The opposite inclusion fol-
lows from extensivity. [ ]

Proposition 37. p; is a closure operator on (D,C)

Proof. We will show the three properties of a closure operator.

— Monotonicity. Let Q C Q' be sets of consistent states and v € p.(Q). Then v €
ConsState and for each block s € RL there is a state 7 € Q such that v ~; v. No-
tice that such v are also in Q'. We have shown p.(Q) C p.(Q').

—Extensivity. Let Q € D. Let v € Q. Let s € RL. Certainly v ~ v. Thus v € p.(Q).
We have shown Q C p.(Q).

—Idempotence. Let Q € D. Let v € pc(pc(Q)). Let s € RL. Then there is some 7 €
Pc(Q) such that v ~ v. Then there is some v € Q such that v ~ V. Then v ~ v. Thus
v € pc(Q). We have shown p.(pc(Q)) C pc(Q). The opposite inclusion follows
from extensivity. [ ]
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Proposition 38. For all O € D we have p(Q) C p(Q).

Proof. LetQe D.Letve p(Q).Letse RL. By part 3 of Lemma 35 we have two cases.
Case there is r € Res such that s C r. There are two subcases.
Case r is available in v. Then there is some v € Q such that v~ V. Let v:=7.
Case r € rsc(v(pc,)) for some ¢ € Tid. Then there is v € Q such that v ~ 7 ycai,\ Ures)Us
V. Letv:=v.
Case sN|{JRes = 0. Since s#£0, there is some ¢ €Tid such that s C Local,\ | JRes. There
is v € @ such that v ~p,cq1)\res V- Let v:=7.
In any case there is v € Q such that v ~ 7. |

For the purpose of the proof let T = (init,(—);c7i4) be an RPL transition system
that obeys the given syntactic structure and has successor operator post. Let F = Ax €
D. p(initUpost(x)), let u € Ord have cardinality greater than the cardinality of D and
let (Y(i)) icu be the p-termed upper iteration sequence for F' starting with @ € D:

y© —g, ylo+D :F(Y(")) foro+1eu, Y@ = ] ¥ forwoep.

GeEwo
Let Q = Ifp(F). The sequence (Y));c u is monotonically increasing, and its limit is Q.

Lemma 39. Lett # 1 in Tid. Then
1. VteTid, (Vv V/) € —1: V ~Local,NLocaly VA ~Nicria Local; v
2. Local; N Localy = (jeqiq Local;.

Proof. 1. Let t€Tid, v—¢V'. Then T#t or T#17. From (1) we get v ~p,cq, V' or
Ve~Local; V' In any case v~ pocalnLocar; V- In particular, veny, o rocar; V-

2. “C”: Letx € Local; N Local; and 7 € Tid. We are going to show that x is in Local;.
First, the definition of the syntactic structure implies x ¢ PCVar. Thus, x €
Datavar.

Next, consider arbitrary 7 € Tid \ {f} and (v,v') € —;. As shown above, v
~LocalnLocal; V'» S0 v(x) =V (x). We have shown (V’L’ e Tid\ {f}, (vV') € =
v(x) =V(x)).
By definition of RPL, x € Local;.

“2”: Follows from Local; D (;egiq Local; and Local; O (;eqig Local;. ]

Lemma 40. Lets € RL, ¢ =t in Tid such that s C Local; N Localy N JRes.
ThenV o €, veY© Iwcinit: vryw.

Proof. By transfinite induction. Let 6 € t and V& € 6 VveY () Jweinir: v~yw. Let
yeY () Then ¢ > 0. There are two cases.
Case 0 = 6+ 1 for some & € u. There is some r € Res such that s C r. There are two
cases.
Case r € rsc(v(pc,)) for some ¢ € Tid. By definition of p there is v € initUpost(Y ()
such that v ~(ocar,\Ures)us V- In particular, v ~ v and v(pc,) = V(pc,). Thus
r € rsc(V(pc,)). Since in initial states all resources are available, V ¢ init. So
there is some z € Y() such that ¥ € post({z}). Part 1 of Lemma 39 implies
Vo~ Z, 80V~ 7.
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Case r ¢ Ursc(v(PCVar)). Then there is ¥ € initUpost(Y(®)) such that v ~; 0. If
¥ € init, take w := 9. Otherwise there is z € Y(%) such that ¥ € post({z}). Part 1
of Lemma 39 implies v ~g z, SO v ~j Z.
If we have not found a suitable w so far, there is z € Y (%) such that v ~; z. Applying
the induction hypothesis to 6 < c and z €Y () we get some w € init such that
z ~ w, which implies v ~; w.
Case © is a limit ordinal. Then there is & € o such that v € ¥(9). Apply the induction
hypothesis. [ ]

Lemma 41. Lett #7in Tid. ThenV 6 € i, v e Y ®) Iw e init: v ™~ (Local;nLocal;)\URes W-

Proof. Let C = (Local; N Localy) \ |JRes. We’ll use transfinite induction. Let ¢ € u and

VéeoVveY® Iyweinit: vrew. Letve Y0, Then o > 0.

Case 6 = G + | for some 6 € p. By definition of ¥ (®+1) there is ¥ € inir U post(Y ()
such that v ~r,cq,\Jres V- Then v ~¢ . If ¥ € init, let w:=7. Otherwise there is
7€ Y9 such that 7 € post({z}). Part 1 of Lemma 39 implies that ¥ ~¢ z, 0 v ~¢ z.
Applying the induction hypothesis to & and z we obtain some w € init such that
I~ W, S0V ~c W,

Case o is a limit ordinal. Then there is & € ¢ such that v € Y(5). Apply the induction
hypothesis. [ ]

Lemma 42. Lets Eﬁ, t €Tid, r€Res, s CrMLocal;, andV T € Tid\{t}: sNLocal; = 0.
Then¥ o cu,veY©): rgrsc(v(pe,)) = IweY O : vaywAris available in w.

Proof. We’ll use transfinite induction. Let 6 € g andV 6 € VveY 9 : rérsc(v(pe,)) =

IweY () : vaywAris available inw. Let v € Y (9) such that r&rsc(v(pc,)). Then 6 > 0.

Case 0 = 6+ 1 for some 6 € u. If r is available in v, take w:=v. Otherwise there is
some 7 € Tid \ {t} such that r € rsc(v(pc;)). By definition of p there is y € initU
post(Y(©)) such that V~(Local\URes)UsY- Then v(pcy) = y(pcz) and v~yy. In particular,
r € rsc(y(pe;)). Then'y ¢ init. So there is z € Y (), T € Tid such that z — y. Remark
that r € rsc(y(pc,)).

Case t=t¢. From 7#7 and (1) we obtain rsc(z(pc;)) = rsc(y(pcs)), thus r € rsc(z(pc;)).

From z€ ConsState we get r¢rsc(z(pc,)). Thus r € Res\(rsc(y(pc,)) Ursc(z(pe,))).
From (2) we get 7 ~, y, S0 Z ~ Y, s0 z ~ v. Apply the induction hypothesis to
6 and z.
Case 7 #¢t. From (1) we obtain z ~poeq, ¥, SO Z ~5 ¥, SO Z ~5 v. Also z(pc,) =
y(pc,), thus r € rsc(z(pc,)). Apply the induction hypothesis to & and z.
Case o is a limit ordinal. Then there is 6 € ¢ such that v € Y°. Apply the induction
hypothesis to & and v. [ ]

Lemma 43. Let 1 € Tid, v € Q, r € Res\rsc(v(pc,)), s € RL, s C rN Local,.
Then AweQ: v ~gwAris available in w.

Proof. There is some ¢ € 11 such that v € Y(©),

Case there is f € Tid \ {t} such that s C Local;. By Lemma 40 there is some w € init C
Q such that v ~; w. Notice that all resources are available in w.

Case Vi€ Tid\{t}: sNLocal; = 0. Lemma 42 provides a suitable w € Y(®) C Q.
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Lemma 44. Lett € Tid, v € Q, r € Res\ rsc(v(pc,)). Then there is w € Q such that r is
available in w and w ~pycal,Ursc(w(pc,)) V-

Proof. If r is available in w, take w :=v. Otherwise there is f € Tid \ {¢} such that r €
rsc(v(pcy)). Lemma 41 implies the existence of some u € init such that u ~ 1 pcar,nLocai;)\URes
v. Let

v Vr— . % u(x), ifx € (Localy\|JRes)U ((Ursc(v(pc;)))\Local,),
' ’ v(x), otherwise.
We’ll show:
“rsc(v(pc;))NUrsc(w(PCVar)) =0": rsc(v(pc;)) NUrsc(w(PCVar)) = rsc(v(pc;)) N (rsc(w(pe;))
UUrenia\h rsc(w(pe))) = rsc(v(pe:)) N (OU Ureria\iny rsc(v(pc;))) = [since vE€ ConsState]
0.

“r is available in w”: Follows from r € rsc(v(pc;)).
“W ™~ Local, UUrse(w(pe,)) ¥+ Letx € Local, UUrsc(w(pc,)). There are two cases.
Case x € (Locals\|URes) U ((Ursc(v(pc;)))\Local;). Then w(x) = u(x).
Case x € Locals\| JRes. Then x € (Local; UUrsc(w(pc,))) N (Local: \|JRes) =
(Local; N Localz) \ | URes. Then u(x) = v(x), so w(x) = v(x).
Case x € (Ursc(v(per)))\Local;. Then there is 7 € rsc(v(pc;)) such that x € 7.
By the already proven, 7 ¢ rsc(w(PCVar)), so x & Jrsc(w(pc,)). Also
x & Local,. Thus x & Local, U Jrsc(w(pc,)), a contradiction.
Case x & (Locals\\URes) U ((Ursc(v(pc;))) \Local;). Then w(x) = v(x).
“we Q7 We’ll show first that w is in p(Q) as follows.
Initially, we’ll show that w is a consistent state.
For all 7 € Tid we have w(pc;) € {u(pc;),v(pe;)} C PL and rsc(u(pe;)) = 0 C
rsc(v(pc;)). Thus forz1 # 12 in Tid we have rsc(w(pc,;)) Nrsc(w(pe,,)) C rse(v(pe,;))N
rsc(v(pcyy)) = 0. Thus w € ConsState.
Next, let s € RL and 7 € Res such that s C 7. We will show that
“ (F&Ursc(w(PCVar)) = Iv e Q: wrWw AFEJrsc(Ww(PCVar)))
A (VI€Tid: Fersc(w(pc;)) = IWEQ: w~<L,,L.a,f\UReS)UXW)”.
Notice that s N (Local; \ | JRes) = 0.
e Assume for a moment that 7 & | Jrsc(w(PCVar)). We distinguish two cases.
Case 7 € rsc(v(pcy)). By part 3 of Lemma 35 one of the following cases holds.
Case s C Local;. Then sN ((Ursc(v(pes))) \ Localy) = 0, so w ~ v. From
v € ConsState we get 7 & rsc(v(pc,)). By Lemma 43 there is w € Q
such that v ~ W and 7 is available in w. Then w ~ W.
Case sNLocal; = 0. Then w ~ u. Take W :=u.
Case F ¢ rsc(v(pcz)). Then wrv. From #¢€Useria gy rse(w(per)) = Useria iy rsc(v(pey) )
we get that 7 is available in v. Take w:=v.

e Let 7 € Tid such that 7 € rsc(w(pc;)). From 7 € 0 = rsc(w(pc;)) we get F # 7,
so 7 € rsc(v(pc;)). From consistency of v we get 7 & rsc(v(pc;)). Thus sN
Urse(v(pez)) = 0. So sN ((Locals\|URes) U ((Ursc(v(pe;))) \Local;)) = 0, thus
w ~g v. Now let x € Local;\|JRes. Then x & (Ursc(v(pcz)))\Local;.
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Case x € Local;\|JRes. Then x € (Local; N Local;)\|JRes = [part 2 of Lemma
391 (Mseqia Local;)\\URes = [part 2 of Lemma 39] (Local, N Local;)\|Res.
So w(x) = [definition of w] u(x) = [defining property of u] v(x).
Case x & Local;\|JRes. Then w(x) = v(x) by definition of w.
In total, w ~(ocar\Res)us V- Take w:=v.
At last, we’ll prove that “V i€ Tid 3W € Q1 W ~[pcai\URes W -
Let 7 € Tid. We distinguish two cases.
Case f =7. Then w ~pocql;\(Jres U- Take Wi=u.
Case 7 # 7. Notice that Local; \|JRes = ((Local;NLocal;) \|Res) U(Local; \ (Local; U
URES)). We have w ™ (Local;NLocal;)\URes Y ™ (Local;NLocal;)\JRes V- Part 2 of Lemma
39 implies that Local; N Local; = [since f # ] (eqiq Local; = [since t # 7]
Local; M Local;. Therefore, w ~ p ocat-nrocat;)\URes V- AlSO W ~Locali\ (Local;UURes)
v. Take w:=v.
We have shown w € p(Q). From p(Q) = Q we obtain w € Q. ]

Restatement of Lemma 17. Let r€Tid, (v,v') € =, R = rsc(v(pc,)), R = rsc(V' (pc,)),
r€ R'\R, ?,i € Q, r is available in ¥, v ~1ocq,ur V, v~ V. Then there is w’' € Q such
that W/ ™~ Local; UUR' V/.

Proof. Notice that r & rsc(v(pc,)) = rsc(v(pc,)). Applying Lemma 44 to v we obtain
some vV € Q such that r is available in v and ¥~ uUrse(s(pc,)) V- Let
w: Var — Val, x> {v(x), ?fxe "
V(x), ifxegr.
We claim:
“ris available in w”: Follows from rsc(w(PCVar)) = rsc(¥(PCVar)).
“W ~Locai,uur' Vi From (5) we obtain Local; UUR' = (Local;\r) Ur UUR. Then w
~(Local\r)UUR v ~(Local;\r)UUR v ~(Local,\r)UUR V and w ~, D~y v,
“w e Q”: First, we’ll show that w is in p(Q).
Initially, we’ll show that w is consistent. For all 7€Tid we have w(pc;) = V¥(pc;)
€ PL. So for t1#t, in Tid we have rsc(w(pc,,)) Nrsc(w(pc,,)) = rse(V(pc,)) N
rsc(V(pc,,)) = [since v € ConsState] 0.
Next, let s € I/QVL, 7 € Res, s C 7. We have to show two statements.
“FZUrsc(w(PCVar)) = Iw e Q: w~Ww AFEUrsc(Ww(PCVar))”: Assume for a mo-
ment that 7 is available in w. We distinguish two cases.
Case #=r. Notice that w~; 7, V€ Q and 7 is available in v. Take w:=7.
Case 7#r. Then FNr = 0. Thus, w ~5 V. Since rsc(w(PCVar)) = rsc(V(PCVar)),
we obtain that 7 is available in v. Take w:=V.
“VieTid: 7 € rsc(w(pcy)) = I E Q1 W~ (1ocal\Uresyus W Let T€Tid such that 7
€ rsc(w(pcy)). Since r is available in w, we have r # 7, SO W ~ ([ pcai\URes)Us V-
Take w:=V.
At last, we’ll show
VIieTidIW e Q: w~pocar\Ures W Let 7 € Tid be given. Then w ~pycq1\ Jres V-
Take w :=V.
We have shown w € p(Q). From p(Q) = Q we obtain w € Q.
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By (4) and Remark 23 there is w’ such that w—, w' and W' ~p,.q,u g V- Notice that
w € post(Q) C Q. [

Let O be the lattice of Owicki-Gries-core proofs of T'.

Restatement of Theorem 18. The strongest property provable by abstract interpreta-
tion with p is provable by the Owicki-Gries core. Formally:

Yo (infO) C Ifp(Ax. p(initUpost(x))).
Proof. For each r € Res let
I, = {u € (ProofVar(r) = Val) | 3V € Q :u ~, ¥ A ris available in D},

and for all t € Tid, p € PL let

M, ; = {u € ((LocalDataVar, UUProofVar(rsc(p))) —Wl)| I3veQ:

U ™~ LocalDataVar, UUrsc(p) VA ﬁ([)C,) = p}'

Let P = ((Ir)reres; (Mp.) peprietia). We'll show that P is an Owicki-Gries-core proof

that denotes a subset of Q by proving the following three properties.

Sequential consistency. Let ¢ € Tid, (v,v') € =, p = v(pc,), p' =V'(pc,), R = rsc(p),
R = rsc(p’), v|LocalDat¢M1r,UUProoﬂézr(R) € Mp,l‘ andVre R/\R : V|Prooﬂhr(r) € I,. Then
there is ¥ € Q such that v ~7,caipaavar, U r v and ¥(pc,) = p. Then ¥#(pc,) = v(pc,).
Thus ¥ ~4ca,ur v- By (5) there are two cases.

Case R C R. Then v ~p,.q,u g V- From (4) and Remark 23 we obtain some ¥

€ ConsState such that (¥,V') € —; and V' ~p .0, g’ V- Then ¥ € post(Q)
€ 0. Also ﬁ,(pct) = vl(pct) = p' and V' "~ LocalDataVar; UJrsc(p') V'. Therefore,
v/‘LocalDataVur,UUProofVar(rsc(p’)) € Mp/,t-
Now take any r € R\ R’ (by (5) there is one or none). Note that r € rsc(¥(pc,)).
Since 7 € ConsState, we obtain that r & Userig (1} sc(¥(pe;)) = [using (1)]
Urezia\{r}y rsc(V(pcy)). Moreover, r & rse(V(pc;)). Thus, r is available in 7. We
have v/ ~, [by (3)]v ~, [since r € R] ¥ ~, [by (3)] V. Thus v’\Pmoﬂ/a,(,) cl.

Case R' = RU{r} for some r € Res. From assumption v|poopar(r) € I- We obtain
some ¥ € Q such that v ~, ¥ and r is available in ¥. By Lemma 17 there is w' € Q
such that w' "~ Local, U JR' V. Fromw' € o, w! (pct) = p/ and w' "~ LocalDataVars UJrsc(p')
v/ we obtain V/ILocalDataVar,UUPrnofVar(rsc(p/)) € Mp’,t'

Initial condition. Let v € init. Then v € ConsState, all resources are available in v and
v € Q. Thus for any r € Res we have v|poopur(r) € Ir. Now let ¢ € Tid. By definition
of Mv(pc,),t we obtain V|LocalDatanrrUUProoler(rsc(v(pc,))) € Mv(pc,),t' So v € YoG(P).
We’ve shown init C Yog(P).

Safe condition. Let v € yoG(P). Then v € ConsState.

Lets e I?Ii, r € Res, s C r. We’ll show two statements.

“rg&Ursc(v(PCVar)) = I € Q: v D Ar&Jrsc(P(PCVar))”: Assume for a moment
that r ¢ Ursc(v(PCVar)). The definition of Yo implies that v|p.epar(r) € I SO
there is ¥ € Q such that v ~, ¥ and r is available in ¥. Then v ~ 7.
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“VteTid: rersc(v(pe,)) = WEQ: va(rocai\res)usV = Lett € Tid and r € rsc(v(pe,)).
Then V|LocalDala\hr,UUProoszr(rsc(v(pc,))) € [definition of Yog] Mv(pc,),t' Then there
is e Q such that ﬁNLocalDamVar,UUrsc(v(pc,)) vand ﬁ(pct> = V(pct ) . Thus v ~Local;\URes
vand V ~; v. Take v :=7.
Now we’ll show that
Vit eTidIV € Qv ~poca\Ures V' Let t € Tid. The definition of Yog(P) im-
plies v|LacaZData\/hr,UUProoﬂbr(rsc(v(pc,))) € Mv(pc,),t' So there is V€ Q such that 17(pct) =
V(pct) and ‘7NLocalDatzMzr,UUrsc(v(pc,)) v. Then ﬁNLocal,\URes V.
We’ve shown that v € p(Q) C [since Q is in the image of p by definition, it is a
fixpoint of p] Q.
Thus y0G(P) € Q. u

Thus any property provable by abstract interpretation with p has an Owicki-Gries-
core proof.

Corollary 45. Let Ifp(Ax. pc(init Upost(x))) C safe € D. Then safe has an Owicki-
Gries-core proof.

Proof. Let S = Ilfp(Ax. pc(initUpost(x))), S C safe € D. From Prop. 38 we get p (init U
post(S)) C pe(initUpost(S)) = S, so S is a postfix point of Ax. p (initUpost(x)) which is
by Tarski’s fixpoint theorem greater than or equal to its least fixpoint. Thus Ifp(Ax. p (initU
post(x))) C S C safe. Apply Thm. 18. ]

Proposition 46. Fix a syntactic structure (Tid, PL,Val,Res, (Local,,pc, )etia, ProofVar,
rsc) from StrSimple and let ConsState be the set of consistent states of this syntactic
structure and D its powerset. Let p and p be defined for StrSimple as in Sections D and
E, respectively. Then the following statements hold.
1. p=p.
2. For all RPL transitions systems (init,(—)ictia) from Simple that have successor
map post and the set of Owicki-Gries-core proofs O we have

Yo (inf(9)) = Ifp(Ax. p(init Upost(x))) = lfp(Ax. p (init U post(x))) .

Proof. 1. Let Q € D. Since |Res| < 1, we distinguish two cases.
Case Res = 0. Then

p(Q) = {ve ConsState |Vt € Tid3VE Q: v ropoea, vy = P(Q).

Case Res = {r}. Then r # 0. Then p(Q) =

qursc(v(PCVar)) ~ 3%€0: (’¢U’SC(W CV“’”))

AV~ D
v € ConsState A 4

VieTid3veQ: v "~ Local;UUrsc(v(pc;)) v

[since r # 0 and is disjoint from all Local; (t € Tid), we have r € ﬁ]
=p(Q).
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2. Let (init,(—)seiq) be an RPL transition system from Simple that obeys the fixed
syntactic structure and has a set of Owicki-Gries-core proofs O and successor
map post. Then Ifp(Ax.p (init Upost(x))) C [Thm. 10] yoc(infO) C [Thm. 18]
Ifp(Ax. p(init Upost(x))) C [part 1 of this Lemma] Ifp(Ax. p (init U post(x))).

Extension of Example 19. Consider the RPL transition system Readers-Writers from

Example 1.

Notice that |Res| = 1. Moreover, V¢ € Tid: Local; Ncontrol = {pc,} N{ww,ar,aw} =0

and ProofVar(control) = control. Thus Readers-Writers belongs to Simple and its syn-

tactic structure belongs to StrSimple. By Prop. 46, part 2, the strongest Owicki-Gries-

core-provable property is equal to I[fp(Ax. p (init Upost(x))) = lfp(Ax. p(initUpost(x))).
O

Extension of Example 20. For the RPL transition system Upper from Example 2 we

have RL = {r,r’,Localy,Localy} = {{u,z},{x,y},{x,],pc, },{y.z.pcs }}. RL= {{ud, {23, {3, )
{l,pc,},{pcy}}. Let

C = {v e ConsState | v(u),v(z),v(x),v(y),v(l) € {0,1} A v(pc,) =0}.

The upper iteration sequence (X!));cq, for Ax. p(init Upost(x)) starting from @ € D is
below.

x0 =9,
xW = p(init) = {veC|v(pc,) =4},
post(X1) = {veC|v(pe;) =B Av() =v(u)},

X® = p(initUpost(xV)) = {veC

v(pc;) = A }
vV (v(per) =B Av(u) =v(l)) |7
post(X?) = {veC|v(pc,) € {B,C} Av(u) =v(I)},
_ v(pe,) = A
(initUpost(X?))) = {véC (V(pcl) € {B,C} Av(u) = v(l))}’
)

p
(pey) € {B,C} A v(u) = v(l)
post(X(3)): {VEC’ V(Zci)_D/\v() v(l) Av(x) = )}

v(pc,) =A
X® = p(initUpost(X¥)) = {veC v (v(f;cll) € {B,C} Av(u) =v(l)) } ,
V (v(pe;) =D Av(u) =v(l) Av(x) =0)
pcy) € {B,C} Av(u) =v(1))

=
S
=
=
>
=
I
—N

(v( )
vec ’ v (v(pey) € {D,E} A v(w) = v(l) A v(x) = 0) } ’

v(pey) =
x®) = p(initUpost(XW)) = {veC| V (v(pe,) €
)=

_ (v(per) € {B,C} A v(u) = v(1))
post(X'%) = {VEC’ (v{per) € {D1E} A v{u) = v{1) A v(x) =0)
X© = p(init Upost(X®)) C p(initux®)) = p(x°) = xO).
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Thus

v(pc;) =A
Ifp(Ax.p(initUpost(x))) = ¢ veC | V (v(pey) € {B,C,E} Av(u) =v(l))

V (v(pey) =D Av(u) =v(I) Av(x) =0)
is strictly weaker than the strongest Owicki-Gries-core-provable property, e.g., contain-
ing the state [u+—0,z—0,x— 0,y 0,1+ 0,pc; — A, pc,— 0] € Yo (infO). O

Extension of Example 22. Fix an RPL transition system from SepThreads. For all
S C ConsState we have

p(S) = {ve ConsState |Vt € Tid 3V € S: v ~poeal, V} = p(S).

Within this example, let F :=Ax.init Upost(x) and Q:=Ifp(F). Notice that post is a

join-morphism, so is . By Kleene’s fixpoint theorem Q = U;cy, Fi(0).

Letv € p(Q). Then there is a map m: Tid — Ng such that V' € Tid 3v € F")(0): v ~Local,

7. Since Tid is finite and the sequence (F'(0));c, is monotonically increasing, V' ¢ €

Tid 37 € F™Xn(Td) (@) v ~ppeq, 7. Thus v € p(Fmx(n(Tid) (@),

We have shown that p(Q) C Usen, p(Fi(0)). Now we are going to show by induction

that for each i € Ny the set p(F(0)) is a subset of Q.

Case i =0.
Case Tid = 0. Then ConsState = {v € Var—Val |VteTid: ...} = (Var—Wal) =

{0} = p(0). By definition of SepThreads, ¥ v ConsState: ((VteTid: ...)
v init). Thus init = {0}. Then p(F°(0)) = init C Q.

Case Tid # 0. Then p(F°(0)) =0 C Q.

Case i = 1. We have p(F'(0)) = p(init) C [def. of SepThreads] init C Q.

Casei> 1. Letv € p(Fi(0)), i.e., v € p(initUpost(F=1(0))). Let I = {t € Tid | 3v €
init: v ~pocq, V}. Then for all t € Tid\[ there is 7 € post(F'=1(0)) such that v ~Local,
7. Let J = {t € Tid\I | 37 € F"=Y(0): v ~Lpca;, ¥} and K = Tid \ (IUJ). For each
t € K there is some ¥ € F'~1(0) such that there is some ¥ € post({¥}) such that
V ~Local, Vs from ¢t ¢ J we obtain ¥ oLyoeqr, v, 80 Y pocar, ¥, s0 (1) implies ¥ —,
¥. Thus there are maps f, f': K — ConsState such that Vt € K: f(t) € F'=1(0) A
F(@&) = /() A f(t) ~Local, v- Let C = Uy, ryemia(Local;, N Local,, ). There is a map

1#0
h: ((Var\C) — Tid) such that ¥ x € Var\C: x € Localy,(y). Such a map / is unique.
Let n = |K|, and fix some enumeration 7y,..., 7, of K. For each k € NyN[0,n] let
k
v(x), ifxeCuU ( ULocal,> U ( ULocalT> ,
wk Var—Val, x — telay j=1

fh(x)(x), ifxe Lnj Localz; \ C.
j=k+1

To show that each w*) is well-defined (0 < k < n), notice that

k n
e Var CCU ( U Localt> U ( U Localrj) U ( U Local, \C);
relu] j=1 j=k+1
e (JUJ)NK = 0 and the definition of C imply that fora e TUJU{7; |1 < j <k}

and b € {7 | k < j < n} we have Local, N (Localy \ C) = 0.
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Now we’ll show by induction that for all k € NoN[0,1] we have w) € Q.
Case k = 0. First, we’ll show that w®) is in p(F=1(0)). Let ¢ € Tid.
Case r€l. Then w(© ~Local, V- By definition of I, there is some ¥ € init such
that v ~pocq, V. Then w(®) ~Local, V. From i—1 > 1 we get F=1(0) D init
ERY
Case reJ. Then w©® ~Loca, V- By definition of J, there is some 7 € F'~1(0)
such that v ~ocqr, 7. Then w® ~p o0 ¥,
Case teK. Letx € Local;. There is some j € N* N [1,n] such that t = 7;; then
X e Localrj

Case x€C. Then w(®(x) = v(x) = f'(7;)(x) = [part 1 of Lemma 39 and

x € Clf(1))(x) = f()(x).
Case x¢C. Then w(® )( ) = f(h(x))(x) = [from x € Local; and uniqueness
of h] f(7;)(x) = f(£) (x).
We have shown that w®) (x) = f(¢)(x) for all x € Local,. Thus w(®) ~,c,
f(t). Notice that f(t) € F'=1(0).
Thus w(® € p(F'~1(0)). By induction hypothesis, p(F~!(0)) C Q. Thus w®) ¢
0.
Case k > 1. We are going to show two auxiliary statements.
“f() ~Locals, wk=D» Tetx e Localy,.
Case x € C. Then f(7)(x) = [part 1 of Lemma 39] f'(7)(x) = v(x) =
wk=1)(x).
Case x ¢ C. Notice that h(x) = 7. Then f(7)(x) = w1 (x).
‘wk=1) 2 wk)”: From (4) and f () —+, f'(t) we obtain some w’ such that
wk=1) —g w and w ~Locals, f'(7). We’ll show now that w' is equal to

wk). So let x € Var be arbitrary.
Case x € CU, ¢y Local,. 1f x € C, part 1 of Lemma 39 implies w'(x) =
w1 (x). If x € Local, for some ¢ € IUJ, then t # 1, so (1) implies
w (x) = wk=D(x). In both cases w’(x) = w1 = y(x) = wlh (x).
Case x € Localy,. Then w'(x) = f'(%)(x) = v(x) = w)(x).
Case x € Locals, for some j # k. Then w/(x) = [by (1)] w =D (x ) If j <
k, then w*~1 (x) = [since j < k — 1] v(x) = [since j < k] w(¥) (x). If
j > k, then w1 (x) = [since j > k] f(h(x))(x) = [since j > k+ 1]
w® (x). In both cases w'(x) = wib (x).
Since x was arbitrary, w = wik) . Thus, wlk=1) —z w(
By induction hypothesis, w*~1) € Q. Then, w¥) ¢ post({w k=11 C post(Q)
co.

In particular, v = wn e 0.

k)

We have proven by induction that Vi € No: p(F(0)) C Q. Thus p(Q) C Q. So p(F(Q))
=p(Q) =0, ie., Qisafixpoint of poF. Since Q =Ifp(F) Clfp(poF) C O,

Ifp(Ax.p(initUpost(x))) = lfp(Ax.init Upost(x)).
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By Theorems 10 and 18 we also get

Ifp(A
Ifp(A

(initUpost(x))) = Yog(infO) =

X.B
x.p(initUpost(x))) = Ifp(Ax.initUpost(x)).

F Absence of equivalent semantic characterization in abstract
interpretation

Given a complete lattice D, a semantic transformation over D is a map F* € (D —
D) — D — D such that

— for all join morphisms T € D — D, the map F} : D — D is monotone and

— for all join morphisms 7,7, € D — D we have

Ifp(71) = lfp(12) = Ufp(Ff ) = Ifp(FY).

Lemma 47. Let (D, C) be a complete lattice and f : (D x D) — D be any map that is
monotone in the second component. Then

F*: (D—»D)—~D—D, rHAx.f(({ZfP(T)’ lffism(momne’),x)

supD, otherwise.
is a semantic transformation.

Proof. For all join morphisms T € D — D and all elements x C y of D we have F}(x)

= f(Ifp(1),x) C f(lfp(1),y) = F£ ().
Now take two join morphisms 71,7y € D — D such that Ifp(71) = Ifp(72). Then

Up(Fz) = Ufp(Ax. f(Ufp(71),x)) = fp(Ax. f(Ifp(T2),x) = Ufp(F3,). u

Example 48. Given a complete lattice D, the following maps are semantic transforma-
tions (where infimum over the empty set is the top of D):

- At €D—D.Ax € D. sup(D);

- AteD—=D.AxeD.inf{yeD|t(y) =y};

- AteD—D.Ax € D.sup{inf{y € D| t(y) = y},x}. O

Given a syntactic structure (7id, PL, Val,Res, (Local, pc, )retia, ProofVar, rsc), let

Trace = ConsState*, D = B(Trace) and a: D—D, T+ U m(d),
SeT

where a trace is viewed as a finite word, i.e., a map from N,, for some natural n € N* to
consistent states, and where m(8) = {y | Ix: (x,y) € 8} is the set of states occurring
in the trace §.

Given a program (init, (—);eriq) that obeys the above syntactic structure, its set of
initial traces is init = {{(1,v)} | v € init} and its trace extension operator is

post: DD, T — {dw |SveT AJteTid: (vV)e —}.
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Restatement of Theorem 6. There is a syntactic structure
(Tid,PL,Val,Res, (Local;, pc, )ictia, ProofVar, rsc)
such that for ConsState, D, D, o defined as above, all the following statements hold:
1. There is no semantic transformation F* over D such that for any RPL transition
system (init,...) that obeys the syntactic structure, has successor map post and the
least Owicki-Gries-core proof P, we have

YoG (P) = lfp(fo.initUpost(x)) :

2. There is no monotone operator p : D — D such that for any RPL transition system
(init,...) that obeys the syntactic structure, has successor map post and the least
Owicki-Gries-core proof P, we have

106(P) = lfp(Ax. p(init Uposi(x))) .

3. There is no monotone operator p : D — D such that for any RPL transition system
that obeys the syntactic structure, has a set of initial traces init, has a trace extension
operator post and has the least Owicki-Gries-core proof P, we have

106(P) = &(lfp(Ax. p(init Uposi(x))))..

Proof. Consider the syntactic structure S given by

Tid = {1,2};

PL={A,B,C,...,V,W};

Val = PLU{0,1};

Res = {r,r'} where r = {u,z}, ¥ = {x,y};

Localy = {l,x,pc, }, Local, = {y,7,pc, };

ProofVar(r) = r and ProofVar(r') = r.

rsc : PL — B(Res) given by

»  |A,G,J,M,N,0,P,S,W[B,E,F,K,L,T,U,V[H4I,QR[C,D
)0 07 'y )

The distribution of variables into different sets is given in Figure 4.

Localy ----( I (XY pcy

Localz----® y pcz)
)

(N
r~lu v

Fig. 4: Distribution of variables of program UpperA.

Let D be the powerset of the set of consistent states defined by S as stated in the
theorem.

The RPL transition system UpperA defined by Fig. 5 obeys S. It differs from Upper
only at location A.
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// Thread 1 // Thread 2
A: with r when false do || 0: assume false;
B: with 7 do P: with /' do
C: x:=0 Q: y:=0
D: endwith; R: endwith;
E: assume false S: with r do
F: endwith; T: u:=0;
G: with 7 do U: 7:=0
H: x:=0 V: endwith
I: endwith; W:

J: with r do

K: u:=0

L: endwith;

M: [:=0

N:

init ={ [u— 1,2+ 0,x+— 0,y 0,/ — 0,pc; — A,pc, — 0],
[u— 0,z 1,x— L,y— 1,1 — 1,pc; — A,pc, — 0] }.

Fig. 5: Program UpperA.

We are going to show an Owicki-Gries-core proof of property init for UpperA. Let
L={[lu—=0,z=1],u—~1,z=0]}, L ={[x—0,y—=0],[x— Ly—1]},
My ={[x—0,l—=0],x—1,l—1]},
Mo ={[y—0,z—0], [y~ 1,z— 1]} and
M, =0 for (x,t) € (PLx Tid) \ {(A,1),(0,2)}.

Let Puppera = ([r > Ir, 7' = L), (M) xeprietia). Now we will show that Pyppera is
an Owicki-Gries-core proof denoting init.

By definition, Pyppera €
(B (ProofVar(r) — Val) x B(ProofVar(r') — Val)) x
(B(LocalDataVar, — Val) x B(LocalDataVary — Val) x
B((LocalDataVary U ProofVar(r)) — Val) x
where the components are indexed by r, ¥/ in the first line and (A, 1), (0,2), (B,1) and
so on in the remainder. Thus Pyppera € PA. We will show:

- Sequential consistency. Let 7 € Tid, (v,v') €=, R=rsc(v(pc,)), R' = rsc(V (pc,)), as
well as v|LocalDataVar,UUProofVar(R) € Mv(pc,),t and V7 e R \R : v|Pr0QfVur(7) €l
e Case v(pc,) € {A,0}. Then thread 7 can’t proceed from v, a contradiction.
e Case v(pc,) € {A,0}. Then v|1,camparavar,upProopvar(r) € 0, @ contradiction.
- Initial condition. We have
Yo (Puppera) = { [u— 1,2~ 0,x+— 0,y = 0,l— 0,pc; — A,pc, — 0],
[u—0,z— l,x— L,y— 1,1 = 1,pc; — A,pc, — 0]}.
Notice that init C Yo (Puppera )-

Since Yog (PUpperA) C init, Pyppera is an Owicki-Gries-core proof of property init for the
program UpperA.
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The RPL transition system Upper from Example 2 also obeys S and has the same
initial states as UpperA, but, as stated in the example, has no Owicki-Gries-core proof
of init.

Now we’ll show the claims of the theorem.

Let postU be the successor map of Upper and postUA the successor map of UpperA.
Notice that postU (init) = postUA(init), since the values of program variables / and u
are different in each state of init. Moreover, init is exactly the set of reachable states of
both Upper and UpperA. In particular, init is the strongest Owicki-Gries-core-provable
property of UpperA.

1. Assume for the purpose of contradiction that a semantic transformation F* over D
exists such that for any RPL transition system T = (init,...) that obeys S and has
successor map post we have

Yoa(the smallest Owicki-Gries-core proof of T') = lfp(FfX.ml.tUp ost(x)) -

Notice that Ax.init UpostU(x) and Ax.init UpostUA(x) are join-morphisms on
the same lattice and their least fixpoints coincide. By the assumption, for Up-
perA with successor map postUA, the strongest Owicki-Gries-core-provable prop-
erty 1s U‘p(le,initUpostUA(x))' Thus, init = lfp(F/lx.initUpostUA(x)) = [property of F"]
lfp(fo.initUpostU(x))' By the assumption again, init is also the strongest Owicki-
Gries-core-provable property of Upper. Contradiction!

2. Assume for the purpose of contradiction that a monotone operator p: D — D ex-
ists such that for any RPL transition system T = (init,...) that obeys S and has
successor map post we have

Yo (the smallest Owicki-Gries-core proof of T') = lfp(Ax. p (initUpost(x))) .

Then for UpperA with initial states init and successor map postUA we
have Ifp(Ax.p(init U postUA(x))) = init. So p(init U postUA(init)) = init.
Since postUA(init) = postU(init), we get p(init U postU (init)) = init. Then
Ifp(Ax. p(init UpostU(x))) C init. Applying the assumption to Upper, we get an
Owicki-Gries-core proof P of Upper such that yog(P) C init. But Upper has no
Owicki-Gries-core proof of init. Contradiction!

3. Assume for the purpose of contradiction that a monotone operator p : D — D exists
such that for any RPL transition system 7 = (init,...) that obeys S and has init as

a set of initial traces and the trace extension operator post we have
Yoc(the smallest Owicki-Gries-core proof of T) = & (Ifp(Ax.p (init U post(x)))).

Then for UpperA with the set of initial traces init and the trace extension operator
p;s\ta we have init = a(Ifp(Ax. ﬁ(i?ﬁtUpm (x)))). From definition of @ we get
Ifp(Ax.p(initU p;;\t_U/A (x))) C init*. Consider the upper fixpoint iteration sequence
(X7)iey for lx.ﬁ(i;?tUpm(x)) that starts with X° = 0 and where p > |D| is
some ordinal. This sequence is monotonically increasing and its limit is a subset
of init*. Since postU(init*) = 0 = postUA(®), we have p(init U postU(init*)) =
5(;‘%@3&7@(){0)) = X! Cinit*. So init* €postfp(lx.ﬁ(iﬁtU;E§tT](x))). Thus,
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Ifp(Ax. p(init UpostU(x))) C init*, so a(lfp(Ax. p(init UpostU(x)))) C init. By
assumption, the smallest Owicki-Gries-core proof of Upper denotes a subset of
init. But Upper has no Owicki-Gries-core proof of init. Contradiction! [ ]

Remark 49. The proof relied on the statements assume false to denote blocking.
Strictly speaking, Owicki’s RPL does not have an assume statement. A purist may
emulate it by while frue do begin end or by with 7’ when false do endwith
for an empty fresh resource .

It is also possible to rewrite Upper and UpperA into nonblocking terminating pro-
grams using if-then-else statements.

Moreover, the programs of the proof depend on realizability of the overlap of re-
sources and locals, but require a relatively small number (five) of data variables.

As a consequence, Thm. 6 holds even for the restricted class of programs that are
written strictly in the original Owicki’s syntax, in which every execution terminates
with threads at their final locations, and that use at most five data variables. O

G Improving precision

Now we will show a method, called Relaxed Frontier Search [21], that allows improving
precision of many abstract interpretations, in particular, of the Owicki-Gries core. First
we will show the general case and then specialize it to the Owicki-Gries core.

G.1 Relaxed Frontier Search - in general

Now we will show relaxed frontier search for a large class of abstract transfer functions.
Within Section G.1, let (D,C) be a complete lattice of sets, (D#, C) a complete
lattice, (a,7) a pair of adjoint maps, init € D, post : D — D a complete join morphism
and post* : D¥ — D* a monotonic operator such that VY € D* : apostyY C post™Y .
Intuitively, D is the powerset of program states, inif is the set of initial states, post
maps a set of states to the set of their direct successors, D" is an abstract lattice used for
analysis and post”* is an abstract transformer.
The relaxed frontier search sequence is the sequence (T))cy, of elements of D
defined recursively by
70 = qinit,
post*T () | if post*T() i |_|§-:0 T,
TOUpostT® | if post*T") T |_|;:0 TU).
Let k= min{i | 70+ C 70} € NoU{eo} (where oo = min ).
The height of a partial order is the supremum over cardinalities of its chains.

T(i+l) _

The above (in general non-monotone) sequence is the basis of our algorithm, which
needs only elements of the sequence up to position k. First we prove that k is well-
defined, and is asymptotically at most quadratic in the height of C.

Proposition 50. If the height h of (D¥,C) is finite, then k < h(h—1).
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Proof. Let h be finite. The elements of the monotone sequence (|_|,/ 0 T ')) x>0 build a
chain, so this sequence stabilizes for some k' > 0, i.e., TV C |_|k 0 T for all j > k.
Take the smallest such k. For all j > k' we have T+ post#T( J) and thus post*T ) C
|_|$‘/=0 7). By definition of the algorithm, the sequence (7)) j>k' is monotonically in-
creasing. The domain has finite height, so there is a k > k' with T*+D) = 7() Take the
smallest such k.

Now we derive the number of iteration steps There are two cases

Case post'T©) C T, Then post*T©) C |_|0 ,50TM =TO) Thenk=0<h(h—
1).

Case post*T(© Z T Then post#T Z |_] —oT 1), 50 T = post*T©) z 7). There-
fore |_]0 ;é |_|1 ) (otherwise T( ) were less than or equal to 7).
Since {|_|’ @ | ] 6 No} is a chain, there are at most 2 — 1 indices j > 0 such that
L= Lr) £ |_|j ), the smallest such index is 1. Consider any two such “neigh-

bor” 1ndlces a< b w1th

b

a—1
|_|T(i)7é|_| ) and |_|T #| |7 and0<a
i=0

i=0 i=0

so that for all ¢ with a < ¢ < b we have

|;|l 70) _ |i|T<’)
i=0

i=0

The sequence (T(C))agKb is increasing by the definition of the relaxed frontier
sequence. The increase is strict, i.e., T(c=1) #+ T© fora<c<b (since otherwise
the sequence (7)), were constant for some ¢ < b, contradicting the choice of b).
The maximal chain length gives b —a < h and finally k — kK’ < h. The number of
such neighbor pairs (a,b) as above is at most i — 2, the last such b is k/, the first
such ais 1. Thus ' —1 < h(h—2). Thus K’ <h> —2h+1and k <k +h—1 <
h* —h. n

Proposition 51. The set Ujc, YT () is an inductive invariant. Formally:
init Upost ( U yT(”) c Jyr®
ieNy ieNy
Proof. By extensivity of Yo we obtain init C yotinit = yT(?). Moreover

post ( U yT (i)> = U postyT U [by definition of a pair of adjoint maps]

ieNp ieNp

< ypost' T C U YT+ C U VAl

ieNp i€eNg ieNy
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k .
Proposition 52. Ifk < oo, then |J yT () is an inductive invariant. Formally:
i=0

k k
k<o = initUpost (U yT<i>> cYyr®
i=0 i=0
Proof. By definition of k we have T*+D C 7®) I for some j > k we have T1) C T( ),
then TU+Y) C 7U) UpostTV) C [by assumptlon and monotonicity of post#] Tk
post#T(k) cr®yrkt) [by definition of k] T By 1nduct10n TG £ TW for all
j > k. Thus yT'/) C yT'® for all j > k, implying U oYT = Uien, VT . |

As a corollary, if (D¥,C) has a finite height, [ J*_, y7'"" is an inductive invariant.

G.2 Relaxed Frontier Search - specialized for the Owicki-Gries core

Now we are going to specialize relaxed frontier search from Section G.1 to the Owicki-
Gries core®.

Let (Tid, PL,Val, Res, (Localy, pc,)setia, ProofVar,rsc) be an arbitrary but fixed syn-
tactic structure, D the powerset of consistent states, D¥ the set of program annotations
equipped with componentwise order, (init,(—);criq) an RPL program that obeys the
syntactic structure, post its successor map, £ the lattice of Owicki-Gries-core proofs,

and

pEGiPA—PA, (ILM)—
AreTid,(v,V') €= r & rse(v (pe,)) A

uc V‘LoculDatuVar,UUProofVar(rsc(v(pc,))) € Mv(pc,).,l A
ProofVar(r) — Val <(r Zrsc(v(pe,)) Nu€el)V ’
(r € rsc(v(pc,)) Nu= V|Prooﬂ/ar(r)) rERes

37 e Tid\{t},(v,V) €= ue My,
V|LocalDataVar,UUPmoﬂhr(rsc(v(pc,—))) € Mv(pc,-) N A

ue (rsc(v(pc;)) Ursc(V (pc;))) Nrse(p) =0
LocalDataVar,U \Y
<UPr00fVar(rsc(p))> 3 (v,v') €=V (pc,) = pA

—Val u=v |LocalDala%zr,UUProoszr(rsc(p)) A
VILocalDataVar, UUProofvar(rsc(v(pc;))) EM, v(pe,) t A

Vre rsc(p)\rsc(v(pc,)) :V|Proo ar(r) el PE;’!ZIJ
teli

We call ng the improved Owicki-Gries-core abstract successor map. As before in Sec-
tion C, let

Mt = ({V progpiarr) | v € init })reres,

Mt = ({V|LocalDataVar, ‘ v € init N\ V(PC[) = p})pePL,teTid-

8 Using post%G would not give us more precision: the generated inductive invariant would be
equal to yOg(lfp(FgG)). We cannot use next?)G, as it does not overapproximate 0(G © post o
Yog in general. We are going to suggest an operator in between: it will overapproximate
0loG opost o Yog and underapproximate p()st%G, allowing more precision in the relaxed frontier
search.

50



and the improved Owicki-Gries-core abstract transformer be

Gio:PA— PA,
(£,M) = (1™, M™) L py (1, M)

Proposition 53. p’éG is monotone.

Proof. Let (I,M) C (I,M) be program annotations, pi\;(I,M) = (I',M"), p{s(I,M) =

(701).

“Yr€Res:I.CI”: Letr € Res. Let w € I'. Then there is a thread € Tid and some
transition v —; v/ such that V|Loca[DataVar,UUProqﬂhr(rxc(v(pc,))) € Mv(pcr)J’ which is a
subset of M, (), & rsc(V'(pc,)), and either r & rsc(v(pe,)) A w € I, which is a

subset of iﬁ orre rsc(v(pct)) AW = V|Proof\/ar(r)- Then V|LocalDataVar,UUProofVar(rsc(v(pc,))) €
Mv@q))t; also either r ¢ rsc(v(pe,)) A w € I, or r € rsc(v(pc,)) Aw = V| Proofar(r)-
Thus w € I.
“VteTid,pePL:M,, CM,” Lett € Tid, pc PL. Let w € M),,. There are two
cases.
e Either thereis7 € Tid\{t} and (v,v') €—; such that V| LocatDataviur; UUProofVur (rsc(v(pe;))
€M, (e, 7> W € My, and @ = rsc(p) N (rsc(v(pez)) Urse(v' (pey))). Notice that

A{p,t c Mp.,t and Zyv(pc,-),f c MVA(pc;).f' Thus v|LocalDatanr,—UUProoﬂhr(rsc(v(pc;))) €
M,y 7 and w € My . Sow € My, .

e Or there is a transition v —, V' of the same thread ¢ such that Vv'(pc,) = p, w =
V/‘LocalDataVar,UUProofVar(rsc(p))’ V|LocalDataWr,UUProofVar(rsc(v(pc,))) € Mv(pc,),t and
Vr € rse(p)\rsc(v(pe,)): Vlproopuar(r) € Ir- Notice that M, , € Mv(pct%, and

for all r € Res we have I, C ir' Then Mv(pc,),t > V|LacalDaanr,UUPmoler(rsc(v(pc,)))

and Vr € rsc(p) \rsc(v(pc,)) : Vlpropar(r) € Ir- Then w € M), .
|

Thus the improved Owicki-Gries-core abstract transformer is also monotone.

Proposition 54. The set of Owicki-Gries-core proofs coincides with the set of postfix
points of the improved Owicki-Gries-core abstract transformer. Formally:

O = postfp(Glg) -

Proof. “C”: Let (I,M) € O and (I,M) = p}5(I,M). We will show that (I',M") :=G¥(I,M)

is less than or equal to (I, M).

“YreRes:I.CIL”: Letr € Res.Letwell.
If w € II"", there is some v € inif such that v|penur(-) = w. By the initial
condition, v € Yog(I,M). Since every resource is available in an initial state,
r € Res\ Ursc(v(PCVar)). Thus v|propar(r) € Ir-
Otherwise w € I,. So there is some ¢ € Tid and some transition v —; v/ such
that v|LocalDaanr,UUProoﬂhr(rsc(v(pc,))) € Mv(pc,),t’ r g rsc(v/(pc,)) and either r g
rsc(v(pe,)) A w € I or 1 € rsc(v(pc,)) AW = V| proopiar(r)- Assume for the pur-
pose of contradiction that w & I,. Then r € rsc(v(pc,)) \rsc(V (pc,)) Aw =
V| proopvar(r)- BY (5) we have rsc(v(pc,)) 2 rsc(v'(pc,)). Sequential consistency
implies V'| propvar(r) € Ir- Contradiction!
We have shown that in both cases w € I,. So I C I,
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“VteTid,pePL:M,, CM,,”: Lett € Tid, p € PL. Letw € M,,,.
Ifwe M;j’;’, there is some v € init such that v(pc,) = p and w = v|ocaiDaravaar, -
By the initial condition, v € Yo (I, M). From definition of Yo and rsc(v(pc,))
= [v € init] O we get V|LocalDataVar, S Mp,t'

Otherwise w € M .- Assume for the purpose of contradiction that w & M), ;. By

definition of pf; there is a transition v—v' such that w =V'| 1 ocaipataar, UProofvar(rsc(p))

v|LocalDatthr,UUProafVlr(rsc(v(pc,).)) € Mvgpc,),t’ V/(pC,) =p andVrGrsc(p)\rsc(v(pc,)) :
V| proofiar(r) € Ir- From sequential consistency we get vV'| ocaipatavar, UProofiar(rsc(p)) €

M. Contradiction!
In both cases w € M), ;. So M;,J C My,
“O™: Let (I,M) € postfp(Gl).i.e., for (I',M") = G5 (1,M) we have (I',M') C (I,M).

We’ll show that (I, M) is an Owicki-Gries-core proof.

Sequential consistency: Let ¢t € Tid, (v,V') €=, p = v(pc,), p' =V (pc,), R =
VSC( ) R = l"SC( )’ V‘LocalDamVar,UUProof\br(rsc(p)) € MF,I and Vr € RI\R :
V|Prooﬂ/ar(r) €1l,. By definition of pOG we obtain v |LocalDataVar,UUProafVar(rsc(p’)) €
M, C My, Ifany r € R\R'is given, the definition of P implies V| proonir(r)

= [by (3] V|Pr00ﬂhr(r) € I,/, CI.
Initial condition: Let v € init. N
Let r € Res \ Ursc(v(PCVar)). Then v|ppopar(ry € L™ C I C 1.
Now let ¢ € Tid. Then V| pcaiparaar, € Mi?;ztc,) .- Since initial states don’t have

any busy resources, V|LocalDatthr,UUPmoﬂ/br(rsc(v(pc,))) M”(l,l,tct) = M\l/(pc,),t c
My(pe,)s-
We have shown v € Yo (I,M). Thus init C Yo (I,M). [ |

Corollary 55. The smallest Owicki-Gries-core proof is the least fixpoint of the im-
proved Owicki-Gries-core abstract transformer, formally

Ifp(Ghg) = infO.
Proof. infO = [Prop. 54] inf(postfp(Gl;)) = [Tarski’s fixpoint theorem] Ifp(Gl;).

Proposition 56. The map p#)G overapproximates the best abstract successor map with
respect to the pair of adjoint maps (Qog, Yo ). Formally:

VPePA: (Xogoposlo’}/og(P)EpéG(P).

Proof. Let P = (I,M) € PA, (I*, M%) = apg o post o Yo (P), (IR, MF) = p¥(P). We

have to show two facts.

“Vr€Res:IF CIR: Let r € Res. Let w € I-. Then there is ¢ € Tid, (v,v') €, such
that v € Yo (P), r is available in v/ and V'| pysepar(r) = W. By definition of yoG we
have V‘L()LalDataVar,UUProofVar(rvc( (pcy))) eEM v(pe; )it There are two cases.

Case r € rsc(v(pc,)). Then rsc(v(pc,)) # rsc(V' (pe,)). From (3) we conclude v| pypopar(r)

= V| proovar(r)- Then w = | pyoopin(r)- By definition of pfy; we get w € IF.

Case r & rsc(v(pc,)). Thenr ¢ rsc(v(pc,))Ursc(V (pe,)). In particular, r & rsc(v(pe,)) N

rsc(V/(pc,)). If x € ProofVar(r), we have v(x) =/ (x) by definition of ProofVar.
Thus W = V|pypepar(r)- Since r is available in V/, it is also available in v, since
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resources of threads other than # don’t change in the transition. By definition of
Y0G We et V| proonar(r) € Ir» thus w € I,. By definition of pf; we have w € IF.
We have shown I- C 1.

“VYpePLteTid: Mé’t C Mllf’,”: Let pePL and t € Tid. Let w € Mll;-f' Then there is
some 7 € Tid, (Vv V/) €—; such that w = Vl|LocalDataVar,UUProofVar(rsc(p))v v € YoG (P)
and v/ (pc,) = p. There are two cases.

Case r #1. By (1) we have v ~[,.q, V. Take any r € rsc(p); then r & rsc(V' (pc;));
thus v "~ ProofVar(r) V. So V|LocalDataVar,UUProquar(rsc(p)) = w. From definition of

YoG we get V|LocalDataVar;UUProofVar(rsc(v(pc;))) € Mv(pc;).f and V‘LocalDataVar,UUProof%lr(rsc(v(pc,)))
€ M, (pc,),;- Notice that v(pc,) = p. Thus w € M, , and from definition of con-
sistent states we get rsc(p) Nrsc(v(pc;)) = 0. Thus rsc(p) N (rse(v(pey)) U
rsc(V (pc;))) = 0. By definition of pf; we get w € MR .
Caset =1. By definition of oG we get V|L()calDataVartuUProofWr(rsc(v(pc,))) € Mv(pc,),t'
Consider an arbitrary r € rsc(p)\rsc(v(pc,)) (there may be none). From V' €
ConsState and (1) we get r & Uscqiary 7sc(v(pe;)). Thus r is available in v.
By definition of yog we get V| Proopvar(r) € Ir. By definition of ng we get
vl‘LocalDataVar,UUProofVar(rsc(p)) € lef,t' Thus w € Mllf,t'
We have shown M5, C MY,

The last proposition allows using p’éG in the relaxed frontier search.

G.3 Examples

Example 57. Consider the program Upper from Example 2. Let (T<i>)i€N0 be the re-
laxed frontier search sequence for Upper. Then:

r = {u—0,z2—1],[u—1,2—0]},
¥ = {[x—=0,y—=0], [x—1,y—1]} |’
7O = oo (init) = | [ (&, 1) — {[x—0,[—0], x> 1,1 1]},
(0,2) = {[y—0,z2—0], [y 1,z— 1]},
(everything else) — 0
[r—=0,r — {[x—0,y—0], [x—1,y—1]}],
(B,1) = {[u—~0,z—~1,x—~ 0,1 0], [u— 1,2~ 0,x— 1,1 1]},
(0,2) = {[y—0,z2—0], [y 1,z— 1]},
(everything else) — 0

ng(T(O)) =

0
Z |_| 7, soT™ :ng(T(O)),
=0

[r—0,r—0],

[u— 0,z 1,x—0,y—0,l—0],
[u— 1,2~ 0,x— Ly 1,1 1] } ’
(0,2) > {Iy— 0,20, [y 1,z 1]},
(everything else) — 0

C,1)—
pbar = | |V
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Z |79, 50T = (),

-

1
.—|O

r—0,r'—0],
uHO,Z»—>1,xt—>0,yl—>0,li—>0],
u»—>1 , 20,00,y 1,1 1] }
(0,2) r—>{yr—>0 zHO] y—1,z—~1]},
everythlng else) — 0
T

#
POG

Z| ;50 T = pb(T?)),
r—=0,r — {[x—0,y—0], [x—0,y— 1]}],
4 (E,1) = {[u—0,z—1,x—0,/—0], [u— 1,z—0,x—0,l—~ 1]},
Poc(T 0 2) = {[y—=0,z—0],[y—1,z— 1]},
everythlng else) — 0
TU

Ewhﬁcm

)50 T = pho (1),

N

0

J
4

Pha(T®) = ([0, = 0], (0)peprema) T || TV, so
Jj=0

TO) =7W L pk(T®) = 7O,
From T®) C T™ we get k = 4. By Prop. 52, the generated inductive invariant is

) [u—0,z— 1,x—1,y— 1,1 1,pc;— A, pc,— 0],
UYOG M — [u—1,2—0,x—0,y—0,1—0,pc;— A, pc,— 0],
[u— 0,z 1,x— 0,y 1,1~ 0,pc; —E, pcy— 0],
[u— 1,2~ 0,x—0,y—0,l— 1,pc,; —E,pc,— 0]

Notice that |J* =0 YoG (T (1)) is strictly stronger than Yo (inf9), e.g., [u— 0,z 1,x+—
0,y—1,1—0,pc;— A, pc,—0] € yOG(me)\< j:o)/OG( ('))). O

H Comparison to modular methods for general programs

Modular methods for general programs are variants of the original Owicki method [25],
rely-guarantee reasoning [17], thread-modular model-checking [14], local proofs [7]
and multithreaded Cartesian abstraction [20,22]. We are going to compare the Owicki-
Gries core with multithreaded Cartesian abstraction. We will show that the methods for
programs with and without resources, when treated without auxiliary variables, have
similar but incomparable precision.

Fix a syntactic structure and an RPL transition system obeying this syntactic struc-
ture.
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Let us consider, for instance, the variant of multithreaded Cartesian approximation
on the powerset of states that describes the core of Owicki-Gries for general multi-
threaded programs exactly:

S {7 | VieTid3IveS: ¥~y upaaar v} -

This approximation is not directly usable for RPL, since its values are not necessarily
subsets of ConsState. But a similar mapping on the powerset of consistent states D =
B (ConsState), namely

PoGme : D — D, S+ {v € ConsState | Vt € Tid 3V € S : v ~pc \Uparaiar 7}

is usable for RPL.

Proposition 58. pog mc : D — D is a closure operator on D.

Proof. We will prove the defining properties of a closure.

Monotonicity. Let Q C Q' be sets of consistent states and v € Poc.mc(Q). Let t € Tid.
Then there is some v € Q such that v ~¢,. yupaaer V- Notice that v € Q'. Thus
Ve POG,mc(Q/)- We have shown pOG,mc(Q) g pOG,mC(Q/)-

Extensivity. Let Q € D. Let v € Q. Certainly V¢ € Tid : v ~{,c\Upataar V- Thus v €
PoG.mc(Q). We have shown Q C poG me(Q).

Idempotence. Let Q € D. Let v € poG mc(PoG,me(Q)). Let t € Tid. Then there is some
7V € PoG,mc(Q) such that v ~,cyupaar V- Then there is some v € Q such that
¥ ~tpe, ubaraar V- Then v~ 3ipaagr V. Thus v € poG me(Q). We have shown
pOG,mc (pOG,mc(Q)) g pOG,mc(Q)~ n

Theoretically, other equivalent proof methods (rely-guarantee reasoning, thread-
modular model-checking or local proofs) could be adapted to RPL. However, to the
best of our knowledge, such adaptations have not been cleanly formulated so far. In their
original formulation, they are also not exactly equivalent, e.g., the “locals” of threads in
thread-modular reasoning have to be disjoint, the “locals” of threads in RPL may over-
lap, the “locals” of threads in Owicki-Gries for general multithreaded programs consist
only of the program counters.

The question, whether the straightforward adaptation of thread-modular model check-
ing is equivalent to abstract interpretation with PoG,me, i not so easy for RPL. However,
at least one direction holds: following the proof of Thm. 1.7.2 in [20], we relatively eas-
ily obtain that abstract interpretation with pogmc always proves properties at least as
strong as those provable by thread-modular model checking.

We are going to proceed with comparison of the Owicki-Gries core with abstract
interpretation under the closure PoG,me-

Example 59 (Readers-Writers). For the program Readers-Writers, let F = Ax. poG me (initU
post(x)) and Q = Ifp(F). We will show that Q equals the strongest Owicki-Gries-core-
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provable property

{v € ConsState | v(ww),v(ar) € Ng A v(aw) € {0,1}
AVieN,:
(V(PCreader;) € {¥ready,read | x € {start,finish}
Ave{aBCh)
A (V(PCreager;) = StartreadB = v(ww) = 0)
A (V(PCreager;) = StartreadC = v(ww) =0 < v(ar))
AVjeEN,:
(V(PCyriter;) € {xwritey,write | x € {ask,start,finish}

A y€ {AB,C}})

A (v(pcwriterj) = askwriteC = v(ww) > 0)

A (V(PCyriter;) = starturiteB = v(ar) = v(aw) = 0)
A (v(pcwriterj) = startwriteC = v(ar) =0 < v(aw))
A (v(pcwriterj) = finishwriteC = v(aw)=0)}.

“C”: First we show the right hand side (RHS) is closed under poG me. Let v € pog, mc (RHS).
By definition of poG,mc there is some w € RHS such that v ™~ {Perender, War.aw} W-
Then v(ww), v(ar) € Ny and v(aw) € {0,1}.

Leti € N,,. Then there is w € RHS such that v ~ {PCreadr; wwar.aw} W- Thus v(pc
€ {startreadA,startreadB,startreadC,read,finishreadA,finishreadB, finishreadC}.
If v(PCreader;) = StartreadB, then w(pc,eqqer,) = StartreadB, so w(ww) =0b

definition of RHS, so v(ww) = 0. If v(pc,enqer,) = StartreadC, then w(pc,eqqer,)
startreadC, so w(ww) =0 < w(ar) by definition of RHS, so v(ww) =0 < v(ar).
Let j € N,,. Then there is w € RHS such that v ~ wwar.aw) W- Thus v(pe

reader; )

{chriterjv writer_,')
€ {askwriteA, askwriteB,askwriteC,startwriteA,startwriteB,startwriteC,
write,finishwriteA,finishwriteB,finishwriteC}.If v(pcwriterj ) =askwriteC,

then w(pc,yster;) = askwriteC, so w(ww) >0, so v(ww) > 0. If v(pc
startwriteB, then w(pc

writer_,-) =
writerj) = startwriteB, sow(ar) = w(aw) =0, so v(ar)

=v(aw) =0.1If v(pcwriterj) = startwriteC, then w(pcwriterj) = startwriteC,
sow(ar) =0 < w(aw), so v(ar) = 0 < v(aw). If v(pCyriter;) = finishwriteC,
then w(pC,zster;) = finishwriteC, so w(aw) = 0, so v(aw) = 0.

Thus v € RHS. Since v was arbitrary, pogmc(RHS) C RHS. Notice that init U
post(RHS) C RHS, thus pog mc(init Upost(RHS)) C RHS, so RHS is a postfix

point of F, so O C RHS.

“:_)”: Let
CritR = {xready | x € {start,finish},y € {B,C}},
CritW = {xwritey | x € {ask,start,finish},y € {B,C}},

NonCritR = {read,xreadA | x € {start,finish}},
NonCritW = {write,xwriteA | x € {ask,start,finish}}.
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(I) First we will show that for all a,b € Ny, ¢ € {0, 1}, the state v with (Vi €
Ny 1 V(PCreader;) = startreadA) A (V] € Ny 1 v(pCyyirer;) = askurited) A
v(ww) =a Av(ar) =b Av(aw) =cisin Q.

We will do that in 3 steps.

Step 1. We’ll show this claim for a = b = 0. If ¢ = 0, notice that such a state
is in init C Q. Otherwise ¢ = 1. Take the initial state, make 3 steps of
writery, resulting in a state vl € Q with vI(pcyyiper, ) = Startwrited,
all other writers are at askwriteA, all readers are at startreadA, vl(ww) =
1, vi(ar) =0, vl(aw) = 0. Making 3 steps of writer; from the initial
state results in a state v2 € Q with V2(pcyyier,) = Startwrited, all
other writers are at askwriteA, all readers are at startreadA, v2(ww) =
1,v2(ar) =0, v2(aw) = 0. Consider the state v3 such that v3(pc,,;ser,) =
V3(PCyriter,) = startwriteA A (V j € Ny \ {1,2}: VS(prriterj) =
askwriteA) A (Vi€ N, 1 v3(pCpenqer;) = Startreadh) Av3(ww) = 1
Av3(ar) = v3(aw) = 0. By definition of poG mc, v3 € Q. Making seven
steps of writer; from v3 results in a state v4 € Q such that (Vi€ N, :
V4(PCyreader;) = StartreadA) A vA(peyy;sey,) = starturiteA A (V€
Ni\{2}: v4(pC,riter;) = askwrited) A vd(ww) = vd(ar) = vd(aw) =
0. Making three steps of writer; from v4 results in a state v5 € Q such
that (Vi € Ny, : v5(PCreager;) = startreadA) A v5(pCypiger,) = Write
ANV jeN,\{2}: Vs(pcwriterj) = askwrited) A v5(ww) = v5(ar)
= 0 A v5(aw) = 1. Analogously, starting from v3, making seven steps
of writer; and three steps of writer; results in a state v6 € Q such
that (Vi € N, : v6(pCpeager;) = startreadA) A vO(pCypipey,) = Write
AV j €N\ {1} :v6(pCyriter;) = askuriteh) A vo(ww) = v6(ar) =
0 A v6(aw) = 1. By definition of pog mc there is some v7 € Q such that
(Vi€ Ny :VI(PCreager;) = startreadh) A (V j € N V7 (pCyrsper;) =
askwriteA) A vI(ww) = v7(ar) = 0 A vi(aw) = 1. Then v7 satisfies
the stated conditions for v.

Step 2. Now we will show that for all b € Ny, ¢ € {0,1}, the state v with
(Vi€ Ny v(pCreager;) = startreadh) A (V j €Ny, : v(pcwriterj) =
askwrited) A v(iww) =0 Av(ar) =b Av(aw)=cisin Q.

For b = 0 the claim has been shown in step 1. Now assume that b > 0
and the claim has been proven for b — 1. Let ¢ € {0,1}. By induction
assumption there is a state vl € Q in which each thread sits at its ini-
tial location and vl(ww) =0 A vl(ar) =b—1 A vl(aw) = ¢. Mak-
ing three steps of reader; from v1 results in a state v2 € Q such that
V2(PCreader;) = Tead A (Vi € Ny \ {1} 1 v2(pcpenger;) = Startreada)
ANNVjeEN,: v2(pcwriterj) = askwriteA) Av2(ww) =0 AVv2(ar) =b
A v2(aw) = ¢. Making three steps of reader, from v1, we get a state
v3 € Q such that v3(pc,eager,) = read A (Vi€ Ny \ {2} :v3(pcpenger;) =
startreadA) A (V j € Ny :v3(pCyrirer,) = askwrited) Av3(ww) =0
Av3(ar) =b A v3(aw) = c. Since Q is a fixpoint of PoG me, the state v
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in which all threads are at their initial locations, v(ww) =0 A v(ar) =b
Av(aw)=cisin Q.

Step 3. Now we will show that for all a € Ny, b € Ny, ¢ € {0, 1}, the state v
with (Vi € Ny 1 v(pCrenger,) = startreadA) A (V j € Ny i v(pe
askwritel) A v(ww) =a Av(ar) =b Av(aw)=cisin Q.
For a = 0 the claim has been shown in step 2. Now assume that a > 0 and
the claim has been proven for a — 1. Let b € Ny, ¢ € {0, 1}. By induction
assumption there is a state vl € Q in which each threads sits at its initial
location, v(ww) =a—1 A v(ar) = b A v(aw) = c¢. Making three steps
of writer; from vl results in a state v2 € Q such that v2(pcyy;per,) =
startwriteA, all other threads are at their initial locations, v2(ww) = a
A Vv2(ar) = b A v2(aw) = c. Making three steps of writer; from vl
results in a state v3 € Q such that v3(pcyy;ge,,) = startwritea, all
other threads are at their initial locations, v3(ww) = a A v3(ar) =b A
v3(aw) = c¢. Fromv2 € Q,v3 € Q and the definition of POG,me We obtain
that the state v such that all threads in v are at their initial locations,
viww) =a Av(ar) =b Av(aw)=cisin Q.

(I) We’ll show now that for all a,b € Ny, ¢ € {0,1}, i € N, the state v such
that v(preager,) = Tead A (VK € Ny \ {i} 1 V(PCroager, ) = startreadA) A
(Vj €N :v(PCyriter;) = askuriteh) Av(ww) =aAv(ar) =b A v(iaw)=c
is in Q. We’ll use induction on a.

Casea=0. Let b € N, ¢ € {0,1}, i € N,,. From (I) we already know that
there is some vl € Q in which all threads are at their initial locations,
vli(ww) =0 A vl(ar) = b A vl(ar) = c. Making three steps by thread
reader; results in a state v2 € Q such that v2(pc,eaqer,) = read, all
other threads are at their initial location, v2(ww) =0 A v2(ar) = b+ 1
A v2(aw) = c. Since n > 2, there is some k € N, \ {i}. Making three
steps from v1 by thread reader; results in a state v3 € Q such that
V3(PCreader, ) = read, all other threads are at their initial locations, v3(ww) =
0 Av3(ar) =b+1 A v3(aw) = c. Combining v2 € Q, v3 € Q and us-
ing the definition of poGmc We obtain v4 € Q such that v4(pc,eqqer,)
= V4(PCreager,) = read, all threads except reader; and readery are
at their corresponding initial location, v4(ww) = 0, v4(ar) = b+ 1 and
v4(aw) = c¢. Making four steps from v4 by thread readery results in the
state v € Q such that v(pc,eager,) = read A (VI € N, \ {i} 1 v(pe
startreadA) Av(ww) =0 Av(ar) =b A v(aw) =c.

Casea>0. Letb €N, c € {0,1},i € N,. By assumption hypothesis there is
vl € Q such that v1(pc,eager,) = Tead, all other threads are at their ini-
tial locations, vl(ww) =a—1 A vl(ar) = b A vl(aw) = c. Taking three
steps of writer; from v1 results in a state v2 € Q such that v2(pc,eager;)
= read A V2(pCyypiper,) = StartwriteA, all other threads are at their
initial locations, v2(ww) = a A v2(ar) = b A v2(aw) = c. In particular,
V2(PCyriter,) = askwriteA. Taking three steps of writers from vl re-
sults in a state v3 € Q such that v3(pc,eager;) = r€ad AV3(PCiriter,) =
startwriteA, all other threads are at their initial locations, v3(ww) = a

writerj) =

readerl) =
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Av3(ar) =b A v3(aw) = c. In particular, v3(pC,yier,) = askwriteA.

Combining v2 € Q and v3 € Q we get that the state v with v(pc,eaqer;)

= read, all other threads are at their initial locations, v(ww) =a A

v(ar) =b Av(aw) =cisin Q.

(IIT) We claim that for every i € N, a,b € Ny, ¢ € {0, 1}, the state v such that
V(PCreager;) = finishreadA A (Vk € Ny \ {i} : v(pCroager, ) = Startreada)
A(VjeNy v(pe = askwriteA) Av(ww)=a Av(ar)=bAv(aw)=
cisin Q.

To see that, make one step from a state described in (II).

(IV) We claim that for all a,b € Ny, ¢ € {0,1}, j € N, the state v such that
(Vi € Ny 1 v(pCreager;) = StartreadA) A v(pcwriterj) = startwritel A
(Vk € Ny \{j} : v(PCyriver,) = askwrited) A v(ww) =a A v(ar) =b A
v(aw) = cisin Q. Let a € Ny. We case split on a.

Case a =0. We’ll induct on b.

Case b =0. Let j € N, c € {0,1}. Making from the initial state (which
is in Q) three steps of writer resultsin vl € Q such that v1 (pcwriterj)
= startwriteA, all other threads are at their initial locations, v1(ww) =
1 A vl(ar) = vl(aw) = 0. Since m > 2, there is some k € N, \
{j}. Taking three steps of writer; from the initial state results in
v2 € Q such that v2(pcyyier,) = startwriteA, all other threads
are at their initial locations, v2(ww) = 1 A v2(ar) = v2(aw) = 0.
Combining vl € Q and v2 € O, we obtain a state v3 € Q such that
V3(PCyriter;) = V3(PCyriter,) = startwriteA, all other threads are
at their initial locations, v3(ww) = 1 A v3(ar) = v3(aw) = 0. Mak-
ing seven steps of writery from v3 results in a state v4 € Q such
that v4 (pcwriterj) = startwriteA, all other threads are at their ini-
tial locations, v4(ww) = vd(ar) = vd(aw) = 0.

Case ¢ = 0. Notice that v4 satisfies all the requirements for v.

Case ¢ = 1. Making seven steps of writer; from v3 results in a
state v5 € Q such that v5(pcyyirer, ) = starturiteA, all other
threads are at their initial locations, v5(ww) = v5(ar) = v5(aw)
= 0. Combining v4 € Q, v5 € Q and the definition of PoG mc,
results in a state v6 € Q such that v6(pCyrsser;) = VO(PCyriter,)
— startwriteA, all other threads are at their initial locations,
vo(ww) = v6(ar) = v6(aw) = 0. Making three steps of writery
from v6 results in a state v7 € Q such that v7(pc = startwriteA
AVI(PCariter,) = Write, all other threads are at their initial lo-
cations, vI(ww) = vI(ar) = 0 A vi(aw) = 1. By (I) there is
some state v8 € Q in which all threads are at their initial loca-
tions and v8(ww) = v8(ar) = 0 A v8(aw) = 1. Combining v7 € Q
and v8 € Q, we obtain the state v € Q such that v(pcwriterj) =
startwriteA, all other threads are at their initial locations, and
viww) =v(ar) =0 Av(aw) = 1.

Case b > 1. Let j € Ny, ¢ € {0,1}. By induction assumption there is
some vl € Q such that v1(pc = startwriteA, all other

readerj)

writerj)

writerj)
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threads are at their initial locations, vl(ww) =0 A vl(ar) =b—1
A vl(aw) = c¢. Making three steps of reader; from vl results in
a state v2 € Q such that v2(pc,eaqer,) = read A v2(pc
startwriteA, all other threads are at their initial locations, v2(ww) =
0 Av2(ar) = b A v2(aw) = c. Making three steps of reader, from
vl results in a state v3 € Q such that v3(pc,ager,) = Tead Av3(pc
= startwriteA, all other threads are at their initial locations, v3(ww) =
0 Av3(ar) =b Av3(aw) = c. Notice that v2(pc,eager, ) = V3(PCreader, )
= startreadA. From v2 € O, v3 € O we get the state v € Q such
that v(pc = startwriteA, all other threads are at their ini-

writerj) =

writerj)

writer')

tial locations, \l(ww) =0Av(ar)=b Av(aw) =c.

Casea > 1. Let j € N, b € Ny, ¢ € {0, 1}. From (I) we obtain a state vl €
Q in which all threads are at their initial locations, vI(ww) =a—1 A
vl(ar) = b A vl(aw) = c. Making three steps by writer; results in a
state v € Q such that v(pc, ;... ) = startwriteA, all other threads are
at their initial locations, v(ww) = a A v(ar) = b A v(aw) =c.

(V) We claim that for all a,b € Ny, ¢ € {0,1}, j € N,, the state v such that (Vi €
Ny 1 v(PCreader;) = StartreadA) A v(pcwriterj) =write A (VkeN,\{j}:
V(PCuriter,) = askwriteh) A v(ww) =a Av(ar) =b Av(aw)=cisin Q.
We’ll use induction on a.

Case a = 0. We’ll use induction on b.

Case b=0. Letc € {0,1}, j € N,,.

Case ¢ = 0. Making six steps of writer; from the initial state re-
sults in a state vl € Q such that v1(pc = write, other
threads are at their initial locations, v1(ww) = vl(aw) = 1 and
vl(ar) =0. Let k € Ny, \ {j}. Making six steps of writer; from
the initial state results in a state v2 € Q such that Vz(pcwriterj)
= write, other threads are at their initial locations, v2(ww) =
v2(aw) = 1 and v2(ar) = 0. Combining v2 € Q, v3 € Q and k # j,
we obtain a state v3 € Q such that v3(pypster;) = V3(PCyriter,)
= write, other threads are at their initial locations, v3(ww) =
v3(aw) = 1 and v3(ar) = 0. Making four steps of writer; from
v3 results in the state v € Q such that v(pc ) = write, all

writerj)

writer;
other threads are at their initial locations, v(ww) = v(aw) = v(ar)
=0.

Case c=1. By (IV) the state v1 such that v1(pc
all other threads are at their initial locations, vl (ww) = vl(ar) =
vl(aw) = 01is in Q. Make three steps by thread writer;.

Caseb>1. Letc € {0,1}, j € N,,.

By induction assumption, there is a state v1 € Q such that v1 (pcwriterj)

= write, other threads are at their initial locations, vI(ww) = 0

A vl(ar) =b—1 A vl(aw) = c¢. Making three steps of reader

from v1 results in a state v2 € Q such that v2@cwriterj) = write,

V2(PCyreager,) = read, all other threads (including reader;) are at

writer;) = StartwriteA,

60



their initial locations, v2(ww) =0 A v2(ar) = b Av2(aw) = c. Mak-
ing three steps of reader; from vl results in a state v3 € Q such
that v3(pCypsrer;) = write, v3(pe ) = read, all other threads
(including reader;) are at their initial locations, v3(ww) = 0 A
v3(ar) = b A v3(aw) = ¢. Combining v2 € Q and v3 € O we get
the state v € Q such that V(pcwriterj) = write, all other threads are

at their initial locations and v(iww) =0 A v(ar) = b A v(aw) =c.
Casea > 1. Let b € Ny, ¢ € {0,1}, j € N,,. By induction hypothesis, there
is some v1 € Q such that Vl(Periterj) = write, all other threads are
at their initial locations, vl(ww) = a— 1, vl(ar) = b, vl(aw) = c. Since
m > 2, there is k € N, such that k # j. Making three steps of writery
from v1 results in a state v2 € Q such that v2(pc =write,v2(pc

reader)

writer') writerk)
= startwriteA, v2(ww) = a, v2(ar) = b, v2(aw) —e. By (I), there is a
state v3 € Q in which all threads are at their initial locations, v3(ww) = a,
v3(ar) = b,v3(aw) = c. In particular, v3(pc,yser, ) = askwriteA. From
v2 € Q and v3 € Q we obtain that the state v such that v(pc
= write, all other threads are at their initial locations, v(ww) = a A
v(ar) =b Av(aw) =cisin Q.

(VI) We claim that for all a,b € Ny, ¢ € {0,1}, j € N, the state v € Q such that
(Vi€ Ny 1 v(pCreager;) = StartreadA) A v(pcwriterj) = finishwriteA A
(Vk € Ny \{Jj} : v(PCyriver,) = askwriteh) A v(ww) =a A v(ar) =b A
v(iaw) = cisin Q.

To see that, let a,b € Ny, ¢ € {0,1}, j € N,,, and make one step of writer;
from the corresponding state from (V).
(VII) We claim that for all a,b € Ny, ¢ € {0, 1}, any state v such that (Vi€ N, :
V(PCreader;) € NonCritR) A (V j € Ny 2 v(pe € NonCritW) Av(ww) =
a Av(ar) =b Av(aw)=cisin Q.
This follows from (I), (II), (IIT), (IV), (V), (VI) and the definition of pogG mc.
(VIIT) We claim that for all b € No, ¢ € {0, 1}, i € N, any state v such that v(pc,epger,)
= startreadB A (Vk € N, \ {i} : v(pCreager,) € NonCritR) A (¥ j € Ny, :
v(pcwriterj) € NonCritW) A v(ww) =0 A v(ar) =b A v(aw) =cisin Q.
To see that, let b € Ny, ¢ € {0,1}, i € N,,, and v as above. By (VII), the state
vl = V[PCeager,—+ StartreadA] is in Q. Make one step of reader;.

(IX) We claim that forall b € N*, c € {0, 1}, i € N,,, any state v such that v(pc,qpger,)
= startreadC A (V& € Ny \ {i} : v(pCreager,) € NonCritR) A (V j € Ny :
V(PCyriter;) € NonCritW) Av(ww) =0 Av(ar) =b A v(aw) = cisin Q.

To see that, letb € Nt, c € {0,1}, i € N, and v as stated. By (VIII) the state
vl =v[pc — startreadB,ar— b — 1] is in Q. Make one step of thread
reader;.

(X) We claim that for all a,b € Ny, ¢ € {0,1}, i € N, any state v such that
V(PCroader;) = finishreadB A (Vk € N, \ {i} : v(pCroager,) € NonCritR) A
(VjieNy: v(pcwriterj) € NonCritW) Av(ww) =a Av(ar) =b Av(aw) =c
isin Q.

writerj)

writerj)

reader;
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(XD

(X10)

To see that, let a,b € Ny, ¢ € {0,1}, i € N,,, v as required. By (VII), the state
vl = V[pC,eqqer,+EinishreadA] is in Q. Take one step by reader; from v1.
We claim that for all a,b € Ny, ¢ € {0,1}, i € N, any state v such that
V(PCreader;) = finishreadC A (Vk € Ny \ {i} : v(pCreager,) € NonCritR) A
(VjieNy: v(pcwriterj) € NonCritW) Av(ww) =a Av(ar) =b Av(aw) =c
isin Q.

To see that, let a,b € Ny, ¢ € {0,1}, i € N, and v as above. By (X), the state
vl =vpc —finishreadB,ar— b+ 1]isin Q. Take one step by thread
reader;.

We claim that for all a,b € Ny, ¢ € {0,1}, j € N,, any state v such that
(Vi € Ny 0 v(PCroager;) € NonCritR) A v(pcpsrer;) = askuriteB A (Vk €
N\ {j} : v(PCuriter,) € NonCritW) A v(ww) =a Av(ar) =b Av(aw) =c
isin Q.

To see that, let a,b € Ny, ¢ € {0,1}, j € N, v as stated. By (VII), the state
vl =v[pe i askwriteA] is in Q. Apply one step of writer;.

reader;

writer

(XIII) We claim that for all a € N*, b € Ny, ¢ € {0,1}, j € N,, any state v such

that (Vi € Ny 0 v(PCreager;) € NonCritR) A v(pCyrirer,) = askuriteC A
(V k€ Ny \ {j} : v(PCuriter,) € NonCritW) A v(ww) =a A v(ar) =b A
v(aw) =cisin Q.
To see that, leta € N*, b € Ny, c € {0,1}, j € N,, and v as stated. By (XII)
the state vl = v[pcwriterj+—> askwriteB,ww—a— 1] isin Q. Apply one step
of writer; tovl.

(XIV) We claim that for all a € Ny, j € N, any state v such that (Vi€ N, :

(XV)

v(pcreaderi) € NonCritR) A v(pcwriterj) = startwriteBA (VkeN,\{j}:
V(PCuriter,) € NonCritW) A v(ww) =a A v(ar) = v(aw) = 0is in Q.

To see that, let @ € Ny, j € Ny, v as stated. By (VII) the state vl = v]pc
startwriteA] isin Q. Apply one step of writer; to v1.

We claim that for all a € Ny, j € N, any state v such that (Vi€ N, :
V(PCreader;) € NONCritR) AV(pCypirer;) = starturiteC A (Vk € Ny \ {j}
V(PCuriter,) € NonCritW) A v(ww) =a Av(ar) =0 A v(aw) = lisin Q.
To see that, let a € Ny, j € N, and v as stated. By (XIV) the state vl =
thcwriteer startwriteB,aw+ 0] is in Q. Make one step from vl by
thread writer;.

§_>

writer;

(XVI) We claim that for all a,b € Ny, c € {0,1}, j € N,, any state v such that (Vi €

Ny : V(PCreager;) € NonCritR) A v(pCypsrer;) = finishwriteB A (Vk €
N\ {j} : v(PCuriter,) € NonCritW) Av(ww) =a A v(ar) =b A v(aw) =c
isin Q.

To see that, let a,b € Ny, ¢ € {0,1}, j € N, v as stated. By (VII) the state w
= vkacwriterj»—> finishwriteA]isin Q. Apply one step of writer; from w.

(XVII) We claim that for all a,b € Ny, j € N,, any state v such that (Vi €N, :

V(PCreader;) € NonCritR) A v(pcwriterj) = finishwriteC A (Vk € N, \
{J} :v(PCuriter,) € NonCritW) A v(ww) =a A v(ar) =b A v(aw) =0is in
0.
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To see that, let a,b € Ny, j € N, v as stated. By (XVI) the state w =
V[PCyriter; > finishuriteB,awi 1] is in Q. Apply one step of writer;
from w.
Let v € RHS. If control is available in v, apply (VII). Otherwise there is some thread
at a critical location ...B or ... C. If the critical location is in a reader, apply one of
(VIID), (IX), (X), (XI), if the critical location is in a writer, apply one of (XII),
(XIID), (XIV), (XV), (XVI), (XVID).
Thus the precision of the Owicki-Gries core and abstract interpretation with PoG,me
coincide on Readers-Writers. a

Example 60 (Upper). Consider the RPL transition system Upper. We’ll show that
PoG,mc(init) is a subset of init.

Letv € PoG me (init). For the left thread we have some v1 € init such that v~y -y
vl. Thus v(pc;) = A and v(u) # v(z) = v(x) = v(y) = v(I). For the right thread we have
some v2 € init such that v ~¢,. ,, - o\ v2. Thus v(pc,) = 0. Then v € init.

Then poG me(init U post(init)) C poGme(init) C init. Thus Ifp(Ax. PoG me(init U
post(x))) = init.

Thus the result of abstract interpretation with poG mc is strictly stronger than the
strongest Owicki-Gries-core-provable property. a

Example 61 (SepThreads). Consider an RPL transition system from SepThreads. For
the syntactic structure StrSepThreads and Q € D we have pog mc(Q) = {v€ConsState |
VteTid 3VEQ: v~y \uparaar 7} S {vEConsState | V1 €Tid 3VEQ: v ~pocal, V) =
p(Q). Thus Ifp(Ax.init Upost(x)) C Ifp(Ax. poc me(init Upost(x))) C Ifp(Ax. p(initU
post(x))) C [Example 22] Ifp(Ax.init Upost(x)) = Yoc(infO). Then Yo (infO) =
Ifp(Ax. poG,me (init Upost(x))). The precision of Owicki-Gries-core and abstract inter-
pretation with pog,mc 18 the same on RPL transition systems from SepThreads. a

Example 62. In Fig. 6 we see two threads executing the same code, together with its
smallest Owicki-Gries-core proof.

resource r(x)
initially x=0;

A: {true} A: {true}
with r do with r do
B: {x=0} B: {x=0}
x:=1; x=1;
Cc: {x=1} c: {x=1}
assume false assume false
D:  {false} D:  {false}
endwith endwith
E: {false} E: {false}
I, = {x=0}

Fig. 6: RPL transition system progAssignlwith its smallest Owicki-Gries-core proof.
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The proof denotes the property
[x+=0,pcy— A, pcy— Al
YOG(infD) = [)Cl—> O7pcl — A7p62 = B]v [x'_>07pcl HvaCZH A]7
[x— 1,pc;—C,pcy— Al [x—1,pc— A pcy—C]

Consider the upper fixpoint iteration sequence (X)) for Ax. pog me (init U post(x)):

x© 0,
xM = {[x—0,pc;— A, pcy—Al},

[x—0,pc;— A, pcy— Al
[x— 0,pc;+— A, pcy— B, [x—0,pc;—B,pcy—A] [

x@ {
[x—0,pc;— A, pcy— Al
init Upost(X?) [x—0,pc;+— A, pc,—Bl, [x—0,pc; —B,pc— A, 5,
[x— 1,pc;— A, pcy—Cl, [x— 1,pc;—C,pcy— A
3 {

X

|
[x—0,pci— A, pcy— Al [x—= 1, pe— A pey— A
[x—0,pc;+— A, pcy— B, [x—0,pc;—B,pcy— Al 3,
]

[x— 1,pc;— A, pcy—Cl, [x— 1,pc;—C,pcy— A

[x—=0,pcy+— A, pcy— Al
[x—0,pc|+— A, pcy— Bl [x— 0, pc; — B, pc, — A,
[x— 1,pc— A, pcy— Bl [x— 1, pc;—B,pcy— A,

]

]

]

]

]

]

]

initUpost(X<3)) = %
[x— 1,pc— A, pcy—Cl, [x— 1,pci— C,pcy— A

]

]

]

]

]

]

]

]

[x—0,pc|— A, pcy— Bl [x— 0, pc;— B, pcy — A,

[x— 1,pc— A,pcy— Bl [x— 1, pc;— B, pcy — A,

]
]
]
[x—0,pc A, pcy— Al [x— 1, pc— A pc,— A,
]
]
[x—=1,pci— A, pcy—Cl, [x— 1,pcy— C, pcy— Al

[x—0,pci— A, pcy— Al

[x— 0,pc|— A,pcy— Bl [x— 0, pc;— B, pcy — A,
[x—=1,pcy— A, pcy— B, [x—1,pcy— B, pey— A,
[x—=1,pcy— A, pcy—Cl, [x— 1,pcy— C, pcy— Al

init Upost(X @)

Notice that Yo (infO) C Ifp(Ax. PoG me(init Upost(x))).
So abstract interpretation with pogmc produces a strictly weaker property than the
strongest Owicki-Gries-core proof on this example. a

From Examples 60 and 62 we obtain that Owicki-Gries core is incomparable with
multithreaded Cartesian abstraction, adapted to RPL in the most straightforward way.

Example 63. The RPL program given by Fig. 7 has Tid = {1,2}, PL = {A,B}, Val =
PLU{0,1}, Res = 0, Local; = {pc,,h }, Local, = {pc,,l»}, ProofVar = 0, rsc(A) =
rsc(B) = 0.
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integer I} =1, € {0,1}

A: {rrue} A: {rrue}
assume false; assume false;
B: {false} B: {false}
ll =0 lz =0
C: {false} C: {false}

Fig. 7: RPL transition system progAssign2 with its smallest Owicki-Gries-core proof.

Then
Yoc(infO) = { [l;—0,l—0,pc,;— A, pc,— A,
[ll'_>0712’_>1apcl’_>Aﬂp02'_>A]a
[l1—1,1—0,pc; — A, pcy— A,
(1= 1,b—1,pci— A pcy— Al },

and
PoG me(init) = init, thus Ifp(Ax. poc me(initUpost(x))) = init.

So the strongest Owicki-Gries-core-provable property is strictly weaker than the strongest
property provable by abstract interpretation with poG, me- a

Both progAssignl and progAssign2 belong to Simple. For progAssign2 the strongest
Owicki-Gries-core-provable property is strictly weaker than the strongest property prov-
able by abstract interpretation with poG mc, for progAssignl the strongest Owicki-
Gries-core provable property is strictly stronger. Thus, for Simple, the Owicki-Gries
core is in general incomparable with abstract interpretation with pogG,me-

Owicki-Gries for RPL and general programs target different verification tasks. Owicki-
Gries for RPL allows verifying properties assuming mutual exclusion (external veri-
fication). Owicki-Gries for general programs (= multithreaded Cartesian abstraction)
allows checking synchronization details without assuming mutual exclusion (internal
verification). This section presents an initial step in comparing the two proof systems.
The incomparability result shows that if both systems can be unified, it is not going to
be trivial.

Although it is impossible to present a verification methodology that has exactly
the same precision as both proof systems, there is a verification method that produces
properties which are stronger than both proof systems, and which can be viewed as
a generalization of both proof systems, namely the deny-guarantee framework [12],
SL+ [27], SAGL [13], or RGSep [29,30]. These logics, however, do not generalize the
“pure” Owicki-Gries system, but separation-logic-based approaches.

We also conjecture that it is possible to prove all Owicki-Gries-core-provable prop-
erties by abstract interpretation with pog m¢ with the following fixed choice of auxiliary
variables. Namely, for each resource, we add a resource variable that indicates which
thread is in the critical section for that resource.

I Practical implications

Now we look at the importance of results for practical verification.
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Many real-life specified properties of programs are simple: they involve only few
variables, which are, for example, local, or all belong to the same resource. In this
case the property is likely to be a fixpoint of one of the considered closures, which
retain dependencies between certain variables. Checking this fact is easy: it does not
depend on the program’s transition relation. If in addition the property is expected to be
inductive, we obtain a clear choice of an analysis to confirm our expectation: it would
be abstract interpretation with any closure for which the property is a fixpoint.

Abstract interpretation with a chosen closure might also derive a property which is
coarser than expected. In this case, in the chain

pe — p — Owicki-Gries core — p — identity

it is useless to try out analyses with a lower precision. On the contrary, an analysis with
a higher precision, which tracks more variable dependencies, might help.

An analysis from this chain might also run out of time or space, failing to produce
any property. Without further assumptions, predicting time or space consumption of
other analyses is hard. However, for certain finite-state scenarios predictions are still
possible. For example, abstract interpretation with p. and the Owicki-Gries core can be
easily executed as fixpoint iterations on the domains of Cartesian products and program
annotations, respectively. The worst-case space for storing the iterates is larger for the
Owicki-Gries core than for p., also the height of the domain of program annotations is
larger than the height of the domain of products of blocks. If the worst case is expected
(e.g., by an insight of an expert), machines which are slow or have low memory might
be too restricted to execute the Owicki-Gries core, so abstract interpretation with p.
should be recommended to attempt first.
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